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Abstract: Large-amplitude electrostatic waves propagating parallel to the background magnetic
field have been observed at the Earth’s magnetopause by the Magnetospheric Multiscale (MMS)
spacecraft. These waves are observed in the region where there is an intermixing of magnetosheath
and magnetospheric plasmas. The plasma in the intermixing region is modeled as a five-component
plasma consisting of three types of electrons, namely, two counterstreaming hot electron beams and
cold electrons, and two types of ions, namely, cold background protons and a hot proton beam.
Sagdeev pseudo-potential technique is used to study the parallel propagating nonlinear electrostatic
solitary structures. The model predicts four types of modes, namely, slow ion-acoustic mode, fast
ion-acoustic mode, slow electron-acoustic mode and fast electron-acoustic modes. Except the fast
ion-acoustic mode, all other modes support solitons. Whereas slow ion-acoustic solitons have positive
potentials, both slow and fast electron-acoustic solitons have negative potentials. For the case of
4% cold electron density, the slow ion-acoustic solitons have electric field∼(40–120) mV m−1. The fast
Fourier transforms (FFT) of slow ion-acoustic solitons produce broadband frequency spectra having
peaks between ∼100 Hz to 1000 Hz. These theoretical predictions are in good agreement with
the observations. The slow and fast electron-acoustic solitons could be relevant in explaining the
low-intensity high (>1 kHz) frequency waves which are also observed at the same time.

Keywords: magnetopause electrostatic waves; electrostatic solitary structures; ion-acoustic solitons;
electron-acoustic solitons; magnetosheath electrostatic waves

1. Introduction

Broadband electrostatic noise (BEN) waves at the magnetopause were observed for the
first time by Gurnett et al. [1]. Later on, it was found that the magnetopause BEN consisted
of a series of electrostatic solitary waves (ESWs) in the form of a bipolar pulses [2,3], similar
to that found by Matsumoto et al. [4] in the Geotail data of plasma sheet boundary layer
BEN. ESWs have also been observed in the magnetosheath [5–9] and other flow boundary
layer regions of the magnetosphere (see Lakhina et al. [10] for an overview of the earlier
observations and theories on BEN and its association with ESWs). The most popular
models to explain the existence of ESWs are based on Bernstein–Greene–Kruskal (BGK)
modes [11] or phase space holes [12–15].

The electron and ion holes have been proposed for the positive and negative potential
solitary structures, respectively [5,7,13,16–22]. Based on the results of 1-D electrostatic parti-
cle simulations of electron beam-plasma system, Matsumoto et al. [4] and Omura et al. [23]
proposed that the ESWs, observed by Geotail in the PSBL, were the BGK mode [11] electron
phase-space holes, or simply electron holes (EHs), propagating along the magnetic field
formed by the nonlinear evolution of electron beam instabilities. Based on the results of
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the kinetic simulations [16,17,19,24–26], the bipolar structures observed by FAST on the
auroral field lines [20,27] were proposed to be due to the nonlinear two-stream instabil-
ities. The phase space holes observed in these simulations are not stable; they are likely
to either merge or break up during the evolution of the instabilities. Further, the electron
magnetization plays a crucial part in controlling the stability and shape of the phase space
holes [26,28]. Recent investigations of ESWs based on Cluster and MMS spacecraft obser-
vations lend support to electron (ion) phase space hole models [29–33]. Mozer et al. [30]
have reported the first observation of trapped electrons inside the ESW which gives a
strong support to positive potential ESWs in terms of electron phase space holes. However,
it should be kept in mind that their results are based on the superposition of 37 ESWs
(superposed electron hole) and not on a single electron hole.

Statistical analysis of the ESWs observed by many spacecraft indicates that the ampli-
tudes of their electrostatic potential usually tend to increase with their widths. This ESW
amplitude—width relationship is opposite to the properties of Korteweg de Vries—(KdV)
type solitons that have larger amplitudes associated with smaller widths. There seems to
be a misconception prevailing in the space plasma community that all weak solitons should
behave like KdV-type solitons. Because of this misconception, the existence mechanisms for
ESWs based on ion-acoustic or electron-acoustic solitons were considered unfeasible and
ignored [7,20,21,29]. We would like to emphasize that the properties of the arbitrary am-
plitude ion- and electron-acoustic solitons predicted by the models based on the Sagdeev
pseudo-potential [34] techniques are quite different from the KdV-type solitons. Such
nonlinear fluid models clearly show that the soliton amplitudes can either decrease or
increase with their width depending upon the parametric range [35,36]. This has brought
the soliton/double layer models to the forefront of viable models for the existence of ESWs
observed by spacecraft.

Recently, the fluid models of ion-acoustic and electron-acoustic solitons/double layers
based on Sagdeev pseudo-potential technique have attracted interest as a possible alter-
native mechanism for ESWs [37–44]. An excellent discussion on BGK/phase space hole
models and solitons/solitary wave models as well as application of fluid soliton models to
ESWs observed in space can be found in the review papers by Lakhina et al. [45,46].

Large-amplitude parallel electric field structures on the magnetopause associated
with magnetic reconnection have been observed by the Magnetospheric Multiscale (MMS)
mission [47,48]. Ergun et al. [47] observed large-amplitude electrostatic waves near the
electron diffusion region (EDR) at the subsolar magnetopause. Their simulation results
suggest that the large-amplitude electrostatic waves are driven by a two-stream instability
arising from the mixing of drifting cold (<10 eV) magnetospheric plasma with warm
(∼100 eV) drifting plasma from the magnetosheath.

