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Parallel electric field structures associated with the low-frequency oscillations
in the auroral plasma
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The nonlinear evolution of low-frequency electrostatic oscillations in a magnetized plasma consisting of
protons, electrons and oxygen ion beams has been studied. The fluid equations have been used for the oxygen
beam, whereas the Boltzmann distributions are used for the protons and electrons. The coupled system of
equations are reduced to a single nonlinear differential equation in the rest frame of the propagating wave for
any direction of propagation with respect to the ambient magnetic field. This nonlinear differential equation is
solved numerically for the parameters charateristic of the auroral acceleration region. Depending on the wave
Mach number, proton and oxygen ion concentrations, and driving electric field, the numerical solutions show a
range of periodic solutions varying from sinusoidal to sawtooth and highly spiky waveforms. The effects of the
plasma parameters, in particular the oxygen ion concentration and the proton temperature on the evolution of the
nonlinear waves are examined. The results from the model are compared with satellite observations.
Key words: Auroral plasma, electric fields, low frequency waves.

1. Introduction
The electrostatic ion cyclotron (EIC) waves have been

studied extensively in the auroral plasma because of their
important role in heating and acceleration of the plasma
(Kelley et al., 1975). The EIC waves are found to be un-
stable to current-driven instabilities in the auroral region
(Kindel and Kennel, 1971). The measurements performed
by the S3-3 (Mozer et al., 1977), Viking (Andre et al.,
1987), Polar (Mozer et al., 1997) and FAST (Ergun et al.,
1998; Cattell et al., 1998) satellites have shown that EIC
waves are frequently observed in the auroral magnetosphere
at altitudes between 3000 km to 8000 km and beyond.

The nonlinear electrostatic ion cyclotron waves propagat-
ing nearly perpendicular to the magnetic field have been
studied by Temerin et al. (1979). In their model, spiky
structures were observed in the perpendicular electric field
for large Mach numbers.

Polar (Mozer et al., 1997) and FAST (Ergun et al., 1998)
satellite obeservations in the auroral magnetosphere have
shown that the nonlinear, time domain structures associated
with the parallel electric field exhibit spiky wave forms.
The Polar data (Mozer et al., 1997) also showed that the
perpendicular electric field exhibits spiky structures with
amplitudes about 400 mV/m with repetition rates in the
range of local ion cyclotron frequency. The FAST (Ergun
et al., 1998) satellite observations revealed large amplitude
parallel electric fields associated with ion cyclotron waves
with an ion beam in the upward current region, whereas in
the downward current region, it showed spiky electric field
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structures in both perpendicular and parallel components.
The perpendicular electric field structures represent ion cy-
clotron waves at a frequency f ∼ 200 Hz, the time series
of the parallel electric field reveal a spiky waveform at a
lower frequency (see figure 6 of Ergun et al., 1998). These
quasi-static, parallel electric field structures are thought to
be responsible for particle acceleration in the auroral accel-
eration region.

Cattell et al. (1998) have reported observations of waves
near the cyclotron frequencies of H+, O+ and He+ and
the associated ion beams and field-aligned currents during
nightside auroral zone crossing of FAST. The waves below
as well as near the oxygen ion cyclotron frequencies were
large amplitude and with non-sinusoidal wave forms.

Recenlty, using the fluid theory, Reddy et al. (2002) have
studied nonlinear low frequency electric field structures in a
two-component magnetized plasma consisting of cold ions
and warm electrons. It is found that for sufficiently large
values of the driver electric field, the governing equation
representing the electric field, produced by nonlinear cou-
pling between the ion acoustic mode and ion cyclotron os-
cillations, led to the generation of sawtooth and highly spiky
periodic waveforms. The periods of these waveforms range
from ion cyclotron to ion acoustic.

