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[1] The helicon modes are studied in Earth’s magnetotail using the Harris sheet as a
model of its equilibrium. The plasma sheet is divided into two regions: In region 1 both
the electrons and the ions are treated as magnetized, whereas in region 2 the electrons are
treated as magnetized but the ions are unmagnetized. The eigenmode equation for the
low-frequency, parallel propagating right-hand polarized modes is solved for the two
cases, namely, (1) the uniform regions and (2) the inhomogeneous case. The eigenvalues
and the eigenfunctions are obtained for the symmetric and antisymmmetric helicon modes.
The case of uniform regions predicts lower frequencies for both the symmetric and
antisymmetric modes than that of the inhomogeneous case. For typical plasma sheet
parameters, the wave frequencies are found to be in the range of �(1–50) mHz for the
symmetric modes, and �(5–100) mHz for the antisymmetric helicon modes. The
wavelengths (along x direction) associated with the helicon modes are in the range of
�(0.3–9) RE. The antisymmetric mode does not allow flux crossing across the neutral
sheet axis. The symmetric helicon mode does allow flux crossing leading to the change in
the magnetic topology, and thus, it must involve reconnection.

Citation: Lakhina, G. S., A. S. Sharma, and K. Papadopoulos (2009), Helicon waves in the magnetotail, J. Geophys. Res., 114,

A07203, doi:10.1029/2008JA013905.

1. Introduction

[2] There are several observational and theoretical studies
on the existence of low-frequency MHD waves in the ULF-
ELF frequency range in the magnetotail of the Earth’s
magnetosphere [Russell, 1972; Tsurutani et al., 1987;
Siscoe, 1969; McKenzie, 1970; Lee et al., 1988; Lakhina
et al., 1990; Verheest and Lakhina, 1991; Kalra and
Lakhina, 1993; Bauer et al., 1995; Fruit et al., 2002a,
2002b; Sharma et al., 2008]. Many mechanisms, including
those based on Kelvin-Helmholtz and ballooning mode
instabilities have been proposed for the excitation of the
low-frequency MHD waves. Such long-wavelength, low-
frequency waves can transport energy from one part of the
magnetosphere to another, and therefore their generation
and propagation in the magnetosphere are of practical
interest. For example, the thermal catastrophe model of
the substorm is essentially based on the resonance absorp-
tion of the Alfvén waves which are coming from the
magnetopause boundary into the plasma sheet region [Smith
et al., 1986; Harrold et al., 1990].
[3] Conventionally, the ULF waves have been studied

using the MHD approach which is usually sufficient in most
parts of the magnetotail as the wave phenomena involve
low frequencies (much smaller than the ion gyrofrequency,
Wi) and long wavelengths (as compared to ion gyroradius,
ri) [McKenzie, 1970; Kalra and Lakhina, 1993; Fruit et al.,

2002a, 2002b, 2004]. Recently, Louarn et al. [2004] have
shown that the magnetic field fluctuations of the plasma
sheet having periods �20 s observed by Cluster during and
just after the substorm onset are compatible with the MHD
eigenmodes of the sheet [Fruit et al., 2004]. However, close
to the neutral sheet (where the magnetic field can become
either zero or very small during the growth phase of the
substorm), the ion response becomes essentially unmagne-
tized and the MHD approach, which treats both the ions and
the electrons to be magnetized, breaks down completely.
Hence the nature of the wave mode is expected to change in
the neutral sheet region. Under the MHD approximation, the
low-frequency modes are of three types, namely, the shear
Alfvén modes and the slow and fast magnetosonic modes. If
one considers the waves propagating parallel to the mag-
netic field, B0, the dispersion relation for the right-hand
polarized waves, under the approximation w� Wi, gives the
Alfvén modes. In this case the ion Hall current completely
cancels the electron Hall currents, and the wave is main-
tained by the ion polarization current. However, when the
ions are unmagnetized, the electron Hall currents cannot be
neutralized by the ions (as they do not have any Hall
current), and one gets the Helicon wave [Aigrain, 1961;
Konstantinov and Perel, 1960; Papadopoulos et al., 1994;
Zhou et al., 1996]. Therefore, it is interesting to investigate
the propagation characteristic of Alfvén waves coming from
the magnetopause and crossing the neutral sheet.
[4] It has been pointed out that helicon waves may lead to

the fast current and flux penetration across the neutral sheet
[Papadopoulos et al., 1994]. Some other application of the
helicon waves could be the generation of field-aligned
currents and magnetic flux ropes. The field-aligned current
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is produced as a consequence of the closure of the helicon
waves current (which lies in the plane transverse to B0). The
large-amplitude helicon wavefields could give significant
twist in the original magnetic field, thus producing flux
ropes.
[5] Recently, Lakhina and Tsurutani [1997] and Lakhina

