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Nonlinear electron acoustic solitary waves �EASWs� are studied in a collisionless and unmagnetized
plasma consisting of cold background electrons, cold beam electrons, and two different temperature
ion species. Using pseudopotential analysis, the properties of arbitrary amplitude EASWs are
investigated. The present model supports compressive as well as rarefactive electron acoustic
solitary structures. Furthermore, there is an interesting possibility of the coexistence of compressive
and rarefactive solitary structures in a specific plasma parameter range. The application of our
results in interpreting the salient features of the broadband electrostatic noise in the plasma sheet
boundary layer is discussed. © 2007 American Institute of Physics. �DOI: 10.1063/1.2732176�

I. INTRODUCTION

Solitary waves and bipolar pulses in the electric field
parallel to the background magnetic field have been identi-
fied throughout the Earth’s magnetosphere at narrow bound-
aries, such as the plasma sheet boundary layer,1,2 the
magnetosheath,3 the bow shock,4 in strong currents, such as
those associated with the auroral acceleration region5 and
also in solar wind plasma6 near the Lagrangian point L1.
Recently, several observations report the evidence of tripolar
waveforms �two positive peaks and one negative peak in the
electric field amplitude or vice versa� in addition to the stan-
dard bipolar pulses in the electric field.7,8 Except in the ion
beam regions of the auroral zone, the solitary waves are posi-
tive potential structures moving at velocities comparable to
the electron thermal velocity ��1000s of km/s� and are
commonly interpreted to be either electron holes, such as
Bernstein-Greene-Kruskal modes9–12 arising from the evolu-
tion of a bump on tail instability and/or electron two-stream
instability,13,14 or in terms of electron acoustic solitons. The
existence of these positive potential electrostatic structures is
associated with the high frequency disturbances.1

An electron-acoustic wave can either exist in a two-
temperature �cold and hot� electron plasma15 or in an
electron-ion plasma with ions hotter than electrons.16 The
earlier models based on electron acoustic solitons could ex-
plain the spacecraft observations �e.g., Viking� of solitary
waves that had negative potentials in two- and three-
temperature electron plasmas.17–22 To explain the positive
structures, recently attempts have been made to study elec-
tron acoustic solitons in three electron �cold, hot, beam�
component plasmas.23–25 These models show that depending
on the beam density and temperature and below a critical
velocity of the electron beam, nonlinear structures can have a

positive potential signature.23 More recently, Verheest et al.26

have pointed out the possibility to obtain compressive elec-
tron acoustic solitons, i.e., those having positive potentials,
even without the electron beam component, provided the hot
electron inertia is retained in the analysis.

Observational evidence gives a clear understanding
about the role of ion and electron beams to drive the broad-
band electrostatic waves.27–30 These solitary waves have am-
plitudes typically a few mV/m in the plasma sheet boundary
layer, but they can be as large as 200 mV/m at polar
altitudes.31 Such nonlinear solitary structures observed in the
plasma sheet boundary layer regions may play a key role in
supporting parallel electric fields in the magnetotail.

The spacecraft observations27–30 in the Earth’s plasma
sheet boundary layer show the existence of background elec-
trons, cold electron beams having energies of the order of a
few eV to a few hundreds of eV, and background cold ions
and warm ions/ion beams with energies from a few keV to
tens of keV. In view of this, we study here the generation of
nonlinear electron acoustic solitary waves in a four-
component plasma system consisting of cold electrons, cold
beam electrons, and two different temperature ion species
�i.e., cold and hot ions�. For simplicity, we have not consid-
ered the relative speed between the cold and hot ions. Fur-
ther, the plasma is considered as collisionless and unmagne-
tized. It is shown that for certain plasma conditions there is
the possibility of coexistence of rarefactive and compressive
modes in the plasma sheet boundary layer. The paper is or-
ganized as follows. The basic equations governing the
plasma model are given in Sec. II. The formulation and the
numerical study of arbitrary amplitude electron acoustic soli-
tary waves �EASWs� in three- and four-component plasmas
are given in Sec. III. A brief discussion with application to
understand broadband electrostatic noise in the Earth’s
plasma sheet boundary layer is given in Sec. IV.
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II. GOVERNING EQUATIONS

In order to construct the model, we consider an infinite,
collisionless, and unmagnetized plasma with four compo-
nents; namely, cold plasma electrons, cold beam electrons,
and isothermal ions with two different temperatures. For
simplicity, we have not considered the ion dynamics here.
We assume that these ions obey Boltzmann type distributions
as they are much hotter than the electrons. The normalized
fluid equations for the cold plasma electrons and cold beam
electrons are given by

�ns

�t
+

��nsus�
�x

= 0, �1�

�us

�t
+ us

�us

�x
=

��

�x
. �2�

Here, the subscript s=c �cold electrons� and b �cold beam
electrons�. In addition, ns and us are plasma density and ve-
locity, respectively, for the species s, and � is the electro-
static potential. Furthermore, the system is closed by the
Poisson equation

