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Abstract. We present here a systematic simulational study on electron beam driven waves 
and their consequences in terms of plasma electrodynamics. The study is performed by 
using three-dimensional particle-in-cell code, parallelized to simulate a large volume of 
plasma. Our simulation shows that an initial electron beam of finite radius with beam 
velocity along the ambient magnetic field triggers a series of events in the evolution of the 
waves and the plasma. In the initial stage (t _< 200 %,o-• %,ø being the electron plasma 
frequency with the total electron density n o ), high frequency waves near co - %,ø are driven. 
These waves progressively disappear giving way to the dominance of lower hybrid (LH) 
waves. The phase of the lower hybrid waves lasts over the time interval 200 • t%,o • 1000. 
In this time period the LH waves stochastically accelerate ions transverse to Bo, and the 
beam electrons are scattered outside the initial beam volume to occupy the entire volume of 
the simulation plasma. The ion acceleration leads to the formation of elongated tail in the 
perpendicular velocity distribution. The large-amplitude LH waves are seen to undergo a 
parametric decay into resonance cone waves at frequencies co < fig, the ion cyclotron 
frequency. Such extremely low-frequency (ELF) waves are the electrostatic version of the 
inertial Allyen waves. The phase of the strong LH waves is followed by a stage in which 
HF waves with frequencies co - copo appear again, but in this stage they are strongly 
modulated by the already present ELF waves and other low-frequency waves in the 
frequency range near the ion cyclotron frequency ["•i and its harmonics. Beginning with the 
LH wave stage and continuing into the late stages of ELF waves, the plasma density is 
highly filamented and the filaments oscillate with the ELF frequencies. The relevance of 
our results to the observations on plasma waves from satellites is brought out. 

1. Introduction 

The role of lower hybrid (LH) waves in the transverse 
heating of ions has been known since the mid-1970s in 
connection with plasma heating in fusion machines [e.g., 
Chang and Porkolab, 1974]. In connection with the 
observation of the transversely accelerated ions in the auroral 
plasma [Klumpar, 1979], Chang and Coppi [ 1981 ] suggested 
that the auroral electron beam driven LH waves might 
transversely accelerate ions leading to the formation of ion 
conics. However, Singh and Schunk [1984] pointed out that 
the lower hybrid waves driven by auroral electron beams are 
too fast to interact with the low-energy ionospheric ions. 
Reterrer and Chang [1988] invoked mode-mode coupling to 
generate slower waves capable of interacting with cold ions. 
They also performed one- and two-dimensional (l-D, 2-D) 
simulations to demonstrate that the LH waves driven by 
electron beams do indeed heat the ions. However, these 
simulations with limited dimensionality were specially 
designed to generate LH waves by fixing the angles of wave 
propagation suited for such waves while limiting the high- 
frequency waves, which have much higher growth rates. 
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As a matter of fact, there has been a longstanding debate 
on how an electron beam can drive LH waves when the high- 
frequency (HF) waves have much higher growth rates (see, 
e.g., Singh et al. [1985]) and quickly plateau the electron 
beam distribution. It has been suggested that the high- 
frequency waves with relatively large perpendicular group 
velocities quickly leave the electron beam of finite 
perpendicular dimensions, leaving the LH waves to interact 
with the beam over longer distances because the latter waves 
have group velocities essentially parallel to the magnetic field 
(see, e.g., Chang [1992]). It has also been suggested that an 
electron beam in the presence of a hot electron population is 
not fully plateaued by the high-frequency waves, leaving the 
possibility of growing LH waves [Ergun et al., 1993; 
Muschietti et al., 1997]. Omelchenko et al. [1994] have 
suggested the excitation of LH waves by plateaued electron 
beam distributions via the anomalous electron cyclotron 
resonance (AECR) [Mikhailovski, 1974]. However, the 
excitation of LH waves by this so-called fan instability 
requires an excessively large electron beam energy in the 
auroral plasma. 

Singh et al. [1985] performed a parametric study on the 
excitation of waves by an electron beam by varying the 
perpendicular wave number kñ. It was found that only when 
kñ progressively increases above Oi -• where Oi is the ion 
Larmor radius, does the growth rate maximize in an 
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increasingly narrower frequency band just above the LH 
frequency (coeh), making the LH wave dominant over the HF 
waves. However, the question remains regarding the 
processes which limit the value of k•_ > pi -1. An obvious 
choice is to limit the transverse size of the electron beam. In 

this paper we have studied the self-consistent excitation of 
both low- and high-frequency waves in a plasma driven by an 
electron beam of finite radius r0 by using a fully 3-D particle- 
in-cell (PIC) code; we have followed their temporal and 
spatial evolution. It is shown that during the early stage of the 
instability the electron beam drives broadband waves in the 
frequency band cobh • co • copo but with dominant peaks in the 
frequency spectrum (1) just above the LH frequency cobh, and 
(2) near the electron plasma frequency copø. Further 
evolution leads to the generation of extremely low frequency 
(ELF) waves at frequencies below the ion cyclotron frequency 
•2i = 2Xfci. As the plasma and waves evolve, ions are 
transversely heated when the LH waves grow to relatively 
large amplitudes, and the plasma density is highly striated 
with thin density filaments extending all along the length of 
the simulation plasma. In the late stage of the evolution, HF 
waves reappear again but are modulated by a variety of low- 
frequency waves. The late excitation of HF waves and their 
modulation are interpreted in terms of the waves driven by the 
anomalous cyclotron resonance of the electrons in the 
plateaued beam. 

The rest of the paper is planned as follows. In section 2 the 
simulation model is described. Numerical results are 

described in section 3. Early time evolution of the plasma 
waves is discussed in section 3.1, while the late time 
evolution is addressed in section 3.2. In section 4 we describe 

the consequence of the waves for the ions and electrons of the 
plasma showing transverse ion acceleration and transverse 
spatial diffusion of the beam electrons. Conclusions of the 
paper along with their relevance to the space plasma are given 
in section 5. 

2. Simulation Model 

Simulations are performed by using a fully three- 
dimensional electrostatic parallel PIC code [Singh et al., 
1998]. Periodic boundary conditions on both particles and 
fields were used. We performed several simulations by 
varying the size of the 3-D simulation volume given by 
L x x Ly x Lz; Lz was fixed at 256)•a, while L x and Ly were 
varied from 16 )•a to 64 )•a. We chose an electron beam of 
radius r 0 - 10)•a centered at (Lx / 2, Ly / 2) when 
Lx- Ly >32 )•a. In the simulations performed so far, the 
beam velocity along z parallel to the ambient magnetic field 
Bo was assumed to be V0 = 4Vte or 8Vte, where Vte is the 
electron thermal velocity. The initial electron and ion 
temperatures were assumed to be equal, that is, Te = T/= To 
and Vte =(kBT o/me) 1/2 , where k• is the Boltzmann constant 
and me is the electron mass. Beam temperature was varied 
in different simulations, but as long as V0 >> Vte • Vt0, the 
beam thermal velocity, the actual value of Vt0 did not matter 
much. In the runs we used 36 pairs of electrons and ions in 
each cell of size )•3 a . The electron beam density no was 
varied from 5 to .10%. In the simulations described here 

no -O. l no, no being the total plasma density. Such a beam 
density is large for the topside ionosphere, but it is within the 
observed range in the high-altitude auroral acceleration region 
(see, e.g., Cattell et al. [1998]). The initial plasma carries a 