Bharuthram et al. (2002) have studied the low-frequency
nonlinear waves in the auroral plasma consisting of elec-
trons with Boltzmann distribution and warm ions. It is
found that the finite ion temperature supresses the nonlin-
earity in the ion cyclotron wave due to enhanced disper-
sive effects and decreases the periodicity of the oscilla-
tions. Whereas the periodicity of the ion acoustic wave is
enhanced with increasing ion temperature. Following the
approach of Reddy et al. (2002), Moolla et al. (2003) stud-
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ied high-frequency nonlinear waves in the Earth’s magneto-
sphere consisting of hot electrons, cold electrons and cold
ions. They have found that the hot electrons were acceler-
ated in bursts leading to rapid changes in their speeds.

The low-frequency oscillations in a plasma with spatially
variable field-aligned flow has been studied by Ganguli et
al. (2002). They have found that a transverse velocity gradi-
ent in the parallel ion flow can generate multiple cyclotron
harmonic waves and the resulting electric field structures
are found to be spiky in nature and the peaks are separated
by an ion cyclotron period. Kim et al. (2005) have studied
the generation of spiky electric field structures associated
with multi-harmonic electrostatic ion cyclotron waves in a
double ended Q machine. They have observed that a linear
combination of a multi-harmonic spectrum of electrostatic
ion cyclotron waves when the harmonics have comparable
amplitudes and phase-locked could lead to the generation
of spiky electric potential waveforms.

In this paper, we study the low-frequency nonlinear
waves in a multi-component auroral plasma consisting of
oxygen ion beam and Boltzmann distributions for electrons
and protons. In Section 2, we present the model and the
basic equations. The numerical results and discussion are
presented in Section 3. Finally, the conclusions and the rel-
evance of our work to the auroral ionosphere is discussed in
Section 4.

2. Model
We consider a homogeneous magnetized three-

component plasma consisting of protons, cold oxygen
ion beam drifting along the magnetic field direction
with speed v0, and electrons. The finite amplitude ion-
cyclotron/ion-acoustic waves are propagating in the x
direction at an angle θ to the magnetic field B0, which is
assumed to be in the (x, z)-plane (see Fig. 1). The phase
velocity of the oscillations is assumed to be smaller in
comparison with the electron and proton thermal velocities.
The basic set of fluid equations for the cold oxygen ions is
given by

∂ni

∂t
+ ∂(nivi x )

∂x
= 0 (1)

∂vi x

∂t
+ vi x

∂vi x

∂x
= − e

mi

∂φ

∂x
+ 	iviy sin θ (2)

∂viy

∂t
+ vi x

∂viy

∂x
= 	ivi z cos θ − 	ivi x sin θ (3)

Fig. 1. Geometry of the model.

∂vi z

∂t
+ vi x

∂vi z

∂x
= −	iviy cos θ (4)

where ni is the oxygen ion density, vi x , viy and vi z are the
components of the oxygen ion velocity along x, y, and z
directions, respectively, 	i (= eB0/mi ) is the oxygen ion
cyclotron frequency, mi is the oxygen ion mass, φ is the
electrostatic potential of the waves.

The Boltzmann distribution for the electrons and protons,
represent respectively as

ne = ne0exp(eφ/Te) (5)

n p = n p0exp(-eφ/Tp) (6)

where ne0,p0 and Te,p are the ambient densities and temper-
atures of the electrons and protons respectively.

Our system of equations is closed with the quasi-
neutrality condition

ne = ni + n p (7)

which is valid for low frequency studies.
In the linear limit, Eqs. (1)–(7) yield the following dis-

persion relation

ω2 = 1

2
{(k2C2

s f + 	2
i )

±[(k2C2
s f + 	2

i )
2 − 4k2C2

s f 	
2
i cos2 θ ]1/2} (8)

where ω and k are the frequency and the wave number,
Cs f = [ni0TeTp/mi (ne0Tp + n p0Te)]1/2 is the effective ion
acoustic speed for a three component plasma, and ni0 is the
equilibrium value of the oxygen ion number density.
For

4k2C2
s f 	

2
i cos2 θ << (k2C2

s f + 	2
i )

2 (9)

we get two modes, namely,

ω+ ≈ 	i (1 + k2ρ2
i )1/2 (10)

which is the cyclotron mode and

ω− ≈ kCs f cos θ

(1 + k2ρ2
i )1/2

(11)

which is the ion-acoustic mode. Here, ρi = Cs f /	i is the
effective ion Larmor radius.

