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Transitional properties of supersolitons in a two electron temperature warm

multi-ion plasma
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(Received 3 June 2016; accepted 10 July 2016; published online 4 August 2016)

The existence domain of an ion acoustic supersoliton and its transition to a regular kind of solitary
wave have been explored in detail using Sagdeev pseudopotential technique for a two electron
temperature warm multi-ion plasma having two species of ions. It was found that both the cold to
hot electron temperature ratio and their respective ambient densities play a deterministic role for
the existence of a supersoliton, as well as its transitional processes to a regular solitary wave.
Analogous to a double layer solution, which often marks the boundary of the existence domain of a
regular solitary wave, a “curve of inflection” determines the boundary of the existence domain of a
supersoliton. The characteristics of the “curve of inflection,” in turn, depend on the respective
concentrations of the two ion species. It is observed that the supersolitons are actually a subset of a
more general kind of solutions which are characterized by a fluctuation in the corresponding charge
separation which precedes their maximum amplitude. It is also observed that these novel kinds of
solitary structures, including supersolitons, occur only for a very narrow range of parameters near

constant amplitude beyond which the wave breaks. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4959851]

I. INTRODUCTION

Earth’s magnetosphere is a natural laboratory for study-
ing complex nonlinear plasma waves. From Temerin ez al.,'
to recent days CLUSTER multi spacecraft observations,
Electrostatic Solitary Waves (ESWs) were widely observed
at different magnetospheric boundary layers”® which were
often interpreted either as Bernstein, Greene, and Kruskal
(BGK) holes’ or as slow (fast) moving acoustic mode soli-
tary waves driven by ions (electrons).*'* It is due to the dis-
continuity in plasma parameters, instabilities develop at the
magnetospheric boundary layers leading to the generation of
ESWs. Low altitude slow moving ESWs were often inter-
preted as Ion Acoustic Solitary Waves (IASWs)'' and they
are known to play crucial roles in particle acceleration pro-
cesses.! Theoretical analyses have shown that the character-
istics of such solitary waves often depend on the specific
plasma components and their parameters. In Earth’s magne-
tosphere, a multi-component plasma having cooler and hotter
electrons is formed by the mixing of hot plasmas of tempera-
ture of 100s eV to few keV, originating in the magneto-
sphere, and cold plasmas of temperature of few eVs,
originating in the ionosphere. On the other hand, the magne-
tospheric plasma mainly comprises of warm protons (i.e.,
H" ions), with a minority component of heavier species of
ions, like o particles (i.e., He' " ions), originated from the
solar wind, or O" ions, introduced from the lower atmo-
sphere and the ionosphere.'? The study of IASWs in multi-
component plasma thus becomes important for understand-
ing the generation and propagation of ESWs. Several authors
have previously studied IASWs in a multi-ion plasma model
where electrons are either Boltzmann, or assume other
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nonthermal distributions.'?™'® Though IASWs are well stud-
ied and analyzed so far, the recent discovery of super solitary
waves or “supersolitons” has renewed the interest in the sub-
ject and calls for a revisit of the previous results.

The first signature of a supersoliton can be noted in
Baluku et al.*® where they studied positive amplitude
IASWs in two electron temperature cold ion plasma using
Sagdeev pseudopotential technique. The particular solution
showing the signature of a supersoliton, however, was inter-
preted as a Regular Double Layer (RDL) rather than any
new kind of solution. The concept of the supersoliton was
first put forward by Dubinov and Kolotkov?' who were
studying solitary waves for a multi-component plasma con-
taining electrons (e) and positrons (p), along with both posi-
tively and negatively charged ion species (epii) or,
alternatively, positive ions and negatively charged dust par-
ticles (epid). They found that, under some specific condi-
tions, the associated Sagdeev pseudopotential may support
three consecutive local extrema, leading to the development
of wiggles (knee) like structures in the usual smooth poten-
tial profiles of corresponding solutions. This further amounts
to the formation of subsidiary extrema on the typical bipolar
electric field structures. They termed these structures as
“supernonlinear solitons” or “supersolitons” and argued that
minimum four component plasma is necessary to support
these special kinds of nonlinear structures.

Following Ref. 21, Verheest et al.** showed that super-
solitons may exist in a less complicated situation like a three
component plasma comprising positive and negatively
charged ions and non-thermal electrons. Verheest et al.* fur-
ther studied dust ion acoustic modes in a multi-species
plasma comprising stationary negatively charged dust
particles, cold fluid ions with positive charges and Cairins
non-thermal electrons. They critically compared the