current determined by the beam density and velocity, namely, 
J = noe Vo. The simulations reported in this paper were 
performed for ion-to-electron mass ratio M/me =64 and 
•2e/cope = 2, where •2e and COpe are the electron cyclotron 
and plasma frequencies, respectively. We have used higher 
mass ratios such as M/me = 400 and 1836. For the latter 
mass ratio and V0 = 4Vte, the formation of electron holes and 
their dynamics was reported in an earlier paper [Singh et al., 
2000]. The initial wave behavior for all three mass ratios 
were nearly identical for a given beam. The small mass ratio 
allowed us to follow the evolution of the plasma and the 
waves over a long ion timescale, resulting in transverse ion 
heating and filamentation of the plasma for a relatively large 
beam velocity V0 >> Vte, namely, V0 = 8 Vte. On the other 
hand, for a relatively small Vo(Vo _--4 Vte) the late time 
evolution led to the formation of electron holes [Singh et al., 
2000] lasting over a long time as seen in one-dimensional 
simulations by Omura et al. [1996]. In this paper we describe 
results from the runs with the small mass ratio and large beam 
velocity, emphasizing (1) generation of both HF and LH 
waves during the early stage of the beam-plasma interaction, 
(2) generation of extremely low-frequency waves below the 
ion cyclotron frequency by the parametric decay of the LH 
waves, (3) transverse ion heating, (4) diffusion of the beam 
electrons across the magnetic field, (5) reappearance of HF 
waves strongly modulated by the ELF and other low- 
frequency waves, and (6) filamentation of the plasma density 
when the plasma is driven by a thin electron beam. The 
reappearance of the HF waves in the late stage is associated 
with the combined effects of both Cerenkov and anomalous 

cyclotron resonances of the fast electrons in the plateaued 
beam. 

In our discussions we have used the following 
normalizations and definitions' distance •=x/3.a, time 
•' = tCOpo, velocity V = V/Vte, potential • = •/4•, and 
electric field E =E /E• , where ka = Vte/COpe, •,, = kaTo/e, 
E,= 4•/ka and COpø is the electron plasma frequency with 
the total plasma density no. 

3. Numerical Results 

Figure 1 shows a typical temporal evolution of waves 
obtained in a simulation which ran up to • = 3000. In this 
figure the potential at point P1 (16, 24, 5) is plotted as a 
function of time. The time series plot contains a variety of 
waves and their nonlinear interactions. For • < 300, the 
waves are dominated by high-frequency oscillations, but they 
are already modulated by some low-frequency oscillations. 
For • > 300, the low-frequency oscillations begin to dominate 
and the HF oscillations appear as an additive noise. But again 
for 7>900 the HF oscillations reemerge and they are 
amplitude modulated by a variety of low-frequency 
oscillations. Figure lb shows the frequency spectrum of the 
oscillations in Figure la. Before we discuss the spectrum, we 
note that in the simulation the ion cyclotron frequency is 
œ2i•0.03COpo , and the lower hybrid (LH) frequency is 

2 2)1/2 COgh •COpi/(l+COpo/•e =0.11COpo, where COpo is the 
electron plasma frequency, COvi is the ion plasma frequency, 
and the electron cyclotron frequency •2 e = 2COpo. Figure lb 
shows that there are several discrete peaks in the frequency 
band CObh < CO < COpø and an extremely low-frequency 
broadband component peaking at a frequency CO < •2 i . The 
spectrum shown in Figure lb is found to represent the power 
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Figure 1. (a) Temporal evolution of the potential at point P] 
(! 6, 24, 5). Such a temporal evolution is typical of the entire 
plasma. (b) The Fast Fourier Transform of •(t) in Figure 1 a. 

spectrum of the temporal variation of •(t) at any point in the 
simulation volume. For example, the spectrum at another 
point P2 is shown in Figure 2a; point P2 (16, 16, 5) is 
transversely displaced from P]. P2 is near the center of the 
initial beam, while P] is near its edge. Note the spectra in 
Figures lb and 2a are nearly identical except for some 
differences in the details. For the sake of ease in discussion, 
we separately describe the early ( [ < 900 ) and late ( [ > 1000 ) 
time evolutions of the waves in the following two subsections. 

3.1. Early Time Behavior of the Waves 

Figures 2b and 2c show the frequency spectrum for the 
oscillations at P2 over a limited time interval 0 < [ < 900. The 
spectra shown in these figures are the same except for the 
scale along the horizontal axis being logarithmic in Figure 2b 
and linear in Figure 2c. Comparing the spectra in Figures 2a 
and 2b, we see that they are nearly the same for 
cobh < c0 < copo, except for some essential difference in the fine 
structure near co-%,0, which will be discussed later. The 
most striking difference between the spectra in Figures lb (or 
Figure 2a) and 2b is in the power levels at very low 
frequencies co<f/i. The power at such frequencies is 
generated at times [ > 900; so it is significantly reduced in the 
spectrum for the earlier times ([ < 900 ) shown in Figure 2b. 
The generation of the low-frequency waves for co Z f/i will 
be discussed in section 3.2. 

The linear-frequency scale plot in Figure 2c reveals the 
details of the fine structure of the spectrum in Figure 2b; the 
largest power is near coo =copo, and then the next largest 
power is at a frequency co] =_ 0.16copo • 1.4cobh. The peak at 
this frequency is followed by the peaks at 
co2 = 0.25copo = 2.2cot•, 033 = 0.34copo = 3cot•, 034 = 0.43copo 
=3.9corn, co5 = 0.52co•,o =4.7corn, co6 =0.75co•o,co7 =0.Scoeo, 
and cos = 0.85%,0. Then there are the peaks at co > coo, and 
they are at co9 • 1.15co•,o, col0 '• 1.3co•,o, and co]] ---1.7%, o. 
Note that these latter peaks for co > copo are much broader. 
How are these various peaks generated, and what are the 
wave modes to which these peaks correspond? These are 
difficult questions to answer completely, but the major 
features of the spectrum in Figure 2c can be understood as 
explained below. 

Figure l a shows that at the very early times 7 <_ 300, the 
HF waves grow out to large amplitudes reaching •m "' 5. The 
spatial structure of the HF waves at • = 100 is shown in 
Figures 3a and 3b, in which the equipotential contours are 
plotted in the x-z (•-16) and y-z (•=16) planes, 
respectively. The dominant feature of the waves is that they 
are nearly periodic along the magnetic field Bo(llz), and the 
dominant mode is determined by the wave vector components 
k_L-0 and k,=n2x/Lz with n=6 for which parallel 
wavelengths are Z, = 43Z,•o. Figure 3d shows the spatial 
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Figure 2. (a) Frequency spectrum of •(t) at point P2 (16, 16, 
5) for the entire time interval 0<• <3000. (b) Same as 
Figure 2a but for 0 <• < 900. (c) Same as Figure 2b but for 
the horizontal scale being linear in frequency. 
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Figure 3. Spatial structure of the plasma waves at [ = 100. Equipotential contours in (a) the x-z plane at • = 16 and (b) the y-z 
plane at • = 16. In Figures 3a and 3b the solid contours show positive potentials while the dashed ones show negative 
potentials. The contour level -0.5 is the first dashed contour neighboring the positive ones. The contour levels are A• = 0.5 
apart. (c) Surface plot of the potential distribution qb(x, y = 16, z) and (d) spatial Fourier components of the potential structure in 
Figure 3a. The components are described by the mode numbers m and n on the horizontal and vertical scales, giving kz and kx, 
respectively. The contours show the power level on a relative log scale. 

Fourier spectrum of the 2-D structure in Figure 3a, revealing 
the dominance of k•_ •0 and k,=6x2r•/Lz. In Figure 3d 
there is an additional peak at k•_ = 0 and k, = 2 x2•/L•; this 
additional peak will be discussed later. 