[2001] have studied the helicon mode instability driven by
an anisotropic, ionospheric-origin oxygen ion beam in the
plasma sheet region. In their model, the presence of oxygen
ions in the plasma sheet region results in only partial
cancellation of the electron Hall current, thus leading to
the occurrence of helicon modes rather than the Alfvén
modes. The helicon modes can be easily excited when the
long-wavelength firehose modes are stable. The helicon
modes are likely to attain saturation as the typical e-folding
time of the instability is about a few minutes in the near-
Earth plasma sheet region. Therefore, the instability could
significantly affect substorm dynamics and lead to enhanced
ionosphere-magnetosphere coupling. Low-frequency turbu-
lence produced by these modes could scatter electrons
trapped in the inner central plasma sheer region and help
excite the ion tearing modes, leading to substorm onset. As
a result, the oxygen ions would be injected into the Earth’s
nightside magnetosphere. Repeated injections by this pro-
cess would lead to enhanced oxygen ion fluxes in the storm-
time ring current [Lakhina, 2001].
[6] In section 2 we describe the model, derive the wave

equation, and discuss its solution for the symmetric and
antisymmetric helicon modes. Section 3 deals with the
application to the magnetotail, and section 4 gives the
conclusions.

2. Magnetotail Model

[7] We consider a one-dimensional Harris sheet model for
the magnetotail with the magnetic field B = B0 tanh (z/L)x,
where L is the half thickness of the plasma sheet (see Figure 1).
We divide the magnetotail in two regions. Region 1 (or the
outer region) extends from jzj � di, and region 2 (i.e., the
inner region centered around z = 0) with jzj � di, where dj =
(rjL/2)

1/2, with rj = Vtj/W0j, Vtj = (2Tj/mj)
1/2, and W0j =

(eB0/mjc) as the gyrofrequency of the charged particle with
respect to the asymptotic magnetic field value (i.e., the lobe
field). Here the subscripts are as follows: j = e, electrons; j = i,
ions. The magnetopause position is taken as z = ±l.
[8] Our choice of partitioning the magnetotail into two

regions is based on the properties of the particle orbits in the
Harris-sheet-like configurations as discussed byDobrowolny
[1968] while studying the tearing instability of a neutral
sheet. It is found that in the region dj < jzj < jlj (i.e., region
1 here) the particles execute Larmor radius orbits around the
magnetic field lines and they do not cross the neutral plane
z = 0 (i.e., noncrossing particles). In the region jzj < dj
(i.e., region 2 here) the particles move freely and are
reflected from the magnetic mirrors at the points z = ±dj.
These particles have straight line orbits and they cross the
z = 0 plane during their motion (i.e., crossing particles)
[Dobrowolny, 1968].
[9] Consequently, for our case, region 1 is an adiabatic

region where both the electrons and the ions are fully
magnetized. In region 2, which corresponds to jzj < di, the
ions are essentially unmagnetized (i.e., they have straight
line orbits crossing the null plane (z = 0)) but the electrons
are treated as magnetized. In fact, for the Harris sheet
model, in a very thin region, z < de centered at z = 0, even
the electron motion would become unmagnetized for any
nonzero wave frequency, w, unless a finite Bz or By

component is present. However, for simplicity, we do not
consider this thin electron diffusion region. This is the usual
equilibrium while studying the tearing modes in the mag-
netotail [Zelenyi and Kuznetsova, 1984; Lakhina and
Schindler, 1988; Lakhina, 1992]. We use two-fluid equa-
tions to describe the dynamics of the charged particles in the
magnetotail. We consider the perturbations to be of the
general form g = g(z) exp[ikx � iwt]. From the linearized
equations of motion and continuity of electrons and ions,
along with Maxwell’s equations, the wave equation for the
right-hand polarized modes can be derived as

d2

dz2
� k2 þ w2

c2

� �
E ¼

w2
pe wE

c2ðw� WeÞ
þ

w2
pi wE

c2ðwþ WiÞ
; ð1Þ

Figure 1. Schematic diagram for the Earth’s magnetotail. The plasma sheet extends from z = �L to z =
+L. The portion enclosed by the dashed lines is region 2, and it extends from z = �di to z = +di. The rest
of the plasma sheet is denoted by region 1. In region 1, both the electrons and the ions are magnetized,
whereas in region 2 either both are unmagnetized (i.e., two uniform region case) or only the electrons are
magnetized but ions are unmagnetized (i.e., inhomogeneous case). The magnetopause boundary will be at
z = ±l (not shown here).
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where wpj = (4pn0(z)e
2/mj)