Published by AIP Publishing.
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characteristics of the associated Sagdeev pseudopotentials
and the typical ranges of Mach numbers (or existence
domains) for supersolitons, RDLs, and Regular Solitary
Waves (RSWs). They have argued that, with coalescence of
three local extrema of the Sagdeev pseudopotential, the
range of the supersoliton ends. Existence of supersolitons in
a three component plasma was further supported by Hellberg
et al.** who studied dust acoustic supersolitons in a three
component plasma comprising of negatively charged dust
fluid and two non-thermal kappa distributed positive ions.
While all these former analyses obtained negative amplitude
supersolitons, Maharaj er al.*> have explored the existence
domains of both positive and negative amplitude solutions
for supersolitons for a four component plasma comprising
cold negatively charged dust, warm positively charged dust,
non-thermal ions, and Boltzmann electrons. Verheest et al.®®
further emphasized that a two component plasma cannot sup-
port supersolitons. Rufai er al.>” extended the analysis fur-
ther to the magnetized plasma. He also worked on its
possible applications to the auroral region.”®

Recently, Ghosh and Iyengar®® studied positive ampli-
tude IASWs and supersolitons adopting a simple three com-
ponent plasma model containing warm fluid ions and two
temperature Boltzmann electrons. They have shown that
both the respective electron concentrations and temperatures
play a pivotal role in determining the characteristics of the
corresponding solutions. For an appropriate electron temper-
ature ratio, inclusion of extremely low concentration of
cooler electron component triggers a positive amplitude
RDL solution which in turn, depending on the respective
electron parameters, leads to supersolitons. They have identi-
fied the specific parameter domains where the respective sol-
utions become significantly different from their regular
counterpart. Interestingly, a possible correlation between
RDLs and the onset of a supersoliton has also been indicated
by Verheest et al.?® In our consecutive works, we intend to
focus our attention to such transitional properties of superso-
litons in more detail.

So far, supersolitons were defined in terms of the
extrema of the Sagdeev pseudopotential which turned the
notation entirely technique dependent. Dubinov and
Kolotkov?! have already indicated that supersolitons are
non-Kdv type solutions and cannot be obtained by using
reductive perturbation method. So a more generalized con-
cept of supersolitons, independent of any particular method,
seems to be necessary. In this paper, we are extending the
work of Ghosh and Iyengar® to a warm multi-ion plasma
and two temperature of electrons, obeying Boltzmann distri-
butions. Both the conditions of the onset of supersolitons, as
well as its merging to an RSW, have been studied in more
detail. It was found that the supersolitons are actually a sub-
set of a more generalized class of solutions which are charac-
terized by a fluctuating charge separation density and are
categorically different from the well known RSWs. The
actual existence domain of a Regular Supersoliton (RSS),
along with the range of its transitional phase to the RSW, has
been determined accurately in terms of the charge separation
density and its derivatives. The effect of the presence of a
minority component of heavier ions has also been explored
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assuming two different ion concentrations. In this paper, all
those different class of solutions are categorized in terms of
their Sagdeev pseudopotentials and their derivatives as well
as the characteristic fluctuations in their charge separation.
The specific roles played by different plasma species, viz.,
electrons and ions, in determining such special class of solu-
tions have also been explored. It is observed that both the
electron temperature and concentrations play deterministic
roles in the generation of such solutions.

The present paper has been organized as follows. The
model and formulation was explained in Sec. II, while Sec.
IIT explores the existence domain of the supersoliton and its
transition to a regular solitary wave parametrically. In Secs.
IIT A and III B, cases of comparatively low and large heavier
ion concentration have been considered while Sec. IIIC
compares and summarizes the findings obtained for both the
cases. The overall conclusion has been given in Sec. IV.

Il. FORMULATION

The plasma is considered to be infinite, homogeneous,
collisionless, and unmagnetized, comprising two temperature
electrons and two warm ions (lighter and heavier ions). The
electrons are obeying Boltzmann distributions and are sepa-
rately in thermal equilibrium whereas the ions are adiabatic.

The governing normalized fluid equations for the corre-
sponding two warm ions are>’

a;,-l +W o, (1a)

where the pressure p;; & né (j = 1,h), obeying the equation of
states, and y = 3 for the one dimensional adiabatic ions.
In the above equations (Eqgs. 1(a)-1(d)), we have

Ti T = oyTy +a,Ti. T :ﬁ
) i 14l hdih, eff /,LTgW T VTec s

g =

eff Teff
where T; and T, are the net effective temperature of ions
and electrons, respectively. The corresponding Poisson’s
equation is given as

)

2 — iy, — nyy, )

= Nec + New
with
o o
Ne = Nee + Neyy = per+F + versib,
The subscripts i, e, 1, h, ¢, and w represent ions, elec-
trons, lighter ions, heavier ions, cooler, and warmer elec-
trons, respectively, whereas ooy, Q, and f refer to the

effective temperature ratio of ions (aeﬁ- = Ter)’ lighter to

heavier ion mass ratio (Q = :Z_D ,where mj; and m;, be the
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mass of lighter and heavier ions, respectively, and cold to

hot electron temperature ratios (/3 = ;), respectively. Z;

and Z;, are the positive electronic charges of lighter and
heavier ions, respectively. In this work, we shall consider
both the ion species to be singly charged (i.e., Z;; ) =1). We
have normalized all the number densities 7;;, 1y, Hep, and ne,,
by the total equilibrium ion density ng, (no = ni, + ni)
which in turn gives the corresponding ambient densities as
a;(:fxf) och( ”’h),,u(:’;‘[;) and V( "““) for the lighter ions,
heavier ions, cooler electrons, and warmer electrons, respec-
tively. The velocities are normalized by the lighter ion

acoustic speed c;y <: (%f)) , time by the inverse of ligh-

1

€0M;p

ter ion plasma frequency ®,; (— (”Oez)z), and lengths by

nge?