Based on the MMS observations [47], Rufai et al. [49] considered a four-component
plasma system, representing a mixture of the magnetosheath and magnetosphere plasma,
consisting of cold, warm and hot electron populations and background ions. All the species
were modeled as adiabatic fluids except for the hot electrons which have a kinetic vortex-
like velocity distribution. The hybrid model employed Sagdeev pseudo-potential technique
to study the nonlinear electron-acoustic waves propagating parallel to the magnetic field,
and it predicted slow electron-acoustic solitons and double layers on the magnetosphere
side of the EDR and beam/electron-acoustic solitons on the magnetosheath side of the
EDR. The electric field amplitude of the electrostatic solitary waves (ESWs) predicted by
their model were in agreement with MMS observations [47]. Rufai et al. [50,51] carried out
the analysis of electron-acoustic waves and their existence domains in the electron and ion
diffusion regions of the magnetic reconnection at the magnetopause.

Recently, Wilder et al. [52] reported observations of large-amplitude (up to 100 mV/m)
oscillations in the electric field near the dusk flank of a Kelvin–Helmholtz (K–H) unstable
magnetopause by the MMS spacecraft crossing on 8 September 2015.

Figure 1, reproduced with permission from Wilder et al. [52], shows the crossing by
MMS1 of two periodic vortex-induced current sheets (CSs) (indicated by the dashed vertical
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black lines) during the 8 September 2015 Kelvin–Helmholtz event. The magnetic field and
ion bulk velocity data are shown in geocentric solar ecliptic (GSE) coordinates. The electric
field data are shown in magnetic field-aligned coordinates (FACs) where Z is parallel to the
background magnetic field (B0) and is marked with the subscript, “‖”, X is perpendicular to
B0 and in the spacecraft spin plane (P1), and Y completes the right-handed system (P2). The
top two panels show electron and ion omnidirectional energy spectra; the next two panels
show electron and ion number density, electron and ion temperature, respectively. Panels 5
and 6 show ion bulk velocity and magnetic field vector, respectively. Panels 7, 8 and 9 show
electric field power spectral density (EPSD) in (mV/m)2/Hz, the electric field in FACs, and
total magnetic field fluctuations, respectively. The white line on the spectrum (panel 7) is
the ion plasma frequency, and the dotted vertical lines indicate the interval with turbulent
region where the magnetopause and magnetosheath plasmas are intermixed.

Figure 1. Overview example of ESWs observed during a single period of K–H instability oscillations
on 8 September 2015 by MMS spacecraft. From top to bottom, electron and ion omnidirectional
energy spectra, electron and ion number density, electron and ion temperature, ion bulk velocity
in geocentric solar ecliptic (GSE) coordinates, magnetic field vector in GSE, electric field power
spectral density (EPSD) in (mV/m)2/Hz, the electric field in field-aligned coordinates(FAC), and
total magnetic field fluctuations. The white line on the spectrum is the ion plasma frequency, the
dashed vertical black lines indicate crossings of the vortex-induced current sheets, and the dotted
vertical lines indicate the interval with turbulent region where the magnetopause and magnetosheath
plasmas are intermixed. (Figure reprinted with permission from [52]).
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At the start of the interval shown in Figure 1, the spacecraft observes mainly
magneto-sheath-like plasma with an ion temperature of 1 keV and a much lower den-
sity population of magnetospheric ions with energies >10 keV (cf. 2nd panel from the top).
The BY (dawn-dusk) component of the magnetic field turns increasingly positive during
this period until 10:20:57 UT, when it sharply reverses direction (cf. 6th panel from the
top). This reversal in BY is marked by two vertical dashed lines and is due to a compressed
vortex-induced current sheet (CS) [53]. After crossing this current sheet, the spacecraft
observes the “turbulent region” where the magnetosheath and magnetospheric plasmas
are intermixed (shown by dotted vertical lines), and both plasma and fields (electric and
magnetic) show some fluctuations (cf. all panels in Figure 1). Later on, at 10:22:03 UT, the
spacecraft observes a second current sheet (CS) crossing.

From Figure 1 (8th panel from the top), there are two enhancements in the paral-
lel electric field, E‖. One is near the first BY reversal and is spiky in nature, and has a
broadband frequency pulse as seen from the electric field spectrum (cf. 7th panel from
the top). Such parallel electric field spikes are likely associated with the dynamics of the
current sheet, and are never seen on more than one spacecraft at a time [52]. The second
enhancement in E‖ consists of large-amplitude oscillations near the point in the vortex
interval where BY crosses zero and the spacecraft begins to observe a mix of magnetosheath
and magnetospheric ions. Similar wave trains were seen at this time on all four MMS
spacecraft [52]. The large-amplitude ((up to 100 mV/m) oscillations are purely electro-
static and only occur in E‖. Wilder et al. [52] suggested that these E‖ oscillations are most
likely the ion-acoustic-like waves as their frequencies are below the ion plasma frequency.
However, these waves are observed when ion temperature (Ti) is approximately six times
greater than the electron temperature (Te) (cf. 4th panel from the top), a condition generally
considered as unfavorable for ion-acoustic instability, unless an electron drift is present [54].
Wilder et al. [52] studied the ion and electron distributions at the time of occurrence of
large-amplitude E‖ waves and derived the plasma parameters for the stability analysis
(see their Figure 3a [52]). For the times between 10:21:40 UT and 10:21:42 UT, the ion
distributions could be fitted with a cold ion population with density Nic ∼ 20 cm−3 and
temperature Tic ∼ 40 eV and a small percentage of hot ion population with temperature
Tih ∼ (500–600) eV drifting with a speed of Vih ∼ 300 km s−1. The electron distributions
could be fitted with a hot magnetosheath-like electron population consisting of two equal
temperature (Teh ∼ (80–100) eV) counterstreaming beams with drift velocity, Veh, corre-
sponding to that of a 5 eV energy, and a cold electron population which could not be
resolved fully, but it could have density of maximum 4% of total electron density and
temperature Tec < 10 eV [52].