Since the beam density is n o • O. lno, the target plasma 
density is nt=O.9n o giving target plasma frequency 
(Opt •0.9503po. The frequency of the Langrnuir plasma 
oscillation with the above value of kll and k•_ • 0 is 

co • copt 0 + 1.5kl• ;L•)• 0.98COpo. (1) 
This frequency is in good agreement with the peak just 

below co/COpo = 1 in Figure 2c. If this wave is resonantly 

driven by the beam electrons, it is resonant with electrons 
having parallel velocity V,- 7, which is smaller than the 
initial beam velocity. Thus the HF waves at the early time are 
Langrnuir waves supported by the ambient plasma and 
resonantly driven by the beam. The HF wave has some fine 
structure because of the modulations. Figure l a clearly shows 
that prior to [-300 the wave has undergone amplitude 
modulations. Figure 3c shows the wave structure in Figure 3a 

_ 

as a surface plot of qb(x, 16, z) at t = 100, revealing the 
corresponding spatial modulation. The perpendicular 
modulation gives rise to waves with nonzero perpendicular 
electric fields. Figures 3a-3c also reveal that the waves have 
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Figure 4. Temporal evolution of the potential at the point 
(16, 24, 5) when averaged over about an electron plasma 
period. Note that the oscillations for • < 1000 are primarily at 
the frequency co • co 1 • 1.4coeh, and at later times the 
oscillations are slow and have frequencies co < •i ß 

undergone amplitude modulation in the parallel direction; the 
modulation has a wavelength of Z, = 128Za, corresponding to 
the peak at k,- 2x2•c/Lz in Figure 3d. The modulation of 
the HF waves prior to 7 = 300 is representative of a strong 

interaction between the simultaneously excited HF and lower 
hybrid waves. The interaction leads to a near disappearance 
of the HF waves and a dominance of the LH waves over 

300 < • - 900. We now demonstrate that the low-frequency 
waves modulating the HF waves and then dominating the 
wave spectrum are indeed the LH waves. 

Figure 4 shows the same data as Figure 1 a, except that it is 
averaged over A7- 6, which is about the electron plasma 
period; the averaging filters out the fast oscillations at 
frequencies near co•copo, leaving the low frequencies 
unaffected. The averaged potential shows that for 7 • 1000, 
the oscillations are primarily at co • co 1 • 0.16copo as 
determined by the dominant wave period A[ • 40. This is 
even more clearly demonstrated by the temporal behavior of 
the perpendicular electric field and its Fourier spectrum 
shown in Figures 5a and 5b for Ex. The LH wave dominates 
for [ • 1000 corresponding to the nearly monochromatic peak 
at co • 0.16 in Figure 5b. The significantly large power for 
• < •i • 0.03 in the spectrum of Figure 5b corresponds to 
ELF waves, which we will discuss later. Note that the 
perpendicular fields are unaveraged data, unlike the averaged 
potential shown in Figure 4. This reveals that fast oscillations 
in 4, dominating for • Z 300, are essentially parallel electric 
fields corresponding to the spatial variation of 4•(z) (see Figure 
3c), and at later times the transverse fields of the low- 
frequency LH and ELF waves dominate in the plasma. We 
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Figure 5. (a) Temporal evolution of the perpendicular electric field E x (16, 24, 5) and (b) its frequency spectrum showing a 
dominant peak at co • c01 • 1.4coeh and equally strong power levels at co < C• • 0.03copo. Note that in Figure 5a the oscillations 
for 7 > 1000 are the ELF waves corresponding to the frequencies co < C•. (c) Wave structure at [ = 500, when Ex(t ) nearly 
peaks in Figure 5a; contours of constant Ex are plotted. The contour for Ex = 0 is labeled. The solid and dashed contours are 
for E x > 0 and E x < 0, respectively. The contour levels are AE x = 0.1 apart. 
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now identify these low-frequency waves for ? < 1000. Figure 
5c shows the wave structure in E x at [=500, when the 
amplitude of Ex peaks in Figure 5a; contours of constant value 
of Ex are plotted in this figure. The perpendicular wavelength 
of the wave is Zx•32Zao, while Z,-=256•ao, and the 
contours can be described by lines x _=. (k,/k x)z + c, where 
k,=(2r•/256) and k•_=(2r•/32) and c is a constant. The 
slopes of the lines fit nicely with the slopes of the contours in 
Figure 5c barring some localized perturbations. For the above 
values of k, and k•_, the wave frequency for a LH mode is 
given by 

0)•0)eh[l+(m/m)(kll/kx)2] 1/2 _= 1.40)eh. (2) 

This is precisely the peak frequency 0) -_- 0) 1 in Figures lb, 2a- 
2c, and 5b. A similar behavior of Ey is also found. Thus the 
dominant wave over the time period 300 < • < 1000 is 
identified as the LH wave. How is this wave driven? The 

parallel phase velocity of the LH wave Veh •/k,-_-6.5. 
Thus, the waves are resonantly driven at a stage of the beam 
evolution when the initial beam is sufficiently spread out to 
have significant slope in the parallel velocity distribution 
function at V, • Veh. It is worth pointing out here that if the 
LH waves were excited by the fan instability supported by a 
plateaued electron beam [e.g., Omelchenko et al., 1994], the 
AECR velocity Vc =82. This is not possible in the 
simulation. 

When the LH wave has grown sufficiently, its interaction 
between the LH and HF waves produces the two sidebands at 
0) • 0)hf q- 0)eh, corresponding to 0)8 - 0.850)po and 
0)9-1.150)po, the HF sidebands seen in the spectrum of 
Figure 2c mentioned earlier. The interaction involves 
scattering of HF waves on the LH wave oscillations, leading 
to the perpendicular modulations of the former. Stasiewicz et 
al. [ 1996] invoked a similar process involving the interaction 
of LH and HF waves for explaining observations of waves 
from Freja. The modulation leads to the changes in the wave 
structure for the HF waves; the wave vector matching 
condition requires that for the sidebands the parallel and 
perpendicular wave vector components satisfy the resonance 
conditions k,s -= k,o q- k,,eh and kñ, + kñ eh = 0, where the 
subscripts s, o and œh correspond to the HF sidebands, the 
original HF wave, and the LH wave, respectively. Since 
k,,eh-= 2r•/256 << k,o, the sidebands should have nearly the 
same parallel wave number as the original HF waves. The 
perpendicular wave number of the scattered HF waves tums 
out to be just negative of the LH waves. 

For the early time wave evolution discussed above, Figures 
6a and 6b show the electron phase space in z-Vz plane at 
œ = 100 and 400. The phase space plot at œ = 100 shows that 
there are well-formed vortexes corresponding to the wave 
structure in Figures 3a-3c. The vortexes are like electron- 
holes, but they do not last for a long time; they quickly 
dissipate, plateauing the electron beam as is apparent from 
Figure 6b for [=400. Figure 6c shows the velocity 
distribution in the Vz-Vx plane. The important feature of the 
velocity distribution is the formation of the extended plateau 
in V•, but the beam electrons also have undergone 
perpendicular heating as revealed by the transverse width of 
the plateau along V x . 