1
the effective Debye length A (: (6‘)T"”') 2). Pressure

pij(j=h and 1) is normalized by the ion equilibrium

pressure po(=noT;) and potential ¢ by =2 Ter,

We undertake the following boundary conditions:
|x| = o0, v; —0, Y pj—1, > nj—1,®—0, which
may also indicate that p; — o; 0/ and n; — o;, where
g; = T”[ j=1 and h being the hghter and heavier ions,
respectlvely

Solving the above fluid equations in the stationary wave
frame, 1 = x — Mt, where M is the Mach number, we obtain
the perturbed densities of ions as>°

Y(®) = —

(ST

6\/_{{(M+\/3_a/> —2@} ~(m

3

2

3ah>2 —2d (\/_Q

o, M
63 K@*

In order to obtain solitary wave solution, Eq. (6) has to
satisfy the following conditions:

oY PY0)
o 0F(D)
¥(Dy) = 0; 50 #0. @)

This also implies that ¥(®) <0 for 0 < |®] < |Dy,
where @ is the amplitude of the solitary waves.

For an RDL, apart from the above mentioned conditions
(Eq. (7)), the following conditions:

e lon g ) 5 o 2%

|
M +\/E>3— K%— 3oh)2—2(D
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1
2

n,»,_z\/3_[(<M+\/§?) —2(1))

1
2

(- vBa) - 20) |

3)

=i | (o) )

1
2

_<(%—\/H)2—2®> : (4)

According to Sagdeev pseudopotential method, we rewrite
the Poisson’s equation as

P OP (D)
8—112:”"_"“:_6—@’ (5a)

oD\
which leads to, ! (—) +¥(®) =0, (5b)
2\ 0y

where W(®) is the Sagdeev pseudopotential.

Integrating the Poisson’s equation (Eq. (5a)) with the
ion densities and electron densities, we got the corresponding
Sagdeev pseudopotential as

)

+\/3_o,)3—

(w-vam) 2] (- )|

()

(6)

oY (D)
o
also need to be satisfied where @, is the amplitude of the
RDL. For our model, the compressive positive amplitude soli-
tary wave should further satisfy the energy condition given by

W(D,) = 0; —0, ®)

1 2

@ <5 (M~ VGor) . ©)

beyond which W(®) becomes complex and the wave breaks.
These conditions have been further illustrated in

Figs. 1(a) and 1(b) which show an RSW and RDL, respec-

tively. An RSW has two roots (points 1 and 2 in Fig. 1(a))
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FIG. 1. Sagdeev pseudopotentials for (a) IASW and (b) RDL, respectively.

and two extrema (points a and b, in Fig. 1(a)), whereas a
RDL has two roots like a solitary wave (points 1 and 2, in
Fig. 1(b)) but three extrema (points a, b, and c, in Fig. 1(b)),
respectively.

lll. RESULTS AND DISCUSSION

According to the previous studies by Ghosh and
Iyengar,” occurrence of a forbidden region in g, the minor-
ity cooler electron concentration, is a necessary condition for
the existence of supersolitons though it is not sufficient.
They have further shown that the electron temperature ratio
() may play a deterministic role for both the onset of super-
solitons and the said forbidden regions. The transition of a
supersolitary wave to a regular IASW is, however, still not
well known. Thus, in the present work, we intend to study
the effect of f§ on the existence domain of supersolitons in
more detail. We have also generalized the previous model by
assuming two singly charged ion populations for our plasma.
For the sake of our convenience, it is assumed that both the
heavier and lighter ions are of same temperatures, i.e.,
o) =o0, =0, and it remains constant (i.e., ¢ = 1/30)
throughout our analysis. It is also assumed that the plasma is
mainly comprised of H" ions with a minority component of
He™ ions, keeping the mass ratio Q(= 1/4) a constant. To
establish our findings, we considered two different concen-
trations of heavier ions, namely, o, = 0.1 (low) and o, = 0.2
(high), respectively. For the sake of comparison, we have
also kept the Mach number constant (M = 1.06).

Following Ghosh and Iyengar,” we have plotted the
variation of amplitude (®¢) with u in Fig. 2 for two different
p values, keeping the concentration of the minority compo-
nents of heavier ions a constant (i.e., o, = 0.2). The lower
curve (curve 1), with larger f§ value (f = 0.2), is continuous
and depicts a smooth transition from two electrons to a single
electron temperature plasma whereas the upper curve (curve
2) with lower f(ff = 0.07) shows forbidden regions in p. It
further indicates that the parameter regime associated with
curve 1 comprises with RSWs only, whereas that associated
with curve 2, particularly the left hand side of the curve,
(i.e., the low f —lowu regime), may also exhibit

Phys. Plasmas 23, 082304 (2016)
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FIG. 2. Variation of amplitude of the IASW (®y) with respect to the cooler
electron concentration (u) for two different values of f5.

supersoliton solutions.”” While RSWs are well studied by
many authors,'*!¢ the latter one (i.e., curve 2) has received
a scant attention so far and needs a closer look. The onset of
the forbidden region is further characterized by a limiting
value of p, viz., it = 1, as shown in Fig. 2, beyond which
the solitary wave solutions terminate for the low f§ — lowu
regime. This further implies that the existence domain of
supersolitons is expected to be bounded by the parameter
regime of u < ;.

