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Ion acoustic super solitary waves have been derived for a three component magnetized plasma

consisting of warm fluid ions and two different temperature electrons having Boltzmann

distributions by using the Sagdeev pseudopotential technique. The result exhibits similar traits of

the recently reported electron acoustic super solitary wave in a magnetized plasma [Kamalam

et al., J. Plasma Phys. 84, 905840406 (2018)]. This is the first report of super solitary waves for a

low frequency wave in a magnetized plasma. This prediction might be useful to analyze the non-

conventional structures in the low altitude auroral regions in the Earth’s magnetosphere. Published
by AIP Publishing. https://doi.org/10.1063/1.5063955

I. INTRODUCTION

Super Solitary Waves (SSWs) are nonlinear structures

having a bipolar electric field with an extra wiggle. The con-

cept of super solitary waves (SSWs) was introduced by

Dubinov and Kolotkov in 2012.1 Right after the discovery,

SSWs have been investigated widely for different plasma

models.2 It was, however, difficult to obtain them for a mag-

netized plasma due to the imminent singularity. The first

attempt to study a SSW in a magnetized plasma was done by

Rufai et al. in 2014 for a three component plasma model con-

sisting of cold fluid ions, cooler electrons obeying the

Boltzmann distribution, and hotter electrons having Cairn’s

distribution.3 Nevertheless, the reported Sagdeev pseudopo-

tential profile had a spiky and narrow subwell. Later, it was

identified as a singularity rather than the SSW.4 The difficulty

in obtaining the SSW in a magnetized plasma and the reported

spiky, narrow subwell led us to explore it. We have investi-

gated an electron acoustic SSW in a magnetized plasma for a

four component model comprising beam, bulk electrons, and

two ions obeying Boltzmann distributions.5 We have reported

that there is a lateral inversion of subwells of SSW between

the magnetized and unmagnetized cases. We have incorpo-

rated the theory to identify the physically viable solutions,

verified the structures and its characteristics, and discussed

their transition types. However the model has several limita-

tions. One major issue is about the assumptions of fluid elec-

trons. Comparison between the phase velocity of the wave

and the thermal velocities of different species revealed that all

the four species have high thermal velocity than the wave

phase velocity which invokes the ambiguity of the application

of the model and the credibility of the results. In spite of these

flaws, the model has provided a SSW without any singularity

and aids to fill the lacuna. This raises the question whether the

results are physically significant and qualitatively relevant

within its own limit. Taking this into account, we have consid-

ered a different plasma system which is free from any such

ambiguity, and we have succeeded to obtain similar results in

accordance with our previous findings in Ref. 5. The current

model is adapted from Ghosh and Lakhina (2004) with an

exclusion of the beam ions.6

II. THE ANALYTICAL SOLUTION

We have considered a three component plasma compris-

ing warm fluid ions and two temperature electrons obeying

Boltzmann distributions. The wave is propagating in the y � z
plane making an angle h with the magnetic field while the

magnetic field is assumed to be in the z direction. The normal-

ized fluid equations are as follows:

@ni

@t
þr � ðniViÞ ¼ 0; (1)

@Vi

@t
þ ðVi � rÞVi ¼ �rUþ aiðVi � b̂Þ � 3rinirni: (2)

The Boltzmann distribution of electrons is as follows:

ne ¼ l exp
U

lþ �b

� �
þ � exp

bU
lþ �b

� �
; (3)

where i (e) represents ions (electrons), ai ¼ Xi

xpi
represents the

ratio of the ion cyclotron frequency to the ion plasma fre-

quency, ri ¼ Ti

Teff
represents the ratio of the ion temperature

to the effective temperature of the electrons, Teff ¼ TecTeh

lTehþ�Tec

being the effective electron temperature, b̂ is the unit vector

along the magnetic field, l (�) are the ambient densities of

cooler (hotter) electrons, and b ¼ Tec

Teh
is the temperature ratio

of cooler to hotter electrons.

The normalization scheme used is as follows: densities

are normalized by the ambient plasma density n0, time with

respect to the inverse of the ion plasma frequency x�1
pi ,

length is by the effective electron Debye length, pressure is

by the ion equilibrium pressure P0 ¼ n0Ti, temperature to the

Teff, magnetic field by the ambient magnetic field B0, and

potential is normalized by
Teff

e . The velocity and Mach num-

ber should be normalized with respect to the linear acoustic

speed of the corresponding model.7 However, for the sake of

convenience, we have normalized the velocity and effective

Mach number Meff by the effective ion acoustic speed
Teff

mi
.
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The derivation of Sagdeev pseudopotential in a magne-

tized plasma requires restrictions on the number of

“magnetized” species.8 This prompts us to use the neutrality

condition instead of the Poisson’s equation

ni � ne: (4)

The following boundary conditions are considered:

at jrj ! 1; U! 0; Vi ! 0; (5)

ni ! 1; and Pi ! n0Ti; (6)

where r ¼ kyy þ kzz is the corresponding position vector,

and ky and kz are the direction cosines along the y and z
directions, respectively.