Wilder et al. [52] undertook the stability analysis for the parallel propagating elec-
trostatic waves by modeling the electron distribution by two hot Maxwellian electron
populations and two cold Maxwellian electron populations. For the hot electron popula-
tions, they considered each to have the same density of 48%, a temperature of 100 eV with
oppositely directed mean drift velocities corresponding to that of a 5 eV electron. They
considered the two cold populations, each consisting of 2% of the total electron density;
both have a temperature of 2 eV; and their mean drifts respectively correspond to energies
of 1.25 eV (toward the left) and 1.5 eV (toward the right). For this case, the system was
found to be unstable to the ion-acoustic instability. However, it must be remembered that
cold electron distributions considered in the stability analysis are just the model distribution
and not the observed distributions as the measurements of cold electrons below ∼10 eV
could not be resolved.

In this paper, we investigate the properties of nonlinear ion- and electron-acoustic
waves by Sagdeev pseudo-potential technique by taking the observed plasma parameters
for the ions and hot electrons [52] and cold electrons as a single species with density of 4%
and 1% and temperature of Tec = (1− 2) eV. As the Sagdeev pseudo-potential technique is
applicable to the system when all the instabilities have stabilized, the model considered
here is much simpler and closer to the cold electron properties in real situation. Our model
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predicts four types of modes: two slow and fast ion-acoustic modes, and two slow and
fast electron-acoustic modes, respectively. Except the fast ion-acoustic mode, all other tree
modes support solitons. Therefore, we will study here the properties of only the slow
ion-acoustic solitons, slow electron-acoustic solitons and fast electron-acoustic solitons.
The FFTs of the electric field of these three types of solitons produce broadband frequencies
which match very well with the observations of electrostatic waves by MMS [52].

2. Theoretical Model

The magnetopause turbulent region, where the magnetosheath and magnetospheric
plasmas are intermixed, is modeled by an infinite, collisionless and magnetized plasma
system consisting of five components, namely, cold ions with density Nic and temperature,
Tic, hot ion beam with density Nih, temperature, Tih, and beam speed of Vih along the
ambient magnetic field B, two hot electron beams with densities Ne1 and Ne2, temperatures
Te1 and Te2, and counter streaming along the ambient magnetic field with beam speeds
of Ve1 and Ve2, respectively, and the cold electrons with density Nec and temperature, Tec.
The subscript j=ic, ih, ec, e1 and e2 refers to the cold ions, hot ion beam, cold electrons,
hot electron beam 1 and hot electron beam 2, respectively. To maintain charge neutrality
in the equilibrium state, we take Nic + Nih = Nec + Ne1 + Ne2 = N0, where N0 represents
the total plasma density. We consider the electrostatic waves propagating parallel to the
magnetic field B.

We treat all plasma species as fluid so that their dynamics are governed by the mul-
tifluid equations of continuity, momentum, equation of state of each species, and the
Poisson equation. In order to investigate the properties of arbitrary amplitude ion- and
electron-acoustic solitons, we follow the procedure described in Lakhina et al. [45,46,55],
and transform these equations to a stationary frame moving with velocity V, the phase
velocity of the electrostatic solitary wave, i.e., ξ = (x − Mt), where M = V/Cih is the
Mach number with respect to the hot ion thermal speed Cih. Then, solving for perturbed
density of each plasma component, putting density expressions in the Poisson equation,
and assuming appropriate boundary conditions for the localized disturbances along with
the conditions that the electrostatic potential φ = 0, and dφ/dξ = 0 at ξ → ±∞, we get the
following energy integral [45,56,57]:

1
2

(
dφ

dξ

)2
+ S(φ, M) = 0 (1)

The Sagdeev pseudo-potential, S(φ, M), is given by [42,55]
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In Equation (2), we have used the normalization as follows: all densities are nor-
malized with the unperturbed total plasma density N0, all temperatures with the hot ion
temperature, Tih, velocities with the hot ion thermal speed Cih = (Tih/mi)

1/2, time with the
inverse of ion plasma frequency, ωpi = (4πN0e2/mi)

1/2, the lengths with the ion Debye
length, λdi = (Tih/4πN0e2)1/2, and the thermal pressures Pj with N0Tih. Further, note that
n0

j = Nj/N0 is the normalized equilibrium number density of the jth species, Uj = Vj/Cih
is the normalized beam speed of the jth species in the laboratory frame, µe = me/mi (here,
me and mi represent the mass of electron and ion, respectively), and σj = Tj/Tih is the
normalized temperature of the jth species. Furthermore, the same adiabatic index, i.e.,
γ = 3, has been assumed for all the species.

Equation (1) describes the motion of a pseudo-particle of unit mass in a pseudo-
potential S(φ, M), where φ and ξ play the role of displacement from the equilibrium and
time, respectively.