To illustrate the effect of 5 on various genre of nonlinear
structures, viz., RSWs, RDLs, and RSSs, we have plotted the
variation of ®; with f§ in Fig. 3 for both single (dashed line)
and multi-ion (solid line) plasmas where ®; is the corre-
sponding amplitude for that particular value of u = g, (i.e.,
@, = Dy(1y), Dy being the IASW amplitude), whereas @,
corresponds to the amplitude of RDLs, and all other parame-
ters are kept constant. It readily shows two distinct regions,
viz., A and B, and the boundary of these two regions is
defined by the parameter f§ = ff; where fi; is the largest f§

0.35

FIG. 3. The variation of ®; (regions A and B1) and @, (region B2) with
respect to f§ for two different Q values.
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value associated with the forbidden regions in u. For region
A, which may be defined as 8 > f;, the limiting value of
goes to 1, i.e., single electron temperature plasma, whereas
for region B (i.e., f < ﬂf), it terminates at sufficient low
value of yu (e.g., curve 2 in Fig. 2). Figure 3 shows that, com-
pared to a single ion solution (dashed line), fB; shifts to a
higher value for multi-ions (solid line), indicating that the
range of parameters supporting forbidden regions may
increase with the inclusion of a heavier ion species. A more
detailed analysis in this regard is currently under process and
will be communicated elsewhere.

A closer look to Fig. 3 readily shows that region B is
sharply divided into two subregions, namely, B; and B,
where the boundary is marked by a steep discontinuity in the
variation of amplitude. In region B,, the solitary wave solu-
tions are known to be terminated to a Regular Double Layer
(RDL) as shown in Fig. 1(b). The region thus comprises of
both RSWs and RDLs and may be parametrically defined as
p < B, where f3, is the largest § value supporting compres-
sive RDLs (Fig. 3).

While both regions A and B, show regular solutions,
i.e., RSWs and RDLs, region B, is marked with the onset of
supersolitons and may be defined as f; < < fi;, where fi;
is the lowest f supporting supersolitons for the selected
parameter regime (Fig. 3). With the inclusion of multi-ions,
the value of both f; and f, shift to a lower value of f while
Py increases. In other words, inclusion of a heavier ion spe-
cies tends to increase the range of region B;. Compared to
region B,, which shows a slow but steady increase in ampli-
tude with f3, it remains almost constant in region B.

It is known that, for an RSW (RDL), the associated
Sagdeev pseudopotential curve shows two (three) extrema
and two roots as shown in Figs. 1(a) and 1(b). On the other
hand, RSSs are, so far, defined as solitary wave solutions

Phys. Plasmas 23, 082304 (2016)

with four extrema and two roots of the corresponding
Sagdeev pseudopotential profiles and are known to merge
gradually to an RSW.** In other words, at its low f end
(i.e., towards f,), region B; comprises RSSs, while at the
large 8 end (i.e., towards f3;), it has RSWs only. The region
also exclusively comprises the transitional phase in between
RSSs and RSWs. Verheest e al.>* have previously indicated
that such transitions occur due to merging of the two consec-
utive extrema. To understand it in more detail, we considered
four snapshots in region B1 and replicated our analyses for
two values of o (=0.1 and 0.2, respectively). The details are
as follows.

A. Case l: Low ap(xp=0.1)

We have considered a plasma model with a compara-
tively smaller heavier ion concentration, (i.e., oy = 0.1)
while all other ionic parameters (viz., ¢ = %, and Q = %)
and the Mach number (M = 1.06) remained the same as
mentioned in Fig. 3. We have chosen four convenient values
of f for our analysis and p is assumed to be the correspond-
ing y,; for each 5 value. Figs. 4(a)-4(d) show the four snap-
shots of the Sagdeev pseudopotentials for the chosen f
values. Figs. 4(a) and 4(d) represent an RSS and RSW,
respectively, while Figs. 4(b) and 4(c) show the transitional
phases between an RSS and RSW. The points (i) and (ii) in
the figures represent the roots of the respective pseudopoten-
tials (i.e., W(®) = 0), while points 1, 2, 3, etc., mark the
extrema of the curve where its slope changes its sign. All the
four curves in Figs. 4(a)—4(d) show two roots only and hence
represent generalised solitary wave solutions. A closer
inspection, however, reveals significant differences in their
pseudopotentials. Unlike an RSW (Fig. 4(d)), which has a
smooth profile, Figs. 4(a)—4(c) show significant variations or
fluctuations of the curves and may thus be categorized as a