We look for solutions of Eqs. (1)–(4) that depend on x
and t through a variable η = (x − V t)(	i/V ), where V
is the phase velocity of the wave. Integrating Eq. (1) and
using the conditions ni = ni0 and vx = v0 cos θ at η = 0
yield

niv
′
x = −ni0(V − v0 cos θ) (12)

where v′
x = vx − V .

From Eqs. (2), (3) and (4), we get
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= 0 (13)
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The quasi-neutrality condition gives

v′
x = −ni0(V − v0 cos θ)e−(eφ/Te)

× (ne0 − n p0e−α(eφ/Te))−1 (14)

where α = (Te + Tp)/Tp.
By combining Eqs. (10) and (11) and introducing the di-

mensionless quantities ψ = eφ/Te, Ni0 = ni0/ne0, Np0 =
n p0/ne0, M = V/Cs , MA = M−δ, δ = v0 cos θ/Cs , where
Cs = (Te/mi )

1/2 is the oxygen ion acoustic speed (in a two
component electron-oxygen ion plasma), we obtain

d

dη

[
e−ψ

(1 − Np0e−αψ)

d2ψ

dη2 + N 2
i0 M2

Ae−ψ

2(1 − Np0e−αψ)
×

d2

dη2

(
e−2ψ

(1 − Np0e−αψ)2

)]

= − M2 cos2 θeψ(1 − Np0e−αψ)

N 2
i0 M2

A

dψ

dη

−M2 d

dη

[
e−ψ

(1 − Np0e−αψ)

]
(15)

Integrating Eq. (15) and using the conditions ψ = 0,
dψ/dη = E0 and d2ψ/dη2 = 0 at η = 0, we obtain
the following nonlinear wave equation for the normalized
electrostatic potential, ψ

χ1(ψ)
d2ψ

dη2 − χ2(ψ)

(
dψ

dη

)2

+ χ3(ψ) = 0 (16)

where

χ1(ψ) = N 2
i0e−2ψ

(1 − Np0e−αψ)2

{
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}

− 1

M2
A

(17)
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[
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+ 3α2 N 2
p0e−2αψ

(1 − Np0e−αψ)2

]
(18)

χ3(ψ) = eψ(1 − Np0e−αψ)
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[
M2

M2
A

+ E2
0

{
2
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[
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]
(19)

Equation (16) describes the nonlinear evolution of both
ion-cyclotron and ion-acoustic waves and dψ/dη is the nor-
malized electric field. If Np0 = 0, then Eq. (16) reduces to
Eq. (10) of Reddy et al. (2002).
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Fig. 2. Numerical solution of the normalized parallel electric field
(=∂ψ/∂η) of nonlinear electrostatic ion cyclotron and ion acoustic
waves for the parameters θ = 2◦, M = 1.25, δ = 0, Ni0 = 0.75,
Te/Tp = 0.1 and E0 = 0.01 (a), 0.175 (b), 0.50 (c), and 0.80 (d).

3. Numerical Results and Discussion
We have numerically solved the nonlinear evolution

equation (16) using the Runge-Kutta-Gill method for peri-
odic wave solutions of the electric field E(= −(∂ψ/∂η)x),
for the plasma parameters encountered on the auroral field
lines.

