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Ion-acoustic double layers are examined in an unmagnetized, three-component plasma consisting of
cold ions and two temperature electrons. Both of the electrons are considered to be Boltzmann
distributed and the ions follow the usual fluid dynamical equations. Using the method of
characteristics, a time-dependent solution for ion-acoustic double layers is obtained. Results of the
findings may have important consequences for the real time satellite observations in the space
environment. © 2008 American Institute of Physics. �DOI: 10.1063/1.2967901�

I. INTRODUCTION

Double layers are nonlinear structures found in a wide
variety of plasmas, e.g., laboratory plasmas, Earth’s mag-
netosphere, and dusty plasmas, and they are especially com-
mon in current-carrying plasmas. They can accelerate, decel-
erate, or reflect the plasma particles. A great deal of interest
has been generated in understanding the formation of double
layers. Sato and Okuda1 carried out numerical simulations of
an ion-acoustic instability. It was found that anomalous re-
sistivity generated by the instability causes the buildup of
a dc potential, which in turn accelerates electrons. The accel-
eration of electrons enhances the original instability and
consequently leads to the formation of double layers. The
existence and stability of double layers using various de-
scriptions of plasma species has been theoretically
investigated.2–4 Bharuthram and Shukla5 examined the
theory of large-amplitude ion-acoustic double layers in a sta-
tionary frame in an unmagnetized plasma with cold ions and
Boltzmann distributed two temperature electrons. A large-
amplitude fluid theory of electrostatic ion-acoustic double
layers6 has been carried out and shown to be adaptable to
stationary double layers in a two-ion plasma with kinetically
determined ions. Baboolal et al.7 examined kinetic double
layers in two electron temperature multi-ion plasmas. The
effect of various parameters such as ion temperature and
light-ion concentration on the double-layer structure has
been examined and compared with fluid theory.

Stationary ion-acoustic double layers have been investi-
gated in an electron beam plasma system.8 The parametric
study showed the condition of existence of double layers
sensitive to parameters such as the electron beam tempera-
ture, the ion temperature, the beam density, and the trapped
electrons. Nonlinear theory of ion-acoustic waves in two-
electron temperature plasma with isothermal electrons and
cold ions has been developed.9 Both compressive and rar-
efactive solitons, as well as double layers �depending on the
concentration of low-temperature electrons�, can be gener-
ated. Mishra et al.10 studied ion-acoustic double layers in a

plasma consisting of warm positive- and negative-ion species
and two-electron temperature distributions. It was found that
both compressive as well as rarefactive double layers exist
depending upon negative ion concentration being below or
above the critical concentration, respectively. Verheest
et al.11 examined the existence regime of ion-acoustic double
layers in two-electron temperature plasmas using a fluid-
dynamical approach, with polytropic equations of state indi-
ces � j. It was found that no double layers can be formed for
� j �3 /2, due to total rarefaction of the cooler electrons or
infinite compression of the ions. For the � j �3 /2 case, the
rarefactive double layers do occur, but at unrealistically
small cool electron densities or large Mach numbers. Das
et al.12 have investigated the existence and stability of the
alternative solitary-wave solution of the ion-acoustic wave in
magnetized plasma consisting of warm adiabatic ions and
nonthermal electrons. The existence and stability of ion-
acoustic double layers in magnetized plasma consisting of
warm adiabatic ions and nonthermal electrons have also
been studied.13–15 Mishra et al.16 examined small-amplitude
ion-acoustic double layers in multicomponent plasma with
positrons.

Space observations in near-Earth environments have re-
vealed the presence of large-amplitude electrostatic struc-
tures, associated with high-frequency disturbances. Several
theoretical studies were initiated based on these observa-
tions. Sutradhar and Bujarbarua17 studied the ion acoustic
double layer in the presence of negative ions and showed
that the rarefactive double layers exist when the negative ion
concentration is less than a limiting value. The results of the
findings were found to be in agreement with the observations
in the Earth’s magnetosphere. Compressive and rarefactive
ion-acoustic double layers have been studied in multicompo-
nent plasmas using Sagdeev potential technique. Weak ion-
acoustic double layers are described by a modified
Korteweg–de Vries equation. Their relevance to auroral and
experimental plasmas has been discussed.18 Reddy et al.19