| 10" (a) x10"* (b)
(i) (i) ol (i)
0 1
5 )
-1 3 -2
> e
—2 2) 4
—3| p=0.049 @) B=0.0538967 &
4U=0.0013 6 H=0.21615°10 7 FIG. 4. Snapshots of Sagd d
- - . 4. Snapshots of Sagdeev pseudo-
0 0.1 0.2 0.3 0 0.1 0.2 0.3 potentials for corresponding f values
X 10_4 X 10_4 representing different nonlinear struc-
- - 0 m tures, viz., (a) RSS, (b) curve of inflec-
(i) (ii)] 0 (ii) tion, (c) generalized VSW, and (d)
0 (1) RSW; o, = 0.1.
. >
—4
2 -10
-6} $=0.057 9 B=0.07
_glu=0.00285 _15L1=0.00801
0 0.1 0.2 0.3 0 0.1 0.2 0.3
o (o}
(c) (@)
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fluctuating or Variable kind of Solitary Waves (VSWs). On
the other hand, except Fig. 4(a) (i.e., an RSS), which shows
4 extrema for the curve (viz., points 1 to 4), all other curves
(Figs. 4(b)-4(d)) exhibit only two extrema and hence none
of them can be termed as an RSS.

Noting the importance of the slope (i.e., %), and
remembering that the slope of a Sagdeev pseudopotential
represents the charge separation density (Eq. (5a)), we
explored the variation of different order of derivatives of the
Sagdeev pseudopotential with ®. In order to understand the
deviations of Figs. 4(b) and 4(c) from Fig. 4(a) in one hand
and Fig. 4(d) from the other, we have plotted the variation of
the slope of the corresponding pseudopotential profiles with
® (Fig. 5). According to Eq. (5a), the slope of the pseudopo-
tential is the measure of the charge separation, An = n; — n,.
Consequently in Fig. 5, curves 1 (solid line), 2 (dashed and
dotted line), 3 (dotted line), and 4 (dashed line) correspond
to the variation in charge separation (An) with respect to
potential (®) for the pseudopotential profiles in Figs.
4(a)—4(d), respectively. It shows that curve 1, which corre-
sponds to an RSS, has four roots, (i.e., % = 0), curve 2 has
three roots while curves 3 and 4 (RSW) have only two roots
each including the origin. Each of these roots clearly repre-
sents the corresponding extrema, marked by (i), (ii), etc., in
Figs. 4(a)—4(d). As indicated earlier, the first three curves
(viz., curves 1-3) show significant fluctuations in the An,
and so we propose to club them together under the label
“Variable Solitary Waves” (VSW). Therefore, RSS (curve 1)
becomes a subset of a more general class of solutions like
VSWs. Contrary to them, for curve 4 corresponding to RSW,
An first decreases and then increases monotonically with
increasing @ without any fluctuations. Interestingly, in the

case of curve 2, not only An (: g%) but also its derivative

An (_ 2Y
o0\ 00?
implies a point of inflection for the associated Sagdeev pseu-
dopotential (Fig. 4(b)). Defining f = ﬁ,-nﬂ for curve 2, the

) become zero at the point ® = ®;,; which

-3
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curve of inflection, and following the trend of the curves in
Fig. 5, it becomes evident that, for any f§ >, the net
number of roots (or extrema in Figs. 4(a)—4(d)) will be less
than 3 (<3) while for f > f;, it will be greater than 3 (>3),
curve 2 being the limiting profile for both the regime. This
further implies that the existence domain of an RSS is
bounded by 8 < B, where f;,,; eventually marks the onset
of the transitional phase between RSS and RSW. Noting that
p, has marked the onset of RSS (Fig. 3), the existence
domain of an RSS can now be precisely defined as
Bs < B < B> beyond which it ceases to exist. Fig. 5 further
shows that, for f > f,,,, the fluctuation of the overall charge
separation density always remain negative (i.e., n,>n;)
except near the maximum amplitude.

In Figs. 6(a) and 6(b), we have plotted the subsequent
2nd and 3rd order derivatives of the pseudopotential, respec-
tively, while all the legends remain the same as earlier. In
Fig. 6(a), curves 1-3 show fluctuations with 3 roots each
(‘g%f = 0) while curve 4 is monotonic with only one root.
This further clarifies the differences between RSWs and
VSWs where an RSS is a special case of the latter. The 2nd
root of curve 2 in Fig. 6(a) coincides with that of Fig. 5
determining the “point of inflection” at ®@;,r; = 0.2768 while
the estimated value of the corresponding f;,; = 0.0538967
for our present set of parameters.

Figure 6(b) further shows the variation of the third
derivatives where curves 1-3 fluctuate between positive and
negative values, having two roots each, but curve 4 remains
always positive without any root. This defines another limit-
ing value of = f5,,f, being the maximum f value which

supports a negative ‘3’% for the solution. For any f§ > f3,, the
solution is an RSW only. The estimated value of f3, for the
present case is 0.067.