Figure 2 shows the variation of the parallel electric field
for M = 1.25 and for different driver strengths. For small
E0, the E‖ shows ion cyclotron oscillations with a period
�η ∼= 6.3 or �t ∼= τci , where τci = 2π/	i is the ion
cyclotron period. With increasing driver strength the oscil-
lations become nonlinear with increasing periodicity. For
sufficiently large driver amplitude (E0 ≥ 0.8), one obtains
the driven ion acoustic wave which is highly spiky, with a
period ∼4.0 τci . This behaviour is observed to be consis-
tent with the measurements for E‖ by the FAST satellite in
figure 6 of Ergun et al. (1998).

The variation of normalized electric field with oxygen ion
density is shown in Fig. 3. The period of oscillations in-
creases with decreasing Ni0. For large Ni0, E‖ exhibits the
oscillations in the ion cyclotron period range and the wave-
form of these oscillations tends to be of the sawtooth type.
For sufficiently small oxygen ion density (Ni0 = 0.15), we
get a highly spiky waveform of driven ion acoustic mode.

Figure 4 shows the variation of the parallel electric field
for E0 = 0.5, M = 1.25 and for different oxygen beam
velocities. Here we found that the period of the spiky struc-
tures decrease as the beam velocity varies from −0.2 to 0.2.
The oxygen ion flow parallel to B0 would decrease the pe-
riod of oscillations, whereas the antiparallel flow increases
the period of the spiky structures.

The effect of Mach number, M is shown in Fig. 5. We
have ion cyclotron oscillations for M ≤ 1.0. As the Mach
number increases, the waveform become more steeper but
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Fig. 3. Variation of the normalized parallel electric field for E0 = 0.175
and Ni0 = 1.0 (a), 0.75 (b), 0.55 (c) and 0.15 (d). All other parameters
are same as in Fig. 2.
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Fig. 4. The normalized parallel electric field for E0 = 0.5 and δ = −0.2
(a), −0.1 (b), 0.0 (c) and 0.2 (d). All other parameters are same as in
Fig. 2.

the period of the oscillations remain the same. For M ≥ 1.0,
we get the driven ion acoustic mode which is highly spiky
and the period decreases with increasing Mach number.

In Fig. 6, we have varied the propagation angle θ . The
other fixed parameters are M = 1.25, E0 = 0.2, Np0 =
0.25, Te/Tp = 0.1, and δ = 0.0. The period of the
oscillations decreases with increasing propagation angle.
The oscillations are of sawtooth type and the nature remains
same as the propagation angle varies. For large θ , we obtain
ion cyclotron oscillations.

Figure 7 displays the variation of the temperature ratio
Te/Tp. Here we observed that the period of the oscillations
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Fig. 5. The normalized parallel electric field for E0 = 0.4 and M = 0.1
(a), 0.1705 (b), 1.05 (c) and 4.5 (d). All other parameters are same as in
Fig. 2.

       
-0.3
-0.2

-0.1

0.0

0.1

0.2
0.3 a

       
-0.3
-0.2

-0.1

0.0

0.1

0.2
0.3

N
O

R
M

A
L

IS
E

D
 E

L
E

C
T

R
IC

 F
IE

L
D

  b

       
-0.3
-0.2

-0.1

0.0

0.1

0.2
0.3 c

0 20 40 60 80 100 120
-0.3
-0.2

-0.1

0.0

0.1

0.2
0.3

d

η

Fig. 6. The normalized parallel electric field for E0 = 0.2 and θ = 2◦ (a),
15◦ (b), 40◦ (c) and 85◦ (d). All other parameters are same as in Fig. 2.

increases with increasing Te/Tp. When the ratio Te/Tp

is small we have a sawtooth type waveform. For higher
Te/Tp, we obtain the driven ion acoustic mode and the
waveform becomes highly spiky.