2.1. Ion- and Electron-Acoustic Soliton Solutions

Equation (1) yields ion- and electron-acoustic soliton solutions when the Sagdeev
pseudo-potential S(φ, M) satisfies the following conditions: S(φ, M) = 0, dS(φ, M)/dφ = 0,
d2S(φ, M)/dφ2 < 0 at φ = 0; S(φ, M) = 0 at φ = φ0, and S(φ, M) < 0 for 0 <| φ |<| φ0 |;
φ0 is the maximum amplitude of the soliton.

It is noted from Equation (2) that Sagdeev pseudo-potential S(φ, M) and its first
derivative with respect to φ, i.e., dS(φ, M)/dφ vanish at φ = 0. Further, the condition
d2S(φ, M)/dφ2 < 0 at φ = 0 is satisfied provided M > M0, where M0 is known as the
critical Mach number and it satisfies the equation:

n0
e1

[µe(M0 −Ue1)2 − 3σe1]
+

n0
e2

[µe(M0 −Ue2)2 − 3σe2]
+

n0
ce[

µe M2
0 − 3σec

]
+

n0
ic[

M2
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] + n0
ih

[(M0 −Uih)2 − 3]
= 0 (3)

Equation (3) yields eight roots but all the roots may not be physical. Here, we consider
the real positive roots for M0, or the critical Mach numbers, as the negative roots have
similar properties as the positive ones but propagate anti-parallel to B. In general, four
critical positive Mach numbers corresponding to two (slow and fast) ion-acoustic modes
and two (slow and fast) electron-acoustic modes are obtained from the numerical solution
of Equation (3). However, any one or all the four modes can satisfy the soliton conditions
for a given set of plasma parameters.
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Numerical Results

For the numerical computation of the critical Mach numbers M0, and the profiles of
Sagdeev pseudo-potential S(φ, M), electric potential φ, and electric field E, we use the
normalized parameter data set based on the observed plasma parameters, apart from
the changes to the cold electron populations, during the occurrence of large-amplitude
electric fields at the magnetopause by Wilder et al. [52] and used in their stability analysis.
Therefore, for the input to our model, we consider the following plasma parameters: total
plasma density N0 = 20 cm−3, cold ions density Nic = 18 cm−3, cold ions temperature
Tic = 40 eV, hot ions density Nih = 2 cm−3, hot ions temperature Tih = 600 eV, hot ion beam
speed Vih = 300 km s−1, equal density hot electron beams with Ne1 = Ne2 = 48% (49.5%)
of N0 for cold electrons density of 4% (1%), respectively. counterstreaming hot electron
beam speeds Ve1 = −Ve2 = 1325 km s−1 (corresponding to 5 eV energy), temperature of hot
electron beams Te1 = Te2 = 80 eV, and cold electrons temperature Tec = 1 eV.

For numerical computations, the normalized plasma parameters are: n0
ic = 0.9, n0

ih = 0.1,
σic = 0.07, σih = 1, σec = 0.0017, σe1 = σe2 = 0.13, Uih = 1.25, Ue1 = −Ue2 = 5.52, and
n0

e1 = n0
e1 = 0.48 (0.495) for n0

ec = 0.04 (0.01), respectively. The solution of Equation (3) yields
four positive critical Mach numbers M0 = 0.54225 (0.63237), 2.98223 (2.98274), 6.03499
(4.03602), 26.2828 (26.2085) for the case of n0

ec = 0.04 (0.01), which correspond to slow
ion-acoustic, fast ion-acoustic, slow electron-acoustic and fast electron-acoustic modes,
respectively. The profiles of Sagdeev pseudo-potential S(φ, M) versus φ for M > M0 show
that fast ion-acoustic profiles are not smooth unlike for other modes, but noisy and weak
(i.e., associated φs are much smaller than that for slow ion-acoustic modes), and will not be
considered further.

In Figure 2, we have shown the profiles of Sagdeev pseudo-potential S(φ, M), elec-
trostatic potential φ and electric field E of the slow ion-acoustic solitons computed from
Equations (1) and (2) for the normalized plasma parameters for the cold electron density of
n0

ec = 0.04. Figure 2a shows the variation of Sagdeev pseudo-potential S(φ, M) for the slow
ion-acoustic solitons versus the electrostatic potential φ for Mach number M = 0.57, 0.58,
0.60 and 0.61 for the curves 1, 2, 3 and 4, respectively. It is seen that the slow ion-acoustic
solitons have positive potentials, and the maximum electrostatic potential φ0 increases with
the increase of the Mach number, M, as can be seen from the curves 1, 2, and 3. The soliton
solution does not exist for curve 4. Hence, there is an upper value for M, say Mmax, above
which slow ion-acoustic solitons cannot exist. Figure 2b shows the variation of electrostatic
potential φ versus ξ for the slow ion-acoustic solitons. The curves 1, 2 and 3 correspond to
the same Mach number M as in Figure 2a. It is seen from the curves that the amplitudes of
the slow ion-acoustic solitons increase and their widths tend to decrease with the increase
of M. Figure 2c shows the variation of electric field E versus ξ for the slow ion-acoustic
solitons. The curves 1, 2 and 3 correspond to the same Mach number M as in Figure 2a. It is
seen from the curves that the electric field E amplitudes of the slow ion-acoustic solitons
increase and their widths tend to decrease with the increase of M. In Figure 2d, we have
shown the fast Fourier transform (FFT) power spectra of the unnormalized electric field
(in mV m−1) for different Mach numbers corresponding to panel c.
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Figure 2. Panel (a) shows variation of Sagdeev pseudo-potential S(φ, M) for the slow ion-acoustic
solitons versus the electrostatic potential φ, for the cold electron density of n0