�2�

�x2 = nc + nb − nil − nih, �3�

where

nil = �e−�/��+���, nih = �e−��/��+��� �4�

are the densities of the isothermal ions with two tempera-
tures, one species with low-temperature Tl and initial nor-
malized equilibrium density �, and the second ion species
with high temperature Th and initial normalized equilibrium
density �. Here, �+�=1, �=Tl /Th, and Teff=TlTh / ��Th

+�Tl�. The subscripts c, b, l, and h refer to cold plasma
electrons, cold beam electrons, low-temperature ions, and
high-temperature ions, respectively. In the above set of Eqs.
�1�–�4�, the plasma densities, plasma velocities, electrostatic
potential, distance x, and time t are normalized to the unper-
turbed plasma density n0, effective electron acoustic speed
Ceff= �Teff /me�1/2, effective electrostatic potential Teff /e, ef-
fective Debye length �Deff= �Teff /4�n0e2�1/2, and inverse

plasma frequency �pe
−1, ��pe=�4�n0e2 /me�, respectively.

A linear dispersion relation for electron-acoustic waves
can be obtained by linearizing and solving a set of Eqs.
�1�–�4� and is given by

�pc
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2
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2 , �5�

where �pc,b are the cold and beam electron plasma frequen-
cies, respectively. For the case when the cold electron beam
is absent, i.e., nb=0, and limit k�Deff�1 is considered, Eq.
�5� reduces to �=kCeff, which is similar to the dispersion
relation for the electron-acoustic modes derived by Fried and
Gould16 for the case of electron-ion plasma with hot ions;
i.e., Ti	Te. However, when the cold electron beam is
present, the dispersion relation �Eq. �5�� is more complicated
as the beam mode and the electron acoustic modes are
coupled.

III. THEORY FOR ARBITRARY AMPLITUDE EASW

We seek solutions to Eqs. �1�–�4� that are stationary in a
frame moving with velocity V. To study the properties of
stationary arbitrary amplitude EASWs, we assume that all
variables in Eqs. �1�–�4� depend only on a single variable,
i.e., 
=x−Ma t �here, Ma=V /Ceff is the Mach number�. We
assume the following appropriate boundary conditions for
the localized disturbances

nc → 1 − �, uc → 0, nb → �, ub → u0, nil → � ,

�6�
nih → � = 1 − �, � → 0, as �x� → � .

Using the transformation to a single independent variable 

in Eqs. �1�–�4� and applying the boundary conditions from
Eq. �6�, along with �=0 and d� /d
=0 at 
→ ±�, the Pois-
son equation �3� can be integrated to yield the following
form of an energy integral:21

1

2
�d�

d

	2

+ V��,Ma� = 0, �7�

where

V��,Ma� = Ma2�1 − ��
1 − �1 +
2�

Ma2	1/2�
+ �Ma − u0�2�
1 − �1 +

2�

�Ma − u0�2	1/2�
+ ��� + ����1 − e−�/�+��� +

��� + ���
�

�1 − e−��/�+��� . �8�

In order to have soliton solutions, the pseudopotential
V�� ,Ma� must satisfy the following conditions: V���=0,
dV��� /d�=0, and d2V��� /d�2�0 at �=0, V���=0 at �
=�0, and V����0 for 0� �� � � ��0�.

It is seen that Eq. �8� satisfies two of the soliton condi-
tions at �=0. The third condition, i.e., d2V��� /d�2�0 at
�=0, is satisfied provided Ma�Ma0. Here, Ma0 is the solu-
tion of f�Ma�=0, where

f�Ma� =
�1 − ��

Ma2 +
�

�Ma − u0�2 − 1, �9�

which is a fourth-degree equation in Ma. Without the elec-
tron beam, Eq. �9� yields Ma0=1. For the soliton solution to
exist, the pseudoparticle must be reflected at �=�0 and re-
turn to its rest point ��=0�, which requires32 that

dV��0,Ma�
d�

� 0 for �0 � 0,

�0 for �0 � 0, �10�

together with V��0 ,Ma�=0. For compressive solitons, those
having �0�0, these two conditions need to be solved simul-
taneously to get the value of �0. However, for a rarefactive
soliton �i.e., �0�0�, the condition �10� demands that �0

�min�−Ma2/2 ,−�Ma−u0�2 /2. This shows that the maxi-
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mum amplitude of the rarefactive solitons should decrease
with an increase of the electron beam speed.

We have numerically solved Eq. �7� for a three-
component plasma; i.e., cold electrons, cold beam electrons,
and hot temperature ions. In this case it is found that this
type of plasma composition supports only EA rarefactive
solitary structures. Figure 1 shows the variation of the elec-
trostatic potential �, associated with rarefactive EA solitons
for different electron beam speeds u0. It is seen that the
maximum electrostatic potential � decreases with the in-
crease of the electron beam speed u0. The width of the EA
solitons is found to be increase with the increase of electron
beam speed. The bipolar electric field structures associated
with these EA solitons are shown in Fig. 2.