3.2. Late Time Evolution 

For the purpose of discussion here, the late time evolution 
refers to times ? > 900. As seen in Figure 1 a, the evolution of 
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Figure 6. Electron phhse space and velocity distribution. (a) 
z-V z phase space showing vortexes involving the beam 
electrons at [ = 100. (b) Same phase space at œ = 400, when 
the vortex structures have dissipated. (c) Velocity distribution 
f(Vx,Vz) shown by contours of its constant values. The 
contour levels are on a relative log scale; all contours between 
those labeled with 2.5 and 1 are equispaced with an interval of 
0.2. 

the waves for such titnes is quite different from that for the 
earlier time • < 900, when HF waves were a notable feature 
of the waves for 7 < 300 followed by the dominance of a 
purely LH wave for 300 < • < 900. The data in Figure la are 
replotted for the time interval 900 < 7 < 3000 in Figure 7a on 
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are generated. Figure 7c shows the spectrum of Figure 7b in 
the frequency range from 0.7copo to 1.3copo on a linear 
horizontal scale. Corresponding to the low frequencies co L , 
the lower sidebands at 0.75 COpe and 0.84COpe and an upper 
sideband at 1.16 are present in the spectrum of Figure 7c. 

Figure 7c shows a dominant upper sideband at 
CO_=l.07COvo and a relatively weak lower sideband at 
CO _= 0.93 COvo. These two sidebands of the dominant peak at 
CO---COvo correspond to the modulation at the time interval 
A7 • 90, clearly seen in Figure 7a after F > 1200. 

In addition to the modulation with the timescale A• • 90, 
the HF waves are also modulated at another much longer 
timescale of about A•550 for which the modulating 
frequency is about COe•f --= (2rc/550)CO•o = 0.01COpo. Figure 7b 
shows that for CO _< 0.02 COpo, there is enhanced power level. 
The effect of the modulation at this long time scale is the split 
in the main HF peak, representing two sidebands at 
CO -'COpo q- COelf with separation ACO -- 2COel f - 0.02. 

The above discussion of Figures 7a-7c shows that in the 
late stage of the waves driven by an electron beam there are 
relatively low amplitude HF waves near CO- COpø with several 
sidebands, and correspondingly there are LF oscillations at 
frequencies in the range of ion cyclotron frequency ( fli ) and 
its harmonics and extremely low frequencies below 

In an attempt to understand the waves modulated in time, 
we begin with an examination of the evolution of the plasma 
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Figure 7. (a) Time evolution of the potential at point P• (16, 
24, 5) for 900 < F < 3000. The data shown here are the same 
as in Figure l a, but the vertical scale is expanded to clearly 
show the modulation of the HF waves at multiple timescales. 
(b) Frequency spectrum of the data plotted in Figure 7a. (c) 
Same as Figure 7b, but with a linear horizontal scale from 
CO = 0.7COpe to 1.3COpe. 

expanded vertical as well as horizontal scales, clearly 
showing that the HF wave has reemerged, and it is modulated 
by several low-frequency oscillations. Figure 7b shows the 
frequency spectrum of the data in Figure 7a. The HF waves 
are clustered around CO-COpø. Furthermore, the spectrum 
contains a significant level of power at frequencies well 
below the ion cyclotron frequency f2• =_ 0.033COpo. 

The modulations over the time period 900<t <1250 
(Figure 7a) have relatively small time periods corresponding 
to the LH waves at COt-= 0.16COpo and 0.25COpo; when such 
waves interact with the HF waves, sidebands at CO, _= COpø -T- COt 
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Figure 8. (a) Temporal evolution of the fluctuation 8n e in 
the electron density at point P• (16, 24, 5), and (b) frequency 
spectrum of the data plotted in Figure 2a. Note the 
dominance of ELF oscillations with a time period A[- 500. 
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density. Figure 8a shows an example of the evolution of the 
electron density, and the corresponding Fourier spectrum is 
shown in Figure 8b. The electron density shown here is 
averaged over A7 _--6, which tends to eliminate the fast HF 
oscillations. Only the LH and slower oscillations appear here. 
If we average out the LH oscillations, we see that slow ELF 
oscillations begin to grow as early as 7 • 500, when the LH 
wave peaks as seen from Figures 4 and 5a. It appears that LH 
waves parametrically drive the ELF waves. The dispersion 
relation for the parametric process considered here is given by 
(see, e.g., Shapiro [ 1 998]) 

03pe •"•e kXko 032 2 k]_• ( f 2 •2 / 03 2p i ) _ k •2 p •2 •e (1 + 03 pe k k j =03pe kl 2 2 /•,•e 2) -• 

k 2 1 k 2 1 x .(ko_k) 2 (A_+203/03eh)+(ko_k)• (A+-203/03eh) (3) 
where 

W e = 1/2 [;oEi2o / nokBT o , (4) 
Pi is the ion Larmor radius, ko is the wave vector of the LH 
pump wave, Ezo is the amplitude of the perpendicular 
electric field of the pump (it stands for E x or Ey ), k is the 
wave vector of the ELF wave with components kll and kz, 03 
is the frequency of the ELF wave, and A_+ are the mismatches 
between the frequency of the LH pump and the frequencies of 
the LH satellites with the wave vectors ko + k. We point out 
that the dispersion relation in (3) is the electrostatic version of 
the dispersion relation given by Shapiro [ 1998] describing the 
coupling of a LH pump wave with the inertial Alfven wave. 
Roy and Lakhina [1985] have performed similar analytical 
studies showing generation of ion cyclotron and very low 
frequency waves by the modulation instability of LH waves. 

2 

In the electrostatic limit k•2c 2 /03pe >> l, the inertial Alfven 
wave is described by (see, e.g., Singh [1 999]) 

03 -= COa • (k, /k•)(M /m)l/2•'• i . (5) 
This relation for 03a is also identical to the frequency of the 
Bernstein mode for n = 0 [Bhatia and Lakhina, 1 980]. In the 
limit We ---> 0, (3) reduces to (5). 

Assuming A___- 03a, k•_ >> kll for both the LH and ELF 
waves, (3) can be written as 

4/4-F=0, 034 - (5/4)03a2032 + 03a 
where 

(6) 

4 

03pe 2 2 c0•. c%. (7) 
cope q- •"•e 

The solution of (6) gives 

032 5 1 125 4 4/4) . (8) = ¾03a q- ¾ V'l'•-03a q- 4(F - 03a 
In the limit F --> 0, 03 _--03a is one of the two solutions in (8). 

4 032 We note that when F > 03a/4, < 0 and the parametric 
process yields an aperiodic instability showing growth of the 
ELF waves. This occurs when We exceeds a threshold value 
given by 

__ •th (03a / ai) (ai) 3 (• q- a2e / = (9) 
03 pi Pi 2 k • 2 

In the simulation we find that._•a/•"•i "' 0.3, 03pi/•'•i -' 4, 
fle/03pe = 2, and pike_ - 1 giving Wtth • 0.02. From Figure 5 
we note that the maximum amplitude Exo • 0.4, which yields 
We = 0.08, well exceeding the above threshold. 

In view of the above theoretical considerations we suggest 
that the LH waves efficiently couple to the ELF waves, and 
the coupling siphons the power from the former to the latter. 
This is clearly seen from Figure 5a. Figure 9a shows the 
temporal behavior of Ey like that for E x in Figure 5a. The 
frequency spectrum of Ey is shown in Figure 9b. For 
t < 900, Ey is dominated by LH waves and, at later times, by 
the ELF waves. The E x component (Figure 5a) acts as a 
pump for the Ey component of the ELF waves in Figure 5b. 
Likewise the Ey component of the LH wave (Figure 9a) acts 
as a pump for the E x component of the ELF wave in Figure 
5a. This cross coupling is affected by the factor (k x ko) in 
(3). Physically, this factor arises from the pondermotive force 
arising from the vector nonlinearity [Shapiro et al., 1993]. 