investigated ion-acoustic double layers in a multispecies au-
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roral beam plasma system. The findings of the model were in
good agreement with the observations of double layers by
S3-3 and Viking satellites. Compressive and rarefactive
electron-acoustic solitons and double layers in space plasmas
have also been studied.20,21 High temporal and spatial reso-
lution measurements by the Swedish satellite Viking have
shown the presence of double-layer structures in the auroral
regions of the magnetosphere.22 These structures are nega-
tively charged and have scale sizes of about 100 m. It has
been very well established by satellite observations that par-
allel electric fields of both upward and downward current
regions of the aurora are supported by strong double layers.
It has been shown by direct observations of the ionospheric
boundary of the auroral cavity region that a stationary, ob-
lique double layer carries a substantial fraction of the auroral
potential. Amplitude of oblique double layers greater than
100 mV /m has been found to occur on auroral cavity cross-
ings. Double layers have also been established inside of the
auroral cavity. The existence of these structures suggests a
possibility of a midcavity or high-altitude acceleration
mechanism.23

Double layers have also been examined in the laboratory
plasmas.24–29 Sekar and Saxena30 observed the weak ion-
acoustic double layers resembling an asymmetric ion hole in
a double plasma device. More recently,31 double layers have
been observed to propagate from the source region to the
diffusion chamber of a helicon-type reactor filled up with a
low-pressure mixture of Ar/SF6.

All the theoretical investigations discussed above have
been restricted to a stationary, steady-state solution. How-
ever, in real situations, these nonlinear structures are time-
dependent. To the authors’ knowledge, there has not been
any theoretical attempt to study the time-dependent double-
layer solutions. In this paper, we attempt to obtain a time-
dependent solution of ion-acoustic double layers in an un-
magnetized plasma. The model considered here is an
adaptation of that of Bharuthram and Shukla5 with cold ions
and two temperature electrons. The electrons are considered
to be Boltzmann distributed and the ions follow the usual
fluid dynamical equations. The paper is organized as follows.
In the next section, our theoretical model is presented. In
Sec. III, numerical results are discussed and conclusions
drawn.

II. THEORETICAL MODEL

We consider an unmagnetized plasma consisting of cold,
fluid ions �density n� and two species of electrons with den-
sities, nec, neh and temperatures Tc and Th, respectively. The
electrons are considered to be Boltzmann distributed and
ions follow the usual fluid dynamical equations. The com-
plete set of normalized equations can be written as follows.

Ions:
Continuity equation:

�n

�t
+ v

�n

�x
= − n

�v
�x

. �1�

Momentum equation:

�v
�t

+ v
�v
�x

= −
��

�x
. �2�

Electrons:

nec,h = Nc,he�c,h�. �3�

Poisson equation:

�2�

�x2 = Nce
�c� + Nhe�h� − n�x,t� , �4�

where �=e� /Tef, �c,h=Tef /Tc,h; Tef =N0TcTh / �N0cTh

+N0hTc�, N0=N0c+N0h, Nc,h=N0c,h /N0. In Eqs. �1�–�4�,
densities have been normalized by total equilibrium electron

density, N0, velocities by cef =�Tef /mi, distance by

�D=�Tef /4�N0e2, time is normalized with respect to the in-

verse of ion plasma frequency, 	pi
−1=�mi /4�N0e2, mi is the

ion mass, and e is the electronic charge. Subscript “0” refers
to equilibrium quantities.

To solve the time-dependent equations �1�–�4�, we use
the method of characteristics32 and rewrite these equations as

dt

ds
= 1, �5�

dx

ds
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+ v2�s��Nce
�c� + Nhe�h� − n�s�� .

�9�

In order to understand the correct physical behavior, we
solve the system of equations �5�–�9� numerically using the
following initial conditions:

t�0� = 0, x�0� = p, n�0� = 1, v�0� = 1, �10�

and assuming the initial solution of Eqs. �5�–�9� as

��0� = 1 + 0.01 tanh�p − 2x0�, ���0� = 0, �11�

where we have p� �0,20� and x0 is a shift that we choose as
x0=5. Because of the initial profile, the switching occurs at
x=2x0. For each p, we integrate the characteristic equations
for s=0 to sfinal, where sfinal is the final time. In this way, we
can follow each point in time and evaluate the system of Eqs.
�5�–�9�. It must be noted that the initial value of ��0� has
been deduced from a small-amplitude study in a stationary
frame.5 We would like to describe the method of character-
istics in brief for the better understanding of the results. It is
a technique that reduces a first-order partial differential equa-
tion or a hyperbolic partial differential equation to a system
of first-order ordinary differential equations which are much
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easier to integrate along an appropriate initial surface. In our
case, the appropriate initial surface is given by the boundary
conditions �11�. The interested reader may refer to
Garabedian32 for more details on method of characteristics.