So far we have discussed different genre of solitary
waves which are associated with variant characteristics of

Sagdeev pseudopotential profiles and their derivatives. This
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FIG. 5. Variation of charge separation An with potential ® for o, = 0.1.

in turn indicates a significant role played by the
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corresponding An. To estimate its actual contribution, we
have plotted the potential profiles (solid lines) and their asso-
ciated An = n; — n.(dashed lines) in Figs. 7(a)-7(d) where
the potential profiles have been determined by solving Eq.
(5b) numerically for the Sagdeev pseudopotentials shown in
Figs. 4(a)-4(d), respectively, and all the corresponding An
have been calculated analytically using Eq. (5a). In Fig. 7(a),
point (i) shows a positive, (n; > n,), or compressive An
while at point (ii) it becomes negative (n; < n,), or rarefac-
tive. The overall potential profile remains positive represent-
ing a compressive RSS. The characteristic wiggle in the
potential profile of the RSS appears at the very point where

20

An oscillates from positive to negative. Therefore in the case
of RSSs, we have alternate compressions and rarefactions
within the overall compressive potential structure where the
fluctuations in An lead to the generation of wiggles in the
corresponding potential profiles. An initial oscillation in An
from a positive to a negative value can thus be considered as
an alternate and independent definition of a regular compres-
sive supersoliton. From the RSS (Fig. 7(a)), as we approach
to a more generalised VSW solution (Figs. 7(b) and 7(c)),
the An fluctuation diminishes and consequently the wiggles
in the potential profiles, too, gradually smoothen. In
Fig. 7(b), though the fluctuation remains fairly significant,

0.02} (a) (b)
0.02
L 0 L 0
—0.02 —-0.02
-20 0 20 -20 0 20 FIG. 8. The electric field (E field) pro-
files corresponding to different nonlin-
ear structures, (a) RSS, (b) the curve of
0.04 (c) 0.05 (d) inﬂecgoln, (¢) VSW, and (d) RSW;
0.02 o
w 0 w 0
—-0.02
-0.05
-0.04
-20 0 20 =20 0 20
n n
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FIG. 9. Snapshots of Sagdeev pseudopotentials for corresponding f§ values
representing different nonlinear structures, viz., (a) RSS, (b) curve of inflec-
tion, (c) generalized VSW, and (d) RSW; o, = 0.2.

it ceases to oscillate to a negative value, keeping An > 0
(n; > n,). The profile comprises the “point of inflection” as
described in Fig. 4(b) and curve 2 in Fig. 5. Both the fluctua-
tion in An and the wiggle in the potential profile diminish
further in Fig. 7(c) while Fig. 7(d) shows a smooth profile
for both the potential and An, representing a regular com-
pressive IASW.

To compliment Figs. 7(a)-7(d), we have plotted the cor-
responding electric field profiles in Figs. 8(a)-8(d), respec-
tively, which subsequently represent the RSS (Fig. 8(a)), the
VSW for the curve of inflection (Fig. 8(b)), the generalised
VSW apart from the aforementioned two (Fig. 8(c)), and the
RSW (Fig. 8(d)) solutions. This further confirms that the extra
wiggles in the bipolar structure of the RSS (Fig. 8(a)) are
formed due to the fluctuations in An. A similar correlation has
also been reported by Hellberg et al** for a dust acoustic
supersoliton in a plasma with negative dust grains and two

1
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FIG. 10. Variation of charge separation density (An) with potential ® for
oy = 0.2.
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kappa distributed ions. They termed it as a seven layer struc-
ture in the profile of An. In his work, he also pointed out the
role of An fluctuations in electric field profile as we observed
in Fig. 8(a). Figures 8(a)-8(d) clearly show that the promi-
nence of extra wiggles in a typical bipolar electric field struc-
ture diminishes as we proceed from RSS to RSW.

B. Case II: High ax(2y=0.2)

We have revisited the above observations by varying the
heavier ion concentration to a higher value (o, = 0.2). For
this value of ay, once again, we have four “snapshots” of
Sagdeev pseudopotential profiles, shown in Figs. 9(a)-9(d)
while Fig. 10 shows the corresponding variations of their
slopes with @. Even though both the profiles (Figs. 9 and 10)
confirm the aforementioned observations in Sec. III A, we
can notice a significant change in the morphology of the
Sagdeev pseudopotential profile (Fig. 9(b)) and charge sepa-
ration An (curve 2 in Fig. 10) for the inflection point. Figures
11(a)-11(d) summarize all the variations near the point of
inflection where, for the sake of comparison, we have plotted
the corresponding Sagdeev pseudopotentials (Figs. 11(a)
and 11(b)) and their associated variations of the charge sepa-
rations (Figs. 11(c) and 11(d)) for two values of oy, viz.,
o = 0.1 (Figs. 11(a) and 11(c)), and o, = 0.2 (Figs. 11(b)
and 11(d)), respectively. As the heavier ion concentration
(o) increases from 0.1 to 0.2, the point of inflection shifts
from the first subwell (Fig. 11(a)) to the second (Fig. 11(b)).
Accordingly, variation of the An near the point of inflection
(® = dj7) turns from a maxima (Fig. 11(c)) to a minima
(Fig. 11(d)). In other words, while the An near the vicinity of
®;,7 remains negative for a low o, it turns positive when o,
increases to a higher value. Since for o, = 0.1, the An curve
(Fig. 11(c)) shifts to the negative regime, hence, for our con-
venience, we represent the corresponding value of f;,, as
ﬁfnﬂ Similarly, for o, = 0.2, the An curve (Fig. 11(d)) shifts