We have so far considered the decay of the LH waves and 
the emergence of ELF waves. How do the HF waves 
reemerge? How is the modulation with timescale A• = 90 
generated? 

We showed earlier the plateau formation in the electron 
velocity distribution function (Figure 6c). We find that the 
plateau, once formed, is not a static feature of the plasma; 
instead it evolves with time. Figures 10a-10c show the 
evolution of the plateau over one long LF modulation period 
in Figure 7a from [ = 1 000 to 1400. The noteworthy feature 
of the evolution is the emergence of a beam-like feature with 
positive slopes imbedded in the plateau and its subsequent 
disappearance. The plateau has a very weak beam-like 
feature near Vo • 8rte when • = 1000, but this feature grows 
to a well-formed beam at • = 1200, and it disappears again at 
later times as shown in Figure 10c for [ = 1400. How does 
the beam-like feature re-form? 

It is known that the plateau of the form in Figure 7c could 
generate waves via AECR [Kadornstev and Pogutse, 1968]. 
More recently, Ornelchenko et al. [1994] renamed this 
mechanism for wave generation as the fan instability for 
generating LH waves. In view of very small kll for LH 
waves, it takes very energetic electrons in the plateau to 
generate LH waves. But it is possible to excite other waves 
having relatively large values of k,. In our simulations, 
•"•e =203pe, and for low frequencies 03<03eh, the AECR 
occurs for k, > 203pe / Vii • 0.25)•/1 for which parallel 
wavelengths are )•, <30)•d. Including the plateau, the 
effective electron temperature is T•f• • 4To, and the 
corresponding ion acoustic speed is C• = [(kaT•f• 
+ 3kaTo)/M] •/2 --- 0.33Vte. For the above parallel wave 
number the ion acoustic frequency co _-- k,C• -- 0.07 cop•, which 
falls just above 2 f2•, the second ion cyclotron harmonic. 

In the process of generating the low-frequency waves by 
AECR, electrons lose their parallel energy by k,k h h, where 
h is Planck's constant, and most of this energy goes into the 
cyclotron motion because h03<<hk, Vo. Thus electrons 
undergo an efficient pitch angle scattering. This leads to a 
slowing down of the resonant electrons in the parallel 
direction, and they bunch up just below the resonant parallel 
velocity, forming a beam-like feature. This process of 
retraction of the electrons in a plateaued beam was earlier 
studied by a number of authors, including Shapiro and 
Shevchenko [1968], Parail and Pogutse [1976], and 
Muschietti et al. [1981]. The emergence of the beam feature 
reexcites the fast HF oscillations. When these oscillations 

regrow, they replateau the reformed beam, and this process 
continues repeatedly. 
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Figure 9. (a) Temporal evolution of Ey at P] (16, 24, 5). (b) 
Frequency spectrum of data plotted in Figure 9a. As in Figure 
5 for Ex, note that Ey is dominated by LH waves for • < 900 
followed by the dominance of ELF waves. 

The low-frequency waves generated by the AECR and the 
HF waves generated by the re-formed beam nonlinearly 
couple together to give the modulated waveform at the 
timescale of A[N 90, which is the time period of the ion 
acoustic wave with co _= k, Cs = 0.07C0pe discussed above. The 
result of this modulation is the prominent sideband at 
Co • 1.07Cope and a weaker sideband at Co • 0.93Cope in the 
spectrum of Figure 7c, The waveform resulting from this 
modulation is further modulated by the preexisting ELF 
waves, which resulted from the decay of LH waves. 

3.3. Transformation of the Wave Structure From Early 
to Late Times 

Figures 3a-3d showed the wave structure in the 
configuration space and in the wave vector space at an early 
time t = 100. The dominant wave at this time is the one with 

kll _= 6x 2rc/256 and kx • 0, although there is the beginning 
of modulation at smaller values of kll and larger values of 
kx. We have also shown that for 300<•<900, the LH 
waves dominate with predominantly perpendicular fields, and 
at even later times the ELF waves begin to dominate, and 
these later waves also have predominantly perpendicular 
fields. In order to contrast the wave structure at an early time 
against that at a later time, Figure 1 l a shows an example of 

potential structure in the y-z plane at a late time. Figure 1 lb 
shows the associated structure in Ey, the perpendicular electric 
field component. These wave structures shown are at 
7 = 2000. In view of Figures 5a and 9a, the perpendicular 
field structure in Figure 1 lb belongs to the ELF oscillations. 
Note that the perpendicular field structure is characterized by 
short perpendicular and very long parallel scale lengths. The 
structures with relatively shorter parallel scale lengths in 
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Figure 10. Temporal evolution of the plateaued electron 
beam: (a) F = 1000, (b) • = 1200, and (c) • = 1400. Note the 
emergence of an electron beam near V z N 8 in Figure 10b. 
The contour levels are the same as in Figure 6c. 
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Figure 11a, Wave structure in t•(y, z) at • = 2000. ]Note the contrast between the potential structure }]ere and that at an early 
time shown in Figure 3b. 

4•(y,z) (Figure 1 l a) belong to the HF oscillations of the 
parallel electric fields. 

The above features of the transformation of the wave 

structure is nicely manifested in the transformation of the 
structure in the wave vector domain (k-domain). Figure 3d 
showed the wave structure in k-domain at [ = 100; further 
evolution in k-domain is shown in Figures 12a-12d. Note that 
in Figure 3d there is hardly any wave power for kll < 2•/256, 
and most of the power is concentrated near k•_ •-0 and 
k,-_-6x2•/256. In contrast, we note from Figures 12a-12d 
that the power is increasingly concentrated in the domain 
k, < 2•/256, and it continually expands to larger values of 
k_• until about [ :-1200, after which relatively large power 
extends up to kz •8x2•/32 giving )•_ -•4)•a •'Pi, the ion 
Larmor radius. Figures 12a-12c show that there is a 
significant power at k, _-- 6 x 2• / 256 and kz • 0 
corresponding to the parallel HF wave with Ell oscillating at 
co...COpo, except at œ-2000, when the HF wave has 
weakened considerably as seen from Figure 7a. 

4. Consequences of the Plasma Waves 

The plasma waves discussed in the above section have a 
great deal of influence on the energetics of both electrons and 
ions and on the structure of the plasma. 

..... _ - ___:_• _- • _-- • • ' ,.• :,•,' ', , y ""-'•"•" •-••: :':.:• ,:.....".".......?."..'..,.".';.:.."..".."..'.'..:::• 
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Figure 11b. Wave structure in Ey(y, z) at 7 = 2000 
corresponding to the potential structure in Figure 11 a. 