III. RESULTS AND DISCUSSION

We numerically solve Eqs. �5�–�9� for the parameters
Nh=0.9, Nc=0.1. Figures 1�a�–1�c� show the time evolution
of ion velocity �v�, ion density �n�, and potential � versus x
for the above parameters and Tc /Th=0.1. It can be seen from

the figures that starting from an initial perturbation, the
double-layer structure grows stronger as time evolves. Nu-
merical computations show that the evolving structures are
quite stable.

Figures 2�a�–2�c� show the time evolution of the double
layers for the parameters of Fig. 1 but at Tc /Th=0.05. It is
obvious from the examination of the two figures that the
amplitude of the double layers increases with the decrease of
the cold to hot electron temperature ratio, i.e., Tc /Th. This
behavior is in agreement with the double-layer solutions ob-
tained in the stationary state condition for the same model by
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FIG. 1. �Color online� Time-dependent double-layer solution of Eqs. �5�–�9�
for Nh=0.9, Nc=0.1, Tc /Th=1 /10. �a�–�c� represent the velocity, density,
and potential vs x for different times as depicted on the curves.
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FIG. 2. �Color online� Time-dependent double-layer solution of Eqs. �5�–�9�
for Nh=0.9, Nc=0.1, Tc /Th=1 /20. �a�–�c� represent the velocity, density,
and potential vs x for different times as depicted on the curves.
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Bharuthram and Shukla.5 The figures show that the double-
layer structures grow quite rapidly in time, reaching a stable
structure in a period less than 	pi

−1. Moreover, for small Tc /Th

�cf. Fig. 2�, double layers form much faster in time compared
to Fig. 1.

Earlier theories developed for the double layers used the
stationary-state solutions, whereas we have obtained time-
dependent solutions. Though we have not applied our results
to explain any particular event or observation, it may be
recalled that satellite observations in space environment, e.g.,
in Earth’s magnetosphere, are made in space and time. Thus,
our results may be useful in understanding the observations
in these regions.

ACKNOWLEDGMENTS

S.V.S. acknowledges the support and hospitality pro-
vided at the Physics Department, University of the Western
Cape, Bellville, South Africa. E.M. acknowledges support
from the National Research Foundation, South Africa, under
Grant No. 2053745.

1T. Sato and H. Okuda, Phys. Rev. Lett. 44, 740 �1980�.
2H. Schamel, Phys. Scr. 20, 336 �1979�.
3H. Schamel, Phys. Scr., T T2/1, 228 �1982�.
4H. Schamel and S. Bujarbarua, Phys. Fluids 26, 190 �1983�.
5R. Bharuthram and P. K. Shukla, Phys. Fluids 29, 3214 �1986�.
6S. Baboolal, R. Bharuthram, and M. A. Hellberg, J. Plasma Phys. 40, 163
�1988�.

7S. Baboolal, R. Bharuthram, and M. A. Hellberg, Phys. Fluids B 2, 2259
�1990�.

8Y. Nejoh, Astrophys. Space Sci. 235, 245 �1996�.
9S. G. Tagare, Phys. Plasmas 7, 883 �2000�.

10M. K. Mishra, A. K. Arora, and R. S. Chhabra, Phys. Rev. E 66, 046402
�2002�.

11F. Verheest, T. Cattaert, M. A. Hellberg, and R. L. Mace, Phys. Plasmas
13, 042301 �2006�.

12J. Das, A. Bandyopadhyay, and K. P. Das, Phys. Plasmas 14, 092304
�2007�.