ec = 0.04 and for n0
ic = 0.9,

n0
ih = 0.1, σic = 0.07, σih = 1, σec = 0.0017, σe1 = σe2 = 0.13, Uih = 1.25, Ue1 = −Ue2 = 5.52, and

n0
e1 = n0

e1 = 0.48, and for Mach number M = 0.57, 0.58, 0.60 and 0.61 for the curves 1, 2, 3 and 4,
respectively. Curve 4 shows that slow ion-acoustic solitons do not exist for M ≥ 0.61. Panel (b) shows
soliton profiles of electrostatic potential φ versus ξ for the Mach numbers corresponding to curves 1,
2 and 3 of Panel (a). Panel (c) shows profiles of the electric field E versus ξ for the Mach numbers cor-
responding to curves 1, 2 and 3 of Panel (a). Panel (d) shows FFT power spectra of the unnormalized
slow ion-acoustic solitons electric field E (in mV m−1). The x-axis represents the frequency, f , in Hz.
The y-axis represents the electric field power spectral density ((mV m−1)2/Hz), normalized with the
peak power spectral density, expressed in units of decibel, dB. The power spectral density peaks at
f = 616 Hz, 627 Hz, and 865 Hz for M = 0.57 (curve 1), 0.58 (curve 2) and 0.60 (curve 3), respectively.

From Figure 2d, it is seen that EPSD (electric field power spectral density, in
(mV m−1)2/Hz) expressed in dB for the slow ion-acoustic solitons has broad peaks which
tend to shift towards higher frequencies with increasing the Mach number M. The peaks in
spectral density occurs at f = 616 Hz, 627 Hz, and 865 Hz for M = 0.57, 0.58 and 0.60, respec-
tively (cf. curves 1, 2 and 3). Further, it is noticed that the broad peaks in the power spectral
density occur below ∼1 kHz frequencies, and then the spectral power falls sharply after
the peaks. Most of the spectral power is contained in the frequency range ∼(100–1500) Hz.

Figure 3 illustrates the profiles of S(φ, M), φ and E of the slow electron-acoustic
solitons for the same normalized plasma parameters as in Figure 2. Figure 3a shows the
variation of Sagdeev pseudo-potential S(φ, M) versus the electrostatic potential φ for Mach
number M = 6.5, 6.7, 7.0 and 7.1 for the curves 1, 2, 3 and 4, respectively. It is seen that the
slow electron-acoustic solitons have negative potentials, and the maximum electrostatic
potential φ0 increases with the increase in the Mach number, M, as can be seen from the
curves 1, 2, and 3. The soliton solution does not exist for the M = 7.1 corresponding to
curve 4. Hence, the slow electron-acoustic solitons do not exist beyond an upper value of
M. Figure 3b shows the variation of electrostatic potential φ versus ξ for the slow electron-
acoustic solitons. The curves 1, 2 and 3 correspond to the same Mach number M values as
in Figure 3a. It is seen from the curves that the amplitudes of the slow electron-acoustic
solitons increase and their widths tend to decrease with the increase of M. Figure 3c shows
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the variation of electric field E versus ξ for the slow electron-acoustic solitons. The curves
1, 2 and 3 correspond to the same Mach number M as in Figure 3a. It is seen from the
curves that the electric field E amplitudes of the slow ion-acoustic solitons increase and
their widths tend to decrease with the increase in M.
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Figure 3. Panel (a) shows variation of Sagdeev pseudo-potential S(φ, M) for the slow electron-
acoustic solitons versus the electrostatic potential φ, for the same plasma parameters as in Figure 2
and for Mach number M = 6.5, 6.7, 7.0 and 7.1 for the curves 1, 2, 3 and 4, respectively. Curve 4
shows that slow electron-acoustic solitons do not exist for M ≥ 7.1. Panel (b) shows soliton profiles of
electrostatic potential φ versus ξ for the Mach numbers corresponding to curves 1, 2 and 3 of Panel (a).
Panel (c) shows profiles of the electric field E versus ξ for the Mach numbers corresponding to curves
1, 2 and 3 of Panel (a). Panel (d) shows FFT power spectra of the unnormalized slow electron-acoustic
solitons electric field E (in mV m−1) for the Mach numbers corresponding to panel c of Figure 3, and
in the same format as that of Figure 2d.

The power spectra of slow electron-acoustic soliton shown in Figure 3d have features
similar to those of slow ion-acoustic solitons (Figure 2d, but the spectral power is less than
that of slow ion-acoustic solitons (cf. E field column 6 of Table 1, and the peaks occur at
higher frequencies, i.e., at f = 3659 Hz, 3772 Hz and 5911 Hz for curve 1 (M = 6.5), curve
2 (M = 6.7) and curve 3 (M = 7.0), respectively. Most of the spectral power resides in the
frequency range of ∼(2–10) kHz.