4.1. Spatial distribution of Beam Electrons 

Initially, at •=0, in the simulation described here, the 
cylindrical beam of radius rb = 10)•clo was centered 
( (x - 16) 2 + (y - 16) 2 _< 100 ) in the simulation volume. We 
find that the beam electrons diffuse out of this initial volume 

and are progressively distributed throughout the entire volume 
of the simulation box. This is shown in Figure 13, in which 
the distributions of electrons in the x-V z phase space at 
œ = 100, 400, and 1000 are shown. Note that initially at • = 0 
there were only the thermal electrons for velocities I Vzl < 3 
and no beam electrons in the simulation volumes for 

x _< 6 and x > 26. But by time • = 100, the beam electrons 
have migrated outside the initial region and extend in Vz up 
to IVzl_--12. This trend continues as shown by the plot at 
• =400, and by time œ = 1000 the plateaued beam electrons 
occupy the entire simulation box with nearly the same spatial 
density as indicated by the nearly uniform density of the dots, 
representing electrons, for all values of x. In Figure 13 we 
show the distribution in x, but a similar distribution is found 
in any direction in the x-y plane. Since the diffusion 
transverse to Bo is nearly completed by the time •- 1000,, it 
is affected by the lower hybrid waves which dominate the 
plasma over this time interval. The primary cause of the 
cross-field diffusion is the shear in the ExB drift of electrons 

in the electric field fluctuations of the lower hybrid wave. 
The sheared drift associated with the spatial oscillations of E 
produces eddies in the electron flow. Such fluctuations 
randomize the transverse motion of the electrons causing the 
cross-field diffusion. Chuet al. [1975] have studied these 
nonlinear processes in detail showing anomalously enhanced 
cross-field diffusion of electrons and the damping of the 
lower hybrid fluctuations even in a plasma near thermal 
equilibrium. In a nonequilibrium plasma, like the situation 
studied in this paper, the anomalous effects are further 
enhanced. 

4.2. Transverse Ion Heating 

In the simulation discussed here, we find that the initial fast 
electron beam is able to transfer part of its parallel kinetic 
energy into transverse energy of few ions. Figure 14 shows 
the scatter plots of ions in Vx -Vz plane at • = 400 and 1000. 
The circularly symmetric distribution at • =400 is nearly the 
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Figure 12. Wave structure in kz-kx domain' (a) [=400, (b) /=1200, (c) [=1600, and (d) •=2000. Numbers on the 
horizontal and vertical scales are the mode numbers giving kz = m(2•r/256) and kx = n(2•r/32). 

same as the initial distribution, showing no appreciable effect 
of the waves on the ions. The plot at [-1000 shows that 
some of the ions are affected by the waves resulting in 
transverse acceleration of the ions. We also note that the 
larger the transverse acceleration the larger is the parallel 
velocity of the ions. After [-1000, there is no significant 
change in the energetics of ions. Figure 15 shows the ion 
velocity distribution function (F(Vx)) at /=0 (solid line), 
400 (dotted line), 1000 (dotted-dashed line), and 3000 (dashed 
line). The energization leads to the formation of an elongated 
tail in the transverse velocity. Note that appreciable 
energizations occur only after [ =400, when LH waves are 
fully developed in the plasma (see Figures 4, 5, and 9). The 
acceleration nearly ends by the time [• 1000, when the LH 
waves have considerably weakened in the plasma. The 
perpendicular phase velocity of the LH wave 

Vp•_ • o)/ k_• • O.15/0.2= 0.75Vte • 6Vt i (10) 
which falls just out of the tail of the initial ion population 

where there are hardly any ions (see Figure 14a). How are the 
ions accelerated? The acceleration occurs when the ions are 
trapped inside the growing potential of the LH waves. This 
acceleration process is known as the stochastic acceleration as 
discussed by Karney [1978] for ion acceleration by large- 
amplitude LH waves and further applied to the transverse ion 
heating of heavy O + and He + ions in the auroral plasma by the 
hydrogen cyclotron waves [Singh et al., 1981, 1982, 1985; 
Roy and Lakhina, 1985; Papadopoulos et al., 1980]. It is 
worth pointing out that even though the acceleration is 
affected by coherent waves, but the motion of the ions 
becomes a random process when the wave amplitude is 
sufficiently large. For this reason the acceleration has been 
termed stochastic in the literature. The acceleration occurs 
when the ions, perpendicular velocity exceeds a minimum 
velocity given by 

V_• o = (o•/k_•)(1 --0[ 1/2/V), (11) 
where v is an integer closest {o the ratio o•/•i, the 
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Figure 13. Diffusion of beam electrons outside the initial 
volume occupied by the beam. The diffusion is shown in the 
x-Vz plane of the phase space at (a) [ = 1000, (b) [ = 400, 
and (c) [ = 100. Note that as t increases, the beam electrons 
progressively spread out of the initial volume 6 < • < 26, and 
at [- 1000 the beam density becomes nearly constant as a 
function of x. 

perpendicular phase velocity of the LH waves is Vpñ = co/k_L, 
co is the frequency of the LH waves, and 

cr = kz2eq>o / M •i 2 . (12) 
The maximum acceleration occurs up to [e.g., see Singh et al., 
1981] 

Vzmax = •-•(4Vot) 2/3 (2rt) 1/3 (13) 
when the LH wave peaks in the simulation 4)o -= 3.5 (kaTe/e), 
and as was already discussed k- z =(2rc/32)k• 1 and 
v-c0/fl i •5. For these parameters we find that 
V•_o • 0.5Vte----4Vt/, enabling the ions in the tail to undergo 
acceleration by the LH wave. The maximum acceleration is 
possible up to Vñmax--= 1.5Vte. Figure 14b shows that the 
maximum acceleration is limited to Vñmax •l.2Vte < Vñmax ß 
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Figure 14. Scatter plots of ions in Vx- Vz phase space: (a) 
/=400 and (b) /=1000. Note that the transverse 
acceleration of a few ions extending in Vx up to 
• 1.2//te --= 9.6//ti ß 

This is expected in view of the evolving wave amplitudes in 
the simulations. 

It is important to point out that at later times when I,H 
waves have considerably weakened and very low frequency 
waves for co < f/i dominate along with HF waves at co • copo, 
there is hardly any further acceleration of ions, as shown by 
the comparison of curves for [ = 1000 and 3000 in Figure 15. 

4.3. Density Perturbation 

In response to the wave dynamics discussed in section 3, the 
plasma density distribution is filamented; the filaments are 
narrow structures across Bo and quite elongated parallel to Bo. 
As expected, the filaments consist of both density 
enhancements and depletions. Figure 16a shows the density 
structure at [ = 1000 in the y-z plane, when the LH waves 
have considerably weakened. The corresponding density 
structure in the x-y plane at • = 128 is shown in Figure 16b. 
The lighter the shade in the grey scale plot the larger is the 
density, while for the darker shade the density is progressively 
lower. Note that the density filaments run all along the length 
of the plasma along Bo; accordingly, the structure shown in 
Figure 16b is true for all x-y planes in the simulation volume. 
In the x-y plane, the depletions and the enhancements in the 
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Figure 15. Velocity distribution functions of ions at several 
times; solid curve is for œ = 0, showing the initial distribution 
function F(k'x). The dotted, dotted-dashed, and dashed 
curves are for [ = 400, 1000, and 3000, respectively. Note 
that the two latter curves nearly overlap, showing that the 
transverse acceleration saturates by the time [- 1000. 
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Figure 16. Density distribution in the simulation volume at 7 = 1000' (a) y-z plane at • = 16, (b) x-y plane at • = 128, and (c) 
spatial distribution of V. El in the same x-y plane as in Figure 16b. Note the filamentation of the plasma density; the filaments 
are thin across Bo and extend all along the length of the simulation box parallel to Bo. 

density (Figure 16b) constitute a wave pattern with some 
quite localized enhancements and depletions in the density. 
The wave pattern is intimately related to V-E_•, where E_• is 
the perpendicular electric field vector. The relationship 
between patterns in 8ne(X,y) and V-E_• (x,y) can be seen by 
comparing Figure 16b with Figure 16c, in which V-E_• is 
shown in a grey scale plot. The darker (lighter) the region, 
the more negative (positive) V.E•_ is. The early 
filamentation of the plasma density is a consequence of the 
coupling of the LH waves with the ELF waves discussed 
earlier. However, for • > 900, when the LH waves have 
considerably weakened and ELF waves dominate with 
oscillating perpendicular electric fields (Figures 5a and 9a), 
the density structures are associated with these oscillating 
fields. In view of the fact that the electrons are highly 
magnetized, a question arises as to how the electrons are 