1/2, and Wj = (eB(z)/mjc) are the
local plasma frequency and the gyrofrequency of the jth
species, respectively, and E = (Ey � iEz) is the electric field
of the right-hand polarized wave. We shall consider the low-
frequency waves which satisfy w2 � W0i

2 such that
throughout in region 1, w2 � Wi

2, but in region 2, Wi
2 �

w2 � We
2. Under the above scaling, the equation for E in

region 1 is

d2 E1

dZ2
� b2 � a2

nðZÞ
n0

B2
0

B2ðZÞ

� �
E1 ¼ 0; ð2Þ

and in region 2 it is

d2 E2

dZ2
� b2 � Ra

nðZÞB0

n0 BðzÞ

� �
E2 ¼ 0; ð3Þ

whereZ= z/L,b= kL,a= (wL/VA),R=L/di, where di= c/wpi(0)
wpi(0) is the ion skin depth, and VA = (B0

2/4pn0mi)
1/2 is the

constant Alfvén velocity defined with respect to the
asymptotic magnetic field and the number density at
the neutral axis. Before considering the Harris sheet model,
we consider a much simpler case where both regions 1 and
2 are treated as homogeneous but with different values of
the magnetic fields and plasma densities. This approach is
simple and amenable to complete analytical solution, thus
providing a better insight of the physical mechanisms
involved. This methodology has been used in several papers
dealing with the excitation of low-frequency electromag-
netic modes in the magnetotail [e.g., Siscoe, 1969;
McKenzie, 1970; Lee et al., 1988; Kalra and Lakhina,
1994].

2.1. Case of Uniform Regions

[10] We consider all the equilibrium quantities in regions 1
and 2 as uniform and denoted by the subscripts 1 and 2,
respectively. In this case the coefficients of the differential
equations (2) and (3) are constants, and the solutions for E
can be written as

E1 ¼ C1 exp½�K1Z� þ C2 exp½K1Z�; ð4Þ

E2 ¼ g1 exp½�K2Z� þ g2 exp½K2Z�; ð5Þ

where K1 = (b2 � f1a
2)1/2, and K2 = (b2 � f2aR)

1/2 with f1 =
n1/n2 and f2 = B1/B2. Here n1 (n2) and B1 (B2) are the
number density and the magnetic field in region 1 (region
2), respectively. We shall use the following boundary
conditions:

Z ¼ �l : E1ðZ ¼ �lÞ ¼ C0; E0
1ðZ ¼ �lÞ ¼ 0; ð6Þ

Z ¼ 0 : E2ðZ ¼ 0Þ ¼ g0; E0
2ðZ ¼ 0Þ ¼ 0;

ðsymmetric modeÞ; ð7Þ

and

Z ¼ 0 : E2ðZ ¼ 0Þ ¼ 0; E0
2ðZ ¼ 0Þ ¼ g0;

ðantisymmetric modeÞ: ð8Þ

Then, using the boundary conditions (6) and (7), the
solutions for E1 and E2 for the symmetric case can be
written as

E1 ¼ C0½exp½K1ð�l� ZÞ� þ exp½�K1ð�l� ZÞ��=2; ð9Þ

E2 ¼ g0½exp½�K2 Z� þ exp½K2 Z��=2; ð10Þ

Matching the above two solutions at Z = �di yields the
dispersion relation for the symmetric mode,

K1 tanh½K1ð�di � �lÞ� ¼ K2 tanh½K2
�di�; ð11Þ

and determines C0 in terms of g0 (or vise versa), thus
completely specifying the behavior of E in the entire region
with

C0 ¼
cosh½K2

�di�
cosh½K1ð�di � �lÞ�

g0 ð12Þ

We have checked and solved the dispersion relation using
Mathematica, and the numerical results are shown in
Figures 2a and 2b for fixed values of f1 and f2 and for
some values of the parameter R. Figure 2a is for �l = 1, and
Figure 2b is for �l = 2. One can clearly see from Figure 2
that the dispersion relation departs considerably from that of
the local Alfvén mode dispersion relation in region 1, given
by wA = kVA, with magnetic field B1 and number density N2

(cf. long dashed curve at the top) for all values of R. The
dashed curves are for the local helicon wave dispersion
relation in region 2, given by wH = (k2c2/f2wpe(0)

2)W0e, for
different values of R. For a given R, the computed wave
frequencies are higher than the helicon wave frequency at a
given k. Figure 3 shows the structure of the normalized
eigenfunction E(z) = E/g0 for the mode. The wave functions
E[z] shown in Figures 3a and 3b correspond to the case of �l
= 1 and 2, respectively. We note that E(z) (which is more or
less insensitive to the variation of R from 1 to 50) increases
smoothly as the neutral sheet is approached and it peaks at z
= 0. The shape of E(z) curves remains nearly the same for
both the cases of �l = 1 and 2.
[11] From (5) and (8), the solutions for E2 for the

antisymmetric mode can be written as

E2 ¼
g0½� exp½�K2 Z� þ exp½K2 Z��

2K2

; ð13Þ

Matching E1 solution given by (9) and the solution for E2

given by (13) at Z = �di yields the dispersion relation for the
antisymmetric mode,