@ x10* ®  x10*
2 —
o =0.1 0,=0.2
h 0
-2 g
> -
—4} p=.0538967
H=-21615*10_2 3=.035684 \
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_— |u=021615*1072 _ p=0.1157+10">
R go0
Zo z
= = g
< < 0
B 0.1 0.2 03 001
- - - 0 0.1 0.2 0.3

@ )
FIG. 11. (a) Sagdeev pseudopotential profile corresponding to = f;,, for
oy = 0.1, (b) Sagdeev pseudopotential profile corresponds to ff = f3;,4 for
oy = 0.2, (c) charge separation density profile at = f,; for o, = 0.1, and
(d) charge separation density profile at § = 3, for o, = 0.2.
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to the positive regime of An and hence the corresponding
value of f3;,4 is represented as 'Bfnﬂ' Despite the changes in
the morphology of the Sagdeev pseudopotential, and the shift
in the An curve, the solution associated with the “point of
inflection” continues to be the boundary for an RSS. From
Fig. 10, it can also be observed that, as curve 2 (i.e., the
curve with inflection) shifts, all other curves between RSS
and RSW also shift accordingly. This further indicates that
the presence of a heavier ion species may significantly mod-
ify the morphology of the boundary curve (charge separation
curve with point of inflection) and hence may affect the exis-
tence domain of the supersoliton.

Following Sec. III A, we have also plotted the variations

of the second (g%{;) and third derivatives (g%’) of ¥ with ®

as shown in Figs. 12(a) and 12(b), respectively. The curves
follow the same trend as observed in Sec. IIIA. From
Fig. 12(a), we have estimated the inflection parameters as
®;,p = 0.2768 and ﬁfnﬂ = 0.035684 while Fig. 12(b) deter-
mines the value of 5, = 0.04. It shows that, with an increase
in the heavier ion concentration, the corresponding value of
Binp and B, decreases.

Figures 13(a)-13(d) show the potential profile (solid
lines) and the charge separation (An, dashed line) corre-
sponding to each pseudopotential curve represented in Figs.
9(a)-9(d), respectively. While the qualitative trend remains
the same as Sec. III A, the extent of oscillations turns to be
far more prominent in the present case. Thus for a regular
supersoliton, after a large initial compression, we observe a
comparatively small scale of rarefaction, followed by
another sharp increase in An leading to its maximum ampli-
tude (Fig. 13(a)). The significant drop in An indicates alter-
nate compressions and rarefactions within the overall
compressive structure. The wiggles in the potential profile
arise in the region where we have sudden fluctuations in An.
The overall profile of An in Fig. 13(a) closely resembles to
the aforementioned seven layer structures observed by
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FIG. 12. Variation of (a) ‘;T\'; and (b) ‘;%’ with potential @ for o, = 0.2.
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of inflection, (c) generalized VSW, and (d) RSW; o, = 0.2.

Hellberg et al.** because of its extra large fluctuations com-
pared to that for the previous case (Fig. 7(a)). As the solution
approaches to RSWs, the fluctuations in An diminishes,
which eventually results in the formation of a smooth poten-
tial profile as shown in Fig. 13(d). In Figs. 14(a)-14(d), we
plotted the electric field corresponding to each potential pro-
file depicted in Figs. 13(a)-13(d), respectively. This further
confirms that the wiggles in the bipolar electric field of an
RSS appear due to its fluctuation in the An.

C. Regime of nonlinear structures

Sections III A and IIB revealed finer structures of
region B; (Fig. 3) which are defined by different characteris-
tic f values. In Fig. 15, we have plotted the variation of
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FIG. 14. The electric field (E field) profiles corresponding to different non-
linear structures: (a) RSS, (b) the curve of inflection, (¢) VSW, and (d)
RSW; o, = 0.2.
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amplitude (®;) with § for different nonlinear structures in
region B;. As we have mentioned earlier, the overall region
is bounded by the parameters f8; and f3;, respectively, where
the former represents the onset of the RSS and the latter
denotes the disappearance of the “forbidden region” beyond
it. The parameter f3;,; denotes the boundary for the RSS
solution and the subregion B;;, shaded by vertical lines
in Fig. 15 and bounded between f; and f,,; (ie.,
Bs < B < Biyn) represents the RSS existence domain. The
next subregion Bj,, shaded by horizontal lines, represents
the transitional phase between RSS to RSW and bounded
between f;,; and 8, (i.e., B,y < B < B,). All the solutions in
these subregions are VSWs but there is no RSS. Regions By
and B, together represent the existence domain of all
VSWs, including RSSs, and is bounded between f; and f,,
(ie., f; < p < B,). The parameter 5, marks the boundary of
any kind of VSWs and the subregion B3, which lies beyond
p,(p > p,) and shaded by slanted lines (Fig. 15), comprises
RSWs only. Technically, the solitary wave solutions in the
subregion B3 are the same as that of region A in Fig. 3,
though for the former there still occur forbidden regions for
a range of p values. Even though the structure and

TABLE 1. Definition of parameters and regime.