. transported across Bo. The cross-field transport of electrons 
occurs via the electron drift velocity Vo determined by the 
vector sum of the polarization and E x B drifts, namely, 

Ey E x 1 1 COEñ / cOt (14) 6e ' 
where Ex and Ey are the components of the perpendicular 

electric field vector E_L. Ions also undergo similar drifts. If 
we linearize the electron continuity equation, we find 

?'--•-• =-noV'Vo = +(1/fle)(1/Bo)-•t(V.E_L) (15) cOt 

Note that divergence of the term in the parentheses in (14) is 
identically zero because this term is (cOEy / cOx- cOE x / i•y), 
which is the z component of V x E, and it must vanish for the 
electrostatic fields. Thus the density variation of electrons is 
caused by the polarization drift. Equation (15) can be further 
written as 

bne -• (c03e/•2)(gø)V - E•_. (16) 
Likewise we can write for the perturbation in the ion density 

•I• i •-- -(o)•i /•i2)(1% )V. E1 . (17) 
e 

In the regions where V.Ex < 0, as in the dark regions in 
Figure 16c, bne tends to become negative and bn• tends to be 
positive, both contributing to increasing the positive space 
charge there. This reverses the sign of V. E_L to be positive. 
Thus the density structure oscillates as shown in Figure 8a. 
Since the system is highly nonlinear, the above linear analysis 
is not expected to explain all the features in the density 
oscillations. 
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4.4. Relevance of Density Perturbations to Lower Hybrid 
Solitary Structures 

In a series of observations from rocket and satellite 

experiments lower hybrid solitary structures (LHSS) have 
been measured [e.g., Kintner et al., 1992; Schuck et al., 1998; 
Pecseli et al., 1996; Hoymork et al., 2000]. The LHSS are 
transversely localized LH waves, which generally occur in a 
density depletion. The magnitude of the depletion ranges 
from a few percent to a few tens of percent. The 
measurement from Freja has shown that the transverse scale 
length is typically gñ- 30 m with a sharp lower cutoff at 
œ •_ -15 m, and on the high side g•_ could be as high as -70 
[e.g., see Hoymork et al., 2000]. How do such density 
cavities form? This question has been debated since the 
beginning of their first observations [Kintner et al., 1992]. 
Suggestions for explaining the LHSS phenomenon include 
LH wave collapse [Shapiro et al., 1993; Vago et al., 1992], 
parametric decay of LH waves [Singh et al., 1998], cavitation 
by the mirror force [Singh, 1994], and thermal instability 
[Pecseli et al., 1996]. Schuck et al. [1998] have demonstrated 
that scattering of the background LH waves by a preexisting 
density depletion produces the main feature of the LHSS as 
measured in the rocket experiments. 

Our simulation results presented here show that the 
formation of plasma striations with density enhancements and 
depletions are a common feature of a plasma permeated by an 
electron beam. They result from the parametric decay of 
lower hybrid waves into the ELF waves. In a previous paper 
we reported generation of density striations when a LH pump 
wave decayed into ion cyclotron waves, in contrast to the LH 
waves being directly driven by an electron beam [Singh et al., 
1998]. These studies show that LH waves create their own 
density perturbations in the course of their nonlinear 
evolution. 

In the initial value simulations discussed here, the LH 
waves decay away in the course of the formation of the ELF 
density striations, and the waves do not persist as enhanced 
structures inside the perturbations. However, if there was a 
renewed source for the excitation of the LH wave, for 
example, in the form of a fresh electron beam in the 
simulation after the formation of the ELF striations, it is quite 
possible that newly generated waves can get trapped in the 
existing density structures as shown by Schuck et al. [ 1998]. 

It is worthwhile to examine the scale lengths and the 
propagation characteristics of the ELF wave density 
perturbations and compare them with similar features of the 
LHSS recently reported by Hoymork et al. [2000], who have 
presented a statistical study of the Freja data on the transverse 
scale length of a cavity and have shown that the LHSS move 
transversely with a velocity of-lkm/s. 

As was mentioned earlier, the ELF waves considered here 
are the electrostatic approximation of the inertial Alfven (IA) 
waves. Including the warm plasma effects the, IA waves are 
described by the dispersion relation (see, e.g., Lysak [ 1998]) 

where V^ is the Alfven velocity; 9• is an effective 
scalelength defined by p• = pi(3/4+ Te/T•) with Pi as the ion 
Larmor radius, Te and T• are the electron and ion 
temperatures, respectively; and ks = COpe/C, where c is the 
velocity of light. For Te >> T•, 9• becomes the ion Larmor 

radius with the ion acoustic speed given by CA = (kBTe/M) 1/2. 
In the electrostatic approximation k_• >> k• 2 , (18) becomes 

_2,,1/2 
cø • k, VA (k_• 2 + P a ) / )% , (i9) 

where )•s is the collisionless skin depth given by 
),s=l/ks=c/COpe . When k•2o• 2 <<1, (19) gives the cold 
plasma electrostatic resonance cone waves for c0<< fli as 
given by (5). In view of the observational results of Hoymork 
et al. [2000], it appears that )c2• >> k_• 2 >> pa 2 , for which the 
cold plasma electrostatic ELF wave approximation is indeed 
valid. Under this approximation, the perpendicular group 
velocity of the waves 

. (20) 

Assuming that waves are below the O* ion cyclotron 
frequency •o +, we can estimate the group velocity of the 
waves as follows. Assuming that c0 << C•o+, say, 
c0/C•o+ =0.1, we find that kñ/k, =(M/m)•/2(•o+/c0)= 1714. 
For the typical scale length of œñ- k• 1-- 30m, we find that 
corresponding parallel scale length •?, _-- 52 km. For 
•o + = 180 rad/s, Vg•_ _-- 540 m/s. Hoymork et al. [2000] report 
that the LHSS move transversely to the ambient magnetic 
field with such small velocities. 

The parallel phase velocity of the ELF wave is given by 

Vpl I -- (o / kll = (M / m) 1/2 •'-•i / k•_. 

For the parameters used in calculating Vg•_, we find that for 
œñ • k_• 1 = 30 m, Vp, _-- 928 km/s, which should be compared 
with the electron thermal velocity Vte. Hoymork et al. report 
that electron temperature Te ---3000 ø K for which 
Vte • (k•Te / m) •/2 • 340 km/s. Thus for Lñ • 30, Vp, • 3 Vte. 
When g•_ • 15 m, Vp, • 1.5Vte, for which there should be a 
strong Landau damping by the electrons, possibly explaining 
why there should be a sharp lower cutoff near œ •_ -_-15 m. 

Summarizing the above discussion, we note that properties 
of the electrostatic resonance cone wave density perturbations 
match well with the measured properties of the density 
cavities associated with the LHSS; these properties include 
their perpendicular scale length and perpendicular motion. 
Furthermore, we have shown that for g•_ • 15 m, the ELF 
waves will be heavily Landau-damped, establishing the lower 
bound on the scale length of the density perturbation 
associated with LHSS. The upper bound on g•_ is perhaps 
the collisionless skin depth. However, when œ•_--> ;•, the 
ELF waves become electromagnetic in nature and then the 
amplitude of the density perturbation is fairly weak, and it 
may not be strong enough to affect the trapping and scattering 
of LH waves. In contrast, the electrostatic waves for 
g•_ << ;• carry with them sufficiently strong density 
depletions to strongly interact with a background LH wave as 
shown by Schuck et al. [1998]. 