The stationary state solution is assumed as

g ¼ kyyþ kzz�Meff t; (7)

where Meff is the effective Mach number.7

The corresponding Sagdeev pseudopotential is as follows:

WðUÞ ¼ a2
i Li

F2
: (8)

The numerator of the Sagdeev pseudopotential is

LiðUÞ ¼ k2
yUþ

1

2
M2

eff

S

ni

� �2

þ w� 3h

" #

þ k2
z h� 1

ni
rSþ S0ð Þ þ 1

2

w

Meff

� �2
" #

; (9)

and the denominator of the Sagdeev pseudopotential is

FðUÞ ¼ df

dU
¼ 1þ 3rni �

M2
eff

n3
i

 !
dni

dU
; (10)

where

f ¼ Uþ 1

2

M2
eff

n2
i

þ 3rin
2
i

 !
; S ¼ 1� ni; S0 ¼ d� n0i

and d ¼ n0ijU¼0; (11)

h ¼ rð1� n2
i Þ

2
; t ¼ rð1� n3

i Þ and w ¼ S0 þ t: (12)

The following conditions should be satisfied to obtain a

solitary wave solution:

WðUÞjU¼0 ¼
@WðUÞ
@U

����
U¼0

¼ 0 and
@2WðUÞ
@U2

����
U¼0

< 0;

(13a)

WðUÞ < 0 for
0 < U < U0 when U0 > 0

U0 < U < 0 when U0 < 0;

(

WðU0Þ ¼ 0 and
@W
@U

����
U¼U0

6¼ 0: (13b)

In addition to the above conditions, the first derivative

of the pseudopotential should have four roots for a SSW.

III. NUMERICAL RESULTS

Figure 1(a) shows the Sagdeev pseudopotential profiles

of the three extra nonlinear structures, viz., gVSW (general-

ized Variable Solitary Waves), n-CoI (Curve of Inflection),

and SSW5,9 while Fig. 1(b) gives the subsequent phase por-

traits. The parameters are as follows: l ¼ 0.5, b ¼ 1/40, ri ¼
1/50, ai ¼ 0.5, h ¼ 40�, Meff ¼ 0.79, 0.8142, and 0.83,

respectively. It is clearly evident from the figure that the aux-

iliary subwell [marked as (i) in Fig. 1(a)] is near zero, i.e.,

near the low potential. This marks the lateral inversion of the

two subwells in a magnetized plasma vis-�a-vis an unmagne-

tized case. A similar trend has been reported in our previous

work on electron acoustic waves.5 There we have mentioned

that there is an association between the singularity and the

SSW. The solution always terminates with the onset of the

former.5 The commencement of singularity invokes the diffi-

culty in achieving SSWs in a magnetized plasma. This asso-

ciation instigated us to check the onset of singularity for the

chosen parametric regime. We have incorporated an F-analy-

sis (F being the denominator of the Sagdeev pseudopoten-

tial) to detect the onset of the singularity and to identify the

various nonlinear structures. Figure 2(a) shows the F variation

for the Sagdeev pseudopotentials with Meff ranging from 0.79

to 0.9. The curve which corresponds to Meff ¼ 0.89 is

FIG. 1. (a) Sagdeev pseudopotential profile and (b) phase portrait of extra

nonlinear structures.
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proximal to zero, but never crossed the zero axis. However,

Meff ¼ 0.9 crossed the zero axis which indicates the pres-

ence of singularity. It means that the F variation profile for

an ion acoustic SSW always remains positive except for the

case of singularity. The variation pattern is analogous to

that reported electron acoustic SSW5 though it looks

inverted (upside-down) compared to the former where the

F-profile was always found to be negative. The change in

the sign further confirms our previous conjecture that the F-

variation in the magnetized plasma is a useful proxy for the

charge separation variation for the unmagnetized case.