In Figure 4, profiles of S(φ, M), φ and E of the fast electron-acoustic solitons are shown
for the same normalized plasma parameters as in Figure 2. Figure 4a shows the variation
of Sagdeev pseudo-potential S(φ, M) versus the electrostatic potential φ for Mach number
M = 26.45, 26.50, 26.55 and 26.59 for the curves 1, 2, 3 and 4, respectively. From the curves
1, 2, and 3, it is seen that the fast electron-acoustic solitons have negative potentials, and
the maximum electrostatic potential φ0 increases with the increase in the Mach number, M.
For M = 26.59 (curve 4) and greater, the soliton solutions do not exist. Figure 4b shows
the variation of electrostatic potential φ versus ξ for the fast electron-acoustic solitons.
The curves 1, 2 and 3 corresponds to the same Mach number M values as in Figure 4a.
It is seen from the curves that the amplitudes of the fast electron-acoustic solitons increase
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and their widths tend to decrease with the increase of M. Figure 4c shows the variation
of electric field E versus ξ for the fast electron-acoustic solitons. The curves 1, 2 and 3
correspond to the same Mach number M as in Figure 4a. It is seen from the curves that for
fast electron-acoustic solitons, increases in the Mach number M lead to increases in their
electric field E amplitudes and decreases in their widths.

φ -0.008 -0.006 -0.004 0.002

 -1.x10       -6

 -2.x10    -6

 -3.x10       -6

S(φ,Μ
)

1

2

3

4

0.000

-0.002

-0.004

-0.006

-10 -5 0 5 10

φ

1

2

3

(b)

ξ
0.002

0.001

0.000

-0.001

-0.002

-10 -5 0 5 10

ξ

1

1

2
3

2
3

E

(c)

(a)

φ -0.008 -0.006 -0.004 0.002

 -1.x10     -6

 -2.x10     -6

 -3.x10     -6

S(φ,Μ
)

(a)

1

2

3

4

0.000

-0.002

-0.004

-0.006

-10 -5 0 5 10

φ

1

2

3

ξ
0.002

0.001

0.000

-0.001

-0.002

-10 -5 0 5 10

ξ

1

1

2
3

2
3

E

(b)

φ -0.008 -0.006 -0.004 0.002

 -1.x10     -6

 -2.x10     -6

 -3.x10     -6

S(φ,Μ
)

(a)

1

2

3

4

0.000

-0.002

-0.004

-0.006

-10 -5 0 5 10

φ

1

2

3

(b)

0.002

0.001

0.000

-0.001

-0.002

-10 -5 0 5 10

ξ

1

1

2
3

2
3

E

(c)

104 105
-50

-40

-30

-20

-10

0

1

2

3

(d)

Figure 4. Panel (a) shows variation of Sagdeev pseudo-potential S(φ, M) for the fast electron-acoustic
solitons versus the electrostatic potential φ, for the same plasma parameters as in Figure 2 and for
Mach number M = 26.45, 26.50, 26.55 and 26.59 for the curves 1, 2, 3 and 4, respectively. Curve 4 shows
that fast electron-acoustic solitons do not exist for M ≥ 26.59. Panels (b,c) show profiles of electrostatic
potential φ and electric field E versus ξ, respectively, for the Mach numbers corresponding to curves
1, 2 and 3 of Panel (a). Panel (d) shows FFT power spectra of the unnormalized fast electron-acoustic
solitons electric field E (in mV m−1) in the same format as that of Figure 2d.

From Figure 4d, it is seen that power spectra of fast electron-acoustic soliton also have
features similar to those of slow ion-acoustic solitons (Figure 2d) and slow electron-acoustic
solitons (Figure 3d), but the spectral power is less than that of the slow ion-acoustic solitons
(cf. E field column 6 of Table 1, and the peaks occur at still higher frequencies, i.e., at
f = 7445 Hz, 7459 Hz and 14946 Hz for curve 1 (M = 26.45), curve 2 (M = 26.50) and curve
3 (M = 26.55), respectively. Here, most of the spectral power resides in the frequency range
of ∼(7–30) kHz.

For the case of cold electron density of 1%, the electric field power spectral density
curves of all the modes are similar but the value of the electric field power spectral density
is larger by more than an order of magnitude (not shown).
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Table 1. Properties of the slow ion-acoustic, slow electron-acoustic and fast electron-acoustic solitons
for the case of cold electron density of Nec = 0.04 N0 for the magnetopause parameters observed
by MMS spacecraft by Wilder et al. [52]: N0 = 20 cm−3, cold ions density Nic = 18 cm−3, cold
ions temperature Tic = 40 eV, hot ions density Nic = 2 cm−3, hot ions temperature Tih = 600 eV,
hot ion beam speed Vih = 300 km s−1, Ne1 = Ne2 = 0.48 N0, cold electron density Nec = 0.04 N0,
Ve1 = −Ve2 = 1325 km s−1, Te1 = Te2 = 80 eV, and Tec = 1 eV. Then, we get the hot ion thermal speed,
Cih = 240 km s−1, and hot ion Debye length, λdi = 40 m.

Modes Polarity Mach V W E Φ fpeak
Number (km s−1) (m) (mV m−1) (V) (Hz)

Slow ion- Positive
0.57 137 83 40 2.4 616

acoustic 0.58 139 72 60 3.6 627
0.60 144 59 120 5.7 865

Slow electron- Negative
6.5 1560 158 10 1.3 3659

acoustic 6.7 1608 134 15 1.8 3772
7.0 1680 102 30 2.5 5911

Fast electron- Negative
26.45 6348 265 12 3.1 7445

acoustic 26.50 6360 211 21 3.8 7459
26.55 6372 169 33 4.5 14,946

2.2. Predictions of the Model

We have also computed the profiles of Sagdeev pseudo-potential S(φ, M), electrostatic
potential φ and electric field E of the slow ion-acoustic, slow electron-acoustic and fast
electron-acoustic solitons for the case of cold electron density of n0

ec = 0.01. The qualitative
behavior of all the three soliton types is found to be similar. In Tables 1 and 2, we list the
properties of the slow ion-acoustic, slow electron-acoustic and fast electron-acoustic solitons
for the cases of cold electron density of Nec = 0.04 N0 and 0.01 N0, respectively. In these
Tables, columns 1 and 2 describe the mode and the polarity associated with it, respectively.
Column 3 gives the Mach numbers associated with the mode, Columns 4–7 give the soliton
velocity, V in km s−1, soliton width, defined as the full width at half maximum, W in m,
electric field, E in mV m−1, and electric potential, Φ in volts, respectively. Column 8 gives
the range of fpeak, the frequency where the peak power in the FFT power spectrum of the
electric field occurs. Further, for the parameters of the magnetopause considered here, we
get the hot ion thermal speed, Cih = 240 km s−1, and hot ion Debye length, λdi = 40 m.