It is important to comment on the fact that the electrostatic 
ELF waves have both density enhancement and depletions as 
in a wave motion. In contrast, the LHSS are generally seen in 
density depletions. Previously, we have pointed out that the 
symmetry between the density depletions and enhancements 
can be broken by the mirror force, which acts on the plasma 
particles when they are transversely accelerated [Singh, 1994; 
$ingh e! al., 1998]. The mirror force causes density 
evacuation; which deepens the density depletions and reduces 
the amplitude of the density enhancements. 
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5. Conclusion and Discussion 

The main purpose of this paper is to study the nonlinear 
behavior of the plasma and waves driven by an electron beam 
of finite radius across the ambient magnetic field. We found 
that the beam initially drives both high-frequency waves near 
co-copo and low-frequency waves near the lower hybrid 
frequency co- coeh. The two waves nonlinearly couple, the 
latter modulating the former. The changing plasma conditions 
lead to the weakening of the HF waves and dominance of the 
LH waves. When the LH waves begin to dominate, the HF 
waves appear as an additive noise to the LH waveform. Such 
behavior of HF and LH waves was reported by Stasiewicz et 
al. [1996] on the basis of observations from Freja in the 
auroral plasma at an altitude of _--1400 km. The observed 
waves were driven by electrons accelerated in narrow 
structures of kinetic Alfven waves. Stasiewicz et al. have 

discussed that the nonlinear interaction producing the 
waveform of the HF waves modulated by the LH waves could 
be a result of either a scattering of the HF waves by 
preexisting LH waves or a parametric decay of the former into 
the latter. The simulations show that for thin electron beams 

the LH waves and HF waves grow simultaneously, producing 
the modulated waveforms. Furthermore, our simulations 
show that the LH waves prevail over much longer times when 
driven by an electron beam compared with the lifetime of the 
large-amplitude HF waves. This is in agreement with the 
observational feature that the LH waves are more commonly 
observed wave modes than the HF mode. This has led 

Stasiewicz et al. to hypothesize that the modulated HF waves 
are probably the result of scattering of HF waves by 
preexisting LH waves. 

We have also shown here that the LH waves, when fully 
developed, transversely heat the ions. The heating occurs by 
the chaotic motion of the ions in large-amplitude LH waves. 
Thus the nonlinearity brings about the Stochastic behavior of 
ions resulting into heating as proposed by Karney [ 1978] and 
applied to ion heating in space plasmas by Papadopoulos et 
al. [1980], Singh et al. [1981, 1982, 1985], and Roy and 
Lakhina [1985]. The heating is limited to the ions in the tail 
of the ion velocity distribution function. This is the first time 
we have shown here that an electron beam drives LH waves, 
accelerating ions transversely without any restriction on the 
angles of propagation of the waves as previously done by 
Reterrer and Chang [ 1988]. 

The simulation results suggest that the LH waves 
parametrically decay into ELF waves which occur for co < •i ß 
Even though our simulation is electrostatic, it is relevant to 
the generation of ELF waves commonly observed in the 
auroral plasma. If such waves are directly driven by an 
electron beam with positive slopes [see Cattell et al., 1998; 
Ternerin and Lysak, 1984; $ingh et al., 1985], the question 
remains as to why the positive slopes are not already 
destroyed by much faster growing waves at higher 
frequencies such as the LH and HF waves. Our simulation 
shows that an electron beam of finite radius simultaneously 
drives LH and HF waves. When the LH waves are grown to 
sufficiently large amplitude, they decay into ELF waves by a 
modulational instability. We have given an analytical 
treatment for the decay process. Our treatment is similar to 
the calculations of Shapiro [ 1998] in which he has shown how 
LH waves lead to the generation of inertial Alfven waves. In 

the electrostatic limit the inertial Alfven waves become the 

ELF wave seen in the simulations. In this respect, our 
simulation verifies the analytical calculations of Shapiro 
[1998]. It is important to note that once the ELF waves 
emerge from the LH waves, they persist for a long time. 
Another important consequence of the LH waves is the 
diffusion of electrons from inside the initial beam volume to 

the outside regions [Chuet al., 1975]. 
Once the electron beam has been plateaued, the HF wave 

again begins to appear in the simulation. Such u• ß ß •l waves in 

the late stage of the simulation (• > 1000) are modulated by a 
variety of waves with different timescales, ranging from very 
large time periods of the ELF waves to the relatively short 
time periods of the LH, ion acoustic, and probably the ion 
cyclotron harmonic waves. We find that the plateau in the 
parallel electron velocity distribution is highly dynamic; 
periodically, it develops a small positive slope. We have 
explained this as being due to the electron dynamics affected 
by the AECR [Kadomstev and Pogutse, 1968]. In the process 
of driving the low-frequency waves, the AECR causes pitch 
angle scattering of the electrons in the plateau. The pitch 
angle scattering bunches the electrons at relatively small 
parallel velocity, creating a positive slope in the parallel 
velocity distribution. This generates the HF waves. These 
waves nonlinearly interact with the other low-frequency 
waves, generating the modulated waveform at late times. At 
such late times, the perpendicular electric field primarily has 
quite low-frequency components co • f/i, while Ell has 
frequency components near co - C0po. 

It is worth pointing out that our simulation shows a 
dramatic transformation of the wave structures as time 

progresses after initialization of the electron beam in the 
plasma. At very early times (• < 100), waves are primarily 
parallel polarized; that is, the wave fronts are nearly 
transverse to the ambient magnetic field (Bo), or the normal to 
the wave fronts (k) is nearly parallel to Bo. As time increases 
and various nonlinear wave interactions ensue, the normal (k) 
to the wave fronts become increasingly oblique to Bo, and at 
late stages the normal becomes nearly perpendicular to Bo. It 
is important to note that a similar feature of wave 
transformation was studied by Muschietti et al. [ 1997] purely 
on the basis of quasi-linear treatment of wave generation by 
an electron beam in the presence of a hot electron halo in the 
electron velocity distribution function. In our simulation the 
transformation from nearly parallel (HF) waves to nearly 
transverse waves occurs without the hot electron halo. 

In addition to the transverse ion heating, an important 
consequence for the plasma due to the nonlinear evolution of 
the waves is that the plasma density undergoes oscillations at 
the ELF frequency. The spatial structure of the plasma 
density associated with these oscillations is like filaments, 
which extend all along the length of the simulation plasma 
parallel to Bo, but they are quite thin transverse to Bo. We 
have shown that the major features of Freja data on LHSS 
[see Hoymork et al., 2000] are explainable in terms of the 
electrostatic ELF wave structure, including the upper and 
lower bounds on the perpendicular scale length and their 
perpendicular motion. 

Finally, we point out that here we have performed 
electrostatic simulations. Therefore the electromagnetic 
effects are missing. Our comparison of ELF waves with 
waves in the frequency band co < f/i is only approximate; 
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such waves have a significant electromagnetic component 
when the perpendicular wavelengths are comparable to or 
larger than the collisionless skin depth ks. Furthermore, we 
mention that so far our simulations have been run as an initial 

value problem in which the electron beam is initialized at time 
_ 

t-0. In some applications, the plasma needs to be 
continuously driven by a fresh electron beam. In future 
simulations we hope to overcome these limitations. Only 
after fully electromagnetic and driven simulations have been 
performed might it be possible to interrelate a diverse set of 
phenomena such as the generation of LH waves, their 
nonlinear evolution into "ELF" and Alfven waves, and the 
scattering of the LH waves by the self-consistently generated 
density structures. 
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