13A. Bandyopadhyay and K. P. Das, Phys. Scr. 61, 92 �2000�.
14A. Bandyopadhyay and K. P. Das, Phys. Scr. 63, 145 �2001�.
15J. Das, A. Bandyopadhyay, and K. P. Das, J. Plasma Phys. 74, 163 �2008�.
16M. K. Mishra, R. S. Tiwari, and S. K. Jain, Phys. Rev. E 76, 036401

�2007�.
17S. Sutradhar and S. Bujarbarua, J. Phys. Soc. Jpn. 56, 139 �1987�.
18F. Verheest, J. Plasma Phys. 42, 395 �1989�.
19R. V. Reddy, G. S. Lakhina, and F. Verheest, Planet. Space Sci. 40, 1055

�1992�.
20F. Verheest, T. Cattaert, and M. A. Hellberg, Space Sci. Rev. 121, 299

�2005�.
21T. Cattaert, F. Verheest, and M. A. Hellberg, Phys. Plasmas 12, 042901

�2005�.
22R. Bostrom, IEEE Trans. Plasma Sci. 20, 756 �1992�.
23R. E. Ergun, L. Andersson, D. Main, Y.-J. Su, D. L. Newman, M. V.

Goldman, C. W. Carlson, A. J. Hull, J. P. McFadden, and F. S. Mozer, J.
Geophys. Res. 109, A12220, DOI: 10.1029/2004JA010545 �2004�.

24B. H. Quon and A. Y. Wong, Phys. Rev. Lett. 37, 1393 �1976�.
25S. Torven, in Waves and Instabilities in Space Plasmas, edited by P. J.

Palmaelesso and K. Papadopoulos �Reidel, Dordrecht, Holland, 1979�,
p. 109.

26P. Coakley and N. Hershkowitz, Phys. Fluids 22, 1171 �1979�.
27S. K. Mattoo, Y. C. Saxena, and A. N. Sekar, Pramana 15, 525 �1980�.
28A. N. Sekar and Y. C. Saxena, Pramana 23, 351 �1984�.
29C. Chan, M. H. Cho, N. Hershkowitz, and T. Intrator, Phys. Rev. Lett. 52,

1782 �1984�.
30A. N. Sekar and Y. C. Saxena, Plasma Phys. Controlled Fusion 27, 181

�1985�.
31N. Plihon, C. S. Corr, P. Chabert, and J.-L. Raimbault, J. Appl. Phys. 98,

023306 �2005�.
32P. R. Garabedian, Partial Differential Equations �American Mathematical

Society/Chelsea Publication, Providence, RI, 1998�, pp. 18–23.

082304-4 Bharuthram et al. Phys. Plasmas 15, 082304 �2008�

Downloaded 20 Oct 2009 to 203.193.153.35. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

http://dx.doi.org/10.1103/PhysRevLett.44.740
http://dx.doi.org/10.1088/0031-8949/20/3-4/006
http://dx.doi.org/10.1063/1.864006
http://dx.doi.org/10.1063/1.865839
http://dx.doi.org/10.1063/1.859408
http://dx.doi.org/10.1007/BF00644444
http://dx.doi.org/10.1063/1.873885
http://dx.doi.org/10.1103/PhysRevE.66.046402
http://dx.doi.org/10.1063/1.2187448
http://dx.doi.org/10.1063/1.2772615
http://dx.doi.org/10.1238/Physica.Regular.061a00092
http://dx.doi.org/10.1238/Physica.Regular.063a00145
http://dx.doi.org/10.1017/S002237780700671X
http://dx.doi.org/10.1103/PhysRevE.76.036401
http://dx.doi.org/10.1143/JPSJ.56.139
http://dx.doi.org/10.1016/0032-0633(92)90034-L
http://dx.doi.org/10.1007/s11214-006-4148-7
http://dx.doi.org/10.1063/1.1868733
http://dx.doi.org/10.1109/27.199524
http://dx.doi.org/10.1029/2004JA010545
http://dx.doi.org/10.1029/2004JA010545
http://dx.doi.org/10.1103/PhysRevLett.37.1393
http://dx.doi.org/10.1063/1.862719
http://dx.doi.org/10.1007/BF02848324
http://dx.doi.org/10.1007/BF02846579
http://dx.doi.org/10.1103/PhysRevLett.52.1782
http://dx.doi.org/10.1088/0741-3335/27/2/007
http://dx.doi.org/10.1063/1.1947387