Parameter Definition Regime
By Smallest f§ for RSS By < B < By (region B,
By Largest 3 for forbidden region in Fig. 3)
Bint f at the point of inflection By < B < By (region Byy)
ﬁzﬂ p value corresponds to positive Existence domain of RSS
inflection (Fig. 11(b))
Biwp f value corresponds to negative
inflection (Fig. 11(a))
B Largest § for VSWs By < B < B, region for
RSSs + VSWs
B < B < B, transitional
phase

f < f, region for RSWs

Phys. Plasmas 23, 082304 (2016)

TABLE II. Value of parameters.

Parameters o, = 0.1 o, =0.2
Py 0.049 0.034
/3,~nf, 0.0538967 0.035684
B 0.067 0.04
/f,- 0.1 0.09

morphology of the nonlinear structures vary, and although
both f and p vary significantly over the range, the amplitude
(®;) of all these nonlinear structures over region B1 remains
almost constant. A closer inspection reveals that, throughout
the region B1, the corresponding amplitude ®; for the limit-
ing value of u = g, is only marginally smaller than the termi-

nating amplitude ¢, (: : (M — (301))2> (Eq. (9)) of the

system. It further indicates that all the VSWs and supersoli-
tons occur due to a very fine balance of their parameters
beyond which either the wave breaks, or collapses to a far
smaller amplitude RSW solutions (region B2 in Fig. 3). This
also highlights the deterministic role played by the electron
temperature ratio (f3). Table I summarizes all the characteris-
tics f and the relevant regimes while Table II summarizes
their estimated values for our chosen set of parameters.

IV. CONCLUSION

In this paper, we considered a four component plasma,
consisting of two electrons and two ions. As we have
observed earlier,29 the nonlinearity associated with the sec-
ondary electron species caused the generation of compres-
sive double layers and RSS. Interestingly, apart from the
electronic parameters, it was found that the presence of the
minority component of heavier ions modify the boundary
condition for a supersoliton solution. One major achievement
of our work is to precisely quantify the existence domain of
the RSS in terms of electron temperature ratio (f). It is
observed that, as the heavier ion concentration (o)
increases, the curve of inflection turns positive to negative,
thus changing the boundary condition for the supersoliton.

After detailed analysis, we found that there exists a new
class of nonlinear structures beyond the RSS which are cate-
gorically different from the well known regular solitary
waves (RSWs) and, like the RSS, identified by a characteris-
tic type of fluctuations in the charge separation density (An).
We proposed to call them as variable solitary wave (VSWs)
because of their variability in the An. We found that RSSs
are a subset of VSWs where the fluctuations in An actually
changes sign. In other words, a compressive supersoliton
may be defined as a compressive solitary wave structure
where the overall compression of the ion density is preceded
by a fluctuation of compressive to rarefactive ion density. It
is this fluctuation in the An which manifests itself in produc-
ing subwells in the corresponding pseudopotential profile
and leads to the observed wiggles in the otherwise bipolar
electric field. Such fluctuations are totally absent for any
RSW which further marks the aforementioned solutions
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(VSWs) as unique. The resulting correlation between the
fluctuation of An and the wiggle in the electric field was also
identified by Hellberg er al.** which further supports our
findings.

While the curve of inflection determines the boundary
of RSS, it also marks the onset of the transitional phase
between an RSS and RSW. The solutions in this regime still
show prominent fluctuations and can thus rightly called as
VSWs but, unlike RSS, the An ceases to be negative. In other
words, there is no preceding rarefaction before it grows to its
maximum amplitude. Interestingly, as the heavier ion con-
centration increases, not only the morphology of the curve of
inflection changes but also the intensity of the fluctuations
increases many fold. Hellberg er al.** termed such kinds of
solutions as seven layers for those observed “folds” in the
overall profile of the An.

In the present work, we were interested to study the tran-
sitional properties of the RSS and hence we concentrated
only on region B1. For the sake of convenience, we restricted
our analysis to only the limiting value solutions where the
resulting amplitude ®; remains very close to the terminating
amplitude, beyond which the wave breaks. Moreover, the
limiting amplitude ®; is determined for the limiting value of
1 =, which further marks the onset of forbidden regions.
This eventually makes region Bl resembling a ‘“constant
amplitude domain” showing a little or no variation of the
amplitude over the range. A more generalized parametrical
study of RSSs and other related nonlinear structures is
beyond the scope of the present paper and will be communi-
cated elsewhere.
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