Table 1 for the case of cold electron density Nec = 0.04 N0, shows that slow ion-acoustic
solitons have positive potentials and the electric fields are in the range of E = (40–120) mV m−1

with solitons velocities V= (137–144) km s−1, widths W = (59–83) m, electrostatic potentials
φ = (2.4–5.7) V, and fpeak (the frequency where electric field spectral power has a peak
value) = (616–865) Hz. Both slow and fast electron-acoustic solitons have negative potentials
with electric fields, velocity, width, electrostatic potential and frequency of spectral power
peaks in the ranges of E = (10–30) mV m−1 and (12–33) mV m−1, V = (1560–1680) km s−1 and
(6348–6372) km s−1, W = (102–158) m and (169–265) m, and φ = (1.3–2.5) V and (3.1–4.5) V,
and fpeak = (3659–5911) Hz and (7445–14946) Hz, respectively.

From Table 2 for the case of cold electron density Nec = 0.01 N0, it is seen that slow
ion-acoustic solitons have positive potentials and the electric fields are in the range of
E = (120–400) mV m−1 with solitons velocities V = (168–184) km s−1, widths W = (87–123) m,
and electrostatic potentials φ = (11–28) V. On the other hand, both slow and fast electron-
acoustic solitons have negative potentials and electric fields, and spectral power frequency
in the range of E = (1–3) mV m−1 and (5–30) mV m−1, respectively, V = (1008–1044) km s−1

and (6312–6360) km s−1, respectively, W = (114–177) m and (165–400) m, respectively, and
φ = (0.15–0.27) V and (1.5–4.2) V, respectively, and fpeak = (1513–2351) Hz and (4738–9548)
Hz, respectively. Further, from Tables 1 and 2, it is clear that for slow ion-acoustic solitons,
their velocities V, electric fields E and electrostatic potential φ are increased, but their
widths W remain unaffected and fpeak are decreased when the cold electron density Nec is
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changed from 0.04 N0 to 0.01 N0. On the other hand, W, V, E, φ and fpeak associated with
both slow and fast electron-acoustic solitons are generally increased for Nec = 0.04 N0 as
compared to the case of Nec = 0.01 N0.

Table 2. Properties of the slow ion-acoustic, slow electron-acoustic and fast electron-acoustic solitons
for the case of cold electron density of Nec = 0.01 N0, Ne1 = Ne2 = 0.495 N0 and for all other plasma
parameters as given in Table 1.

Modes Polarity Mach V W E Φ fpeak
Number (km s−1) (m) (mV m−1) (V) (Hz)

Slow ion-acoustic Positive
0.70 168 123 120 11 504
0.75 180 97 320 24 541

0.765 184 87 400 28 551

Slow electron- Negative
4.20 1008 177 1 0.15 1513

acoustic 4.30 1032 131 2 0.23 2324
4.35 1044 114 3 0.27 2351

Fast electron- Negative
26.30 6312 400 5 1.5 4738

acoustic 26.40 6336 240 15 3.0 7134
26.50 6360 165 30 4.2 9548

2.3. Comparison of Theoretical Predictions with Observations of Large Amplitude Electrostatic
Waves at the Magnetopause

Wilder et al. [52] reported the observation of large-amplitude electrostatic waves
propagating parallel to the background magnetic field at the magnetopause in the re-
gion where there is an intermixing of magnetosheath and magnetospheric plasmas on
8 September 2015 during (10:20:50–10:22:10) UT by the MMS spacecraft. During the interval
10:21:40 UT to 10:21:42 UT, the electric field power spectral density was concentrated be-
tween frequencies range of ∼(100–1000) Hz with peak electric field amplitude in the range
of ∼(25–100) mV m−1. Further, high-frequency waves with f > 1 kHz are also observed
but with much lower intensity (cf. Figures 1 and 2 of Wilder et al. [52]).

These observations are explainable in terms of slow ion-acoustic solitons. From
Figure 2c,d and Table 1 (which are for case of 4% cold electrons density), it is seen that
soliton electric fields E are in the range of (40–120) mV m−1 and the maximum electric
field power spectral density occurs in the frequency range ∼(100–1500) Hz. This is an
excellent agreement between the observations and theory. However, the predicted E field
for M = 0.60 is 120 mV m−1, which is higher than that observed [52]. The agreement
between theory and observations deteriorates for the case of 1% cold electron density as
seen from Table 2.