Consequently, Fig. 2(b) shows the variation of the derivative

of F with U. The “fluctuation” in the profile confirms the

solution to be an SSW. This also emphasizes the general

trend for the F variation for a magnetized plasma. Analogous

to our previous findings, Figs. 2(a) and 2(b), together, con-

firm the following conditions:

F 6¼ 0 for 0 � U � U0; (14)

@F

@U

����
U¼Ua

� 0 for 0 > Ua > U0: (15)

Equation (15) ensures that there is an auxiliary subwell at

U ¼ Ua, lying within 0 and U0, which in turn confirms the

presence of the SSW. The condition in Eq. (14) ensures a non-

zero F for the corresponding range. For a positive amplitude

electron acoustic solitary wave, however, the conditions in

Eqs. (14) and (15) get modified as

F 6¼ 0 for 0 � U � U0; (16)

@F

@U

����
U¼Ua

� 0 for 0 < Ua < U0; (17)

where the potential becomes positive due to the change in

the polarity of the amplitude. Equations (15) and (17) can,

thus, be combined to have a more general condition as

@F

@U

����
U¼Ua

� 0 for
0 < Ua < U0; U0 > 0

0 > Ua > U0; U0 < 0:

(
(18)

Expectedly, like in Ref. 5, the potential profile in Fig.

3(a) has a bump near zero rather than near the maximum

amplitude (i.e., near U0). The subsequent electric field profile

of the SSW in Fig. 3(b) confirms the lateral inversion of the

auxiliary and main subwell. This also confirms that the

observed lateral conversion is more akin to be a generic

characteristic for a magnetized plasma and does not depend

on the type of the oscillating species.

FIG. 2. (a) F variation for different

effective Mach numbers Meff¼ 0.79,

0.8142, 0.83, 0.85, 0.89 and 0.9 and (b)

derivative of F for SSW (Meff¼ 0.83).

FIG. 3. (a) Potential and (b) electric

field profile of SSW.
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Using the derivative analysis incorporated by Varghese

and Ghosh,9 the transition route to the onset of the ion acous-

tic SSW is found to be as follows:

gVSW! n-CoI! SSW! leading to the singularity:

The above transition does not have any intermediate

Double Layer (DL). The transitions are also clearly seen in

the phase portrait in Fig. 1(b). The absence of the separatrix

reveals that the current transition is not of Type I.10 For an

unmagnetized case, the SSW is known to remain sandwiched

between the p-CoI and n-CoI as described in the following

statement:

RSW! gVSW! p-CoI! SSW! n-CoI

! gVSW! leading to wave breaking:

For the present case, however, the onset of the SSW

occurs after an n-CoI rather than a p-CoI. The lateral inver-

sion is responsible for this new type of transition to occur in

a magnetized plasma. This present modification is a new

type of transition caused due to the lateral inversion of the

auxiliary subwell and appears to be generic for a SSW in a

magnetized plasma. Therefore, we have characterized it as

type IIA where II ensures the absence of the intermediate DL

and A denotes the presence of wiggles near zero. We have

previously conjectured that the lateral inversion could be due

to either the presence of magnetic field or rarefaction of the

oscillating species.5 The same has been validated for the cur-

rent model as well. It further shows that the transition route

remains the same for the ion and electron acoustic SSWs.

We recall that the first ever pursuit of SSWs in a magne-

tized plasma was disrupted by the onset of the singularity.3

As a second attempt, we found electron acoustic SSW for a

magnetized plasma comprising energetic ions. However, the

very low inertia of the electrons makes the validity of the

fluid formalism itself often questionable. In spite of the

lacuna in our previous reported paper, it provides a qualita-

tively consistent clue to detect the SSW in a magnetized

plasma. In the present paper, we have used a well-

established model and achieved, for the first time, an ion

acoustic SSW for a magnetized plasma which is free from

any ambiguities due to the imminent singularity. Through an

F analysis, we have shown that the qualitative assessments

in the present as well as the previously reported paper hold

true. This paper has delivered a primitive idea of the proper-

ties of the SSW in a magnetized plasma. The compatibility

between these results in turn validates the qualitative results

of our previous paper.

IV. CONCLUSIONS

The ion acoustic SSW has been obtained for a three

component magnetized plasma comprising warm fluid ions

and two electrons having Boltzmann distributions. The

obtained results are compatible with our previously reported

electron acoustic SSW in a magnetized plasma. We have

found that the onset of singularity is entangled with the prob-

ability of finding SSW in a magnetized plasma. We have

also reported that there is an association between the singu-

larity and the SSW in a magnetized plasma. The F analysis

would provide a way to determine the parametric regime to

detect SSW in a magnetized plasma and also to check the

plausibility of the result. Varghese and Ghosh9 reported that

the fluctuation in the charge separation is responsible for the

existence of the extra subwell. We have conjectured that the

fluctuation of F in magnetized plasma is akin to the fluctua-

tion in charge separation for the unmagnetized plasma. The

magnetic field or the rarefaction of the oscillating species is

accountable for the swapping of the position of the subwells.

The presence of magnetic field and the rarefaction of the

oscillating species broadens the probability of finding the

SSW for a wide-range of parameters. The prediction of SSW

in a magnetized plasma may provide a myriad possibilities

to analyze the low altitude auroral regions in the Earth’s

magnetosphere, especially the non-conventional localized

structures in the E-field data.
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