To infer the properties of the EASW structures in the
case of a four-component plasma, we have numerically
solved Eq. �7� for the potential �, for the typical parameters,
which are shown in Fig. 3. It is found that for the beam
velocities u0�0.45, there exist only compressive electron
acoustic solitary structures. It is also interesting to note that,
for the beam velocities in a narrow range of 0.45�u0�0.6,
this model supports the coexistence of both rarefactive as
well as compressive solitary structures. It is seen that the
width and amplitude of both rarefactive and compressive
modes, respectively, increase and decrease with the electron
beam velocity. The corresponding electric field variation
with 
 is shown in Fig. 4 for different electron beam
velocities.

IV. DISCUSSION AND APPLICATION

In this paper we have theoretically investigated the non-
linear propagation of electron acoustic waves in three- �cold
plasma electrons, cold beam electrons, and hot Boltzmann

ions� and four-component �cold plasma electrons, cold beam
electrons, and two species of cooler and hot Boltzmann ions�
unmagnetized plasma. The properties of these arbitrary am-
plitude electron acoustic waves for both cases are studied by
employing the pseudopotential technique. We have found
that in the case of a three-component plasma this model sup-
ports only rarefactive EA structures, whereas a four-
component plasma model supports rarefactive as well as

FIG. 1. Variation of potential � with 
 for different electron beam velocities:
�a� u0=0.3, �b� u0=0.4, �c� u0=0.5, and �d� u0=0.55. Other parameters are:
Ma=1.1, �=0.0, �=0.06, �=1.

FIG. 2. Variation of electric field E with 
 for different electron beam
velocities: �a� u0=0.3, �b� u0=0.4, �c� u0=0.5, and �d� u0=0.55. Here,
Tl=5 eV, n0=0.1 cm−3, and other parameters are same as used in Fig. 1.

FIG. 3. Variation of potential � with 
 for different electron beam velocities:
�a� u0=0.3, �b� u0=0.4, �c� u0=0.5, and �d� u0=0.55. Other parameters are:
Ma=1.1, �=0.2, �=0.06, �=0.01.
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compressive EA solitary structures. The model introduces,
for the first time, a feature of arbitrary amplitude EASWs;
i.e., the coexistence of rarefactive and compressive electron
acoustic solitary modes for specific beam velocity ranges.
We would like to mention that Baboolal et al.32 have pointed
out the possibility of the coexistence of compressive and
rarefactive ion acoustic solitons in plasmas containing
double-Maxwellian electrons and two ion species.

The plasma sheet boundary layer of the Earth’s magne-
totail is found to contain multiplasma species; e.g., cold elec-
trons, electron beams, and ions/ion beams. This is, therefore,
one of the situations in which the model developed in this
paper may be applicable. Although the model is simplified in
the sense that hot ions are considered as stationary, it may be
usefully employed whenever the relative drift speed between
the cold and hot ions is small compared to effective electron
acoustic speed. For illustrative purposes, we consider the
temperatures of the cold and hot ions as Tl=5 eV and Th

=500 eV, respectively.
The typical electrical fields associated with the electron

acoustic solitary structures are plotted in Fig. 2 �for a three-
component plasma� and Fig. 4 �for a four-component
plasma�. For a three-component plasma, only one type of
ions with Tl=5 eV is considered. In this case the electric
field is associated with the rarefactive EASWs �cf. Fig. 2�.
The maximum electric field is found to be in the range of
0.5−3 mV/m for the electron beam speed in the range of
u0=0.3−0.55. In Fig. 4, we have shown the electric fields for
a four-component plasma, for the two cases: �a� when only a
compressive mode exists and �b� when both compressive and
rarefactive modes coexist. The maximum electric field asso-
ciated with the compressive and rarefactive EASWs is found
to be in the range of 1−2 mV/m and 2−8 mV/m, respec-

tively, when both the modes coexist �cf. curves c and d�. It is
found that when there exist only the compressive EASW
modes, the electric field are in the range of 4−5 mV/m
�cf. curves a and b�. The velocities of both compressive and
rarefactive solitons are calculated from the Mach number,
i.e., Ma=V /Ceff relationship, which can be rewritten as

V = Ma
 �Tl/me�
�� + ����1/2

. �11�

Using the Earth’s plasma sheet boundary layer parameters in
the above equation, the soliton velocity is calculated to be
1000 km/s in the case of a three-component plasma, while in
the case of a four-component plasma it is found to be
2300 km/s.

We have presented a simple one-dimensional model for
the electron acoustic �EA� solitons. Using particular bound-
ary conditions, we have restricted our study for EA solitons,
which supports the bipolar electric field structures. Different
boundary conditions may supports EA double layers and that
may helpful to understand tripolar electric field structures.
For simplicity, we have not considered ion drift velocities. It
might be necessary to include an ion beam in the analysis to
bring the model closer to observations. This is beyond the
scope of the present paper. It will be included in further work
on electron-acoustic solitary waves.

The present study could have an interesting implication
for data interpretation. The presence of the bipolar pulses of
opposite initial polarity in data is commonly explained by
assuming identical potential, either positive or negative,
structures traveling in opposite directions. Our results pro-
vide a good alternative possibility of the structures traveling
in the same direction but with opposite potentials.
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