Slow and fast electron-acoustic solitons may be relevant in explaining the low-intensity,
high-frequency f > 1 kHz waves observed by Wilder et al. [52]. Their electric field’s FFT
power spectra has maximum power (which is much less than the slow ion-acoustic solitons)
in the frequency range∼(3659–5911) Hz (for slow electron-acoustic) and∼(7445–14946) Hz
(fast electron-acoustic) (cf. Table 1, Figures 3 and 4) for the case of 4% cold electron density.
For the case of 1% cold electron density (cf. Table 2), the electric fields Es are smaller for
both slow and fast electron-acoustic solitons than the case of 4% cold electrons density, and
the FFT power spectra has maximum power in frequency range ∼(1513–2351) Hz (for slow
electron-acoustic) and ∼(4738–9548) Hz (fast electron-acoustic). We note that the maximum
frequency of the FFT in Figure 1 (and Figure 2 of Wilder et al. [52]) is ∼3 kHz (though in
principle up to 4 kHz should be resolved from the data), and in Wilder et al. [52] Figure 2,
the power seems to fall off above this. It is fair to say that the slow and fast electron-acoustic
solitons allow for the existence of low-intensity, high-frequency waves 1.5 kHz and 3.6 kHz
for the case of cold electrons having density of 1% and 4%, respectively. However, more
support from the data is needed.

We would like to point out that from wave spectra alone it is not clear whether the
observed waves are simply ion-acoustic waves as suggested by Wilder et al. [52], or whether
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they actually have formed into solitary structures. We searched the MMS burst waveform
highest resolution HMFE data sampled at 65 kHz to check whether the waves had evolved
into solitary structures. Unfortunately, there are no high-resolution waveform HMFE data
for the wave interval of our study, i.e., on 8 September 2015 during the interval 10:21:40 UT
to 10:21:42 UT. However, highest-resolution HMFE electric field Level 2 data are available
both before and after this interval, which we have plotted in Figure 5. Panels a and b are
before, and Panel c is after the observed wave interval of interest. It is clear from Panels a, b
and c of Figure 5 that the observed waves have evolved into solitary structures. We expect
the same behavior for the interval between Panel b and Panel c. This lends support to the
soliton model proposed here, but an alternative explanation in terms of ion and electron
phase space holes is also a possibility.

Figure 5. Plot of parallel electric field from MMS1 highest resolution HMFE Electric Field,
Level 2 burst mode data sampled at 65 kHz. The y-axis shows the parallel electric field in mV/m
and the x-axis represents the time in milliseconds after the start of the event.

3. Conclusions

We have described a fluid model, based on Sagdeev pseudo-potential technique, to
investigate the properties of nonlinear ion- and electron-acoustic solitons in a plasma system
consisting of five components, namely, cold ions, hot ion beam, two hot electron beams
counter streaming along the ambient magnetic field, and the cold electrons. This plasma
system represents quite well the magnetopause turbulent region, where the magnetosheath
and magnetospheric plasmas are intermixed. We use this model to explain the large
amplitude electrostatic waves observed by Wilder et al. [52] at the magnetopause by the
MMS spacecraft on 8 September 2015. When we take the observed plasma parameters
for the times between 10:21:40 UT and 10:21:42 UT on 8 September 2015 as input for our
theoretical model, it predicts three types of stable solitons, namely, slow ion-acoustic, slow
and fast electron-acoustic solitons. The fourth type of fast ion-acoustic solitons do not exist
for the parameters considered here.

The properties of the electrostatic waves propagating parallel to the magnetic field ob-
served by MMS on 8 September 2015 during the times between 10:21:40 UT and 10:21:42 UT,
as discussed by Wilder et al. [52], are: large amplitude electrostatic waves in the frequency
range f ∼ (100–1000) Hz having electric fields E ∼ (25–100) mV m−1. There are much
weaker high-frequency ( f > 1 kHz) waves having electric field power spectral density
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which is smaller than that of low-frequency waves by four to six orders of magnitude. From
Table 1 and Figure 2d, one can see that for 4% cold electron density case, slow ion-acoustic
solitons have electric field E = (40–120) mV m−1 and most of the electric field power density
is contained in the frequency range 100 Hz < f < 1500 Hz. This shows a good agreement
with the observations.

The low-intensity high-frequency ( f > 1 kHz waves could be due to slow and fast
electron-acoustic solitons as their electric fields are much smaller than those of slow ion-
acoustic modes (cf. Tables 1 and 2). For the case of 4% cold electron density, the FFT
power spectra of their electric fields shows that most of the power is concentrated in the
frequency range of 3.6 kHz < f < 5.9 kHz and 7.4 kHz < f < 15 kHz for the slow and
fast electron-acoustic solitons, respectively (cf. Figures 3d and 4d). For the case of 1%
cold electron density, the FFT power spectra has maximum power in frequency range
1.5 kHz < f < 24 kHz and 4.7 kHz < f < 9.5 kHz for the slow and fast electron-acoustic
solitons, respectively (cf. Table 2).

To summarize, it is proposed that the slow ion-acoustic solitons studied here can
explain the observations of large amplitude electrostatic waves in the frequency range of
f = (100–1000) Hz with electric field of up to E ∼ 100 mV m−1 propagating parallel to
the ambient magnetic field at the magnetopause reported by Wilder et al. [52]. The low-
intensity, high-frequency waves with f > 1 kHz, which were also observed at the time
of large amplitude low-frequency waves could be explained in terms of slow and fast
electron-acoustic solitons. We would like to emphasize that though the soliton model
proposed here can explain the observations of large amplitude electrostatic waves observed
by Wilder et al., (2016), in no way it implies that an alternative theory in terms of ion
and electron phase space hole cannot do the same. However, there is no theory based
on ion/electron phase space holes pertaining to the observations of Wilder et al., (2016)
available at present.
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