4. Conclusions
We have studied the nonlinear evolution of low frequency

electrostatic structures arising from a coupling of the oxy-
gen ion cyclotron and oxygen ion acoustic waves for any di-
rection of propagation with respect to the ambient magnetic
field, in the presence of hot protons. Past studies (Reddy
et al., 2002; Bharuthram et al., 2002) revealed spiky elec-
tric field structures which could explain the FAST satellite
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Fig. 7. The normalized parallel electric field for E0 = 0.175 and
Te/Tp = 0.1 (a), 0.5 (b), 1.5 (c) and 3.0 (d). All other parameters
are same as in Fig. 2.

observations of the strong spiky waveforms in the parallel
electric field in association with ion cyclotron oscillations
in the perpendicular electric fields.

The inclusion of oxygen ions has significant effect on the
evolution of nonlinear electric field structures. The model
exhibits ion cyclotron oscillations when the oxygen ion den-
sity is high. The driven ion acoustic mode exists only for
sufficiently low oxygen ion density and also the waveform
is highly spiky. In this paper the nonlinear mode coupling
occurs in the presence of a driver, i.e., it is a driven process.
It is assumed that both the ion cyclotron and ion acoustic
modes propagate in the same direction. We do not consider
the coupling between the modes propagating at different an-
gles to the magnetic field. This process involves frequency
and wave number matching, and represents an higher or-
der wave-wave coupling, which is beyond the scope of this
paper.

We have shown the waveforms depends sensitively on the
plasma parameters, and that the observed waveforms could
be produced while the background plasma parameters are
changing within some limits. It is an interesting result.
As to how a change in a particular parameter affect the
waveform, is a complex issue as it involves the nonlinear
interaction between the cyclotron and acoustic mode in the
presence of a driver field. We are trying to understand the
underlying physics.

It is found that spiky structures can exists over a wide an-
gle of wave propagation. For nearly parallel angle of propa-
gation, the parallel electric fields dominate over the perpen-
dicular electric fields. Mixtures of parallel and obliquely
propagating nonlinear waves could provide a natural ex-
planation for the spikiness in the parallel and perpendicu-
lar electric fields components. For nearly parallel propaga-
tion, E‖ shows ion cyclotron oscillations when the driver
strength is low, whereas for a stronger driver strength we

obtain highly spiky driven ion acoustic waves with a period
4.0 τci . From Figs. 2–7 for the auroral plasma parameters,
and Te = 10–100 eV, B0 = 1300 nT, we get E‖ ∼ (50–250)
mV/m. These results may be relevant to the observations of
nonlinear cyclotron waves with amplitudes of the order of
200 mV/m or more by Cattell et al. (1998).

The observations in the auroral region (Ergun et al.,
1998) show the multi-harmonic low frequency waves which
are associated with coherent spiky electrostatic potential
and electric field structures. This would require the inclu-
sion of ion kinetic effects in the model, which is beyond the
scope of this paper. This situation will be addressed in the
future paper.

In this paper, we have considered electrons and protons
with Boltzmann distributions. These approximations can be
justified provided the phase velocity (Vph) is much smaller
than the electron (Vte) and proton (Vtp) thermal speed re-
spectively. Using Eq. (11), we find that

Vph
2

Vtp
2 ≈ m pni0

mi ne0

[
Te/Tp

1 + n p0Te

ne0Tp

]
(20)

and

Vph
2

Vte
2 ≈ meni0

mi ne0

[
1

1 + n p0Te

ne0Tp

]
(21)

These conditions are satisfied for all the numerical pa-
rameters considered in this paper. We give here the esti-
mates for the largest values of Vph/Vtp and Vph/Vte (the
worst case) which corresponds to the parameters of Fig. 7,
i.e., Te/Tp = 3.0 and Ni0 = 0.75. For this we have the
ratio, Vph/Vtp ≈ 0.28, and Vph/Vte ≈ 0.015, which are less
than one and justifies our approximation for the Boltzmann
distributions for electrons and protons.

The present analysis can be extended to include the ef-
fects due to warm oxygen ions, charge separation, and
multi-beams to make it closer to the observations.
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