K1 tanh½K1ð�di � �lÞ� ¼ K2 coth½K2
�di�; ð14Þ
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and determines C0 in terms of g0 (or vise versa) as before,

C0 ¼
sinh½K2

�di�
K2 cosh½K1ð�di � �lÞ�

g0 ð15Þ

Figure 4a (for �l = 1) and Figure 4b (for �l = 2) show the
dispersion relation for the antisymmetric mode for various
values of R. The characteristics of the dispersion curves do
not change significantly when �l changes from 1 to 2 as seen
from Figures 4a and 4b. It is clear from Figures 4a–4b that
the eigenfrequencies for the antisymmetric mode are of the
same order or higher than that given by the local dispersion
relation for the Alfvén mode (cf. long dashed curve), but
these are much higher that those of local helicon waves in
region 2 (dashed curves). Figure 5 shows the normalized
eigenfunction E(z) = E/g0 for the mode. Figures 5a and 5b
show the wave function E(z) for �l = 1 and 2, respectively.
We note that E(z) curves for R = 10 and 30 peak in a region
away from the neutral sheet for both the cases of �l = 1 and
2. Further, E(z) values for R = 10 and 30 are indistinguish-
able from each other. However, the shape of E(z) for R = 1
is different for different �l; whereas E(z) decreases
continuously as Z decreases for �l = 1 (Figure 5a), it peaks
in a region away from z = 0 for the case of �l = 2 (Figure 5b).

2.2. Inhomogeneous Case

[12] We shall consider the Harris sheet model where the
magnetic field and the number density vary as B = B0 tanh
(z/L) x, and n(z) = n0/cosh

2 (z/L), respectively (cf. Figure 1).
For this case, (2) and (3) become

d2 E1

dZ2
� b2 � a2

sinh2 Z

� �
E1 ¼ 0; ð16Þ

and

d2 E2

dZ2
� b2 � Ra

cosh2 Z tanh Z

� �
E2 ¼ 0; ð17Þ

On using the transformation x = tanh Z, (16) and (17) can be
put in the form

x2
d2 Es

dx2
þ asðxÞ � x

d Es

dx
þ bsðxÞEs ¼ 0; ð18Þ

where the subscript s = 1 or 2 for region 1 or 2, respectively,
and the coefficients as(x) and bs(x) are given by

Figure 2. Variation of a = (w L/VA) versus b = kL for the
symmetric mode in two uniform region case with f1 = n1/n2 =
0.1, f2 = B1/B2 = 50, and �di = 0.1, and for R = L/di = 1, 10,
and 30 for the solid curves 1, 2, and 3, respectively. The
long-dashed curve is for the local Alfvén mode dispersion
relation in region 1 but with density n0, and the dashed
curves 1, 2, and 3 are for the local helicon mode dispersion
relation, wH, in region 2 for R = 1, 10, and 30, respectively.
The dispersion relation for (a) �l = 1 and (b) �l = 2 is shown.
The frequencies lie between the Alfvén wave, wA, and
helicon wave, wH, frequencies.

Figure 3. Variation of the normalized eigenfunction E[z] =
E/g0 (here g0 is taken as 1) versus normalized distance from
the neutral sheet axis Z = z/L for the symmetric mode for
b = 1, and for the same parameters as in Figure 2; (a) �l = 1
and (b) �l = 2, and curves 1, 2, and 3 are for R = 1, 10 and
30, respectively. Note that E[z] does not change appreciably
when R is varied from 1 to 30 as the curves for R = 1, 10,
and 30 get merged into a single solid curve.
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a1ðxÞ ¼ a2ðxÞ ¼ � 2x2

ð1� x2Þ �
X1
k¼0

ak x
k ; ð19Þ

b1ðxÞ ¼ � b2x2

ð1� x2Þ2
� a2

ð1� x2Þ

" #
�

X1
k¼0

bk x
k ; ð20Þ

and

b2ðxÞ ¼ � b2x2

ð1� x2Þ2
� R a x

ð1� x2Þ

" #
�

X1
k¼0

mk x
k : ð21Þ

Equation (18) can be solved for Es in both regions 1 and 2
by using the standard method of dealing with regular
singular points. Accordingly, we write the solution, say E1

in region 1 as

f ¼ xr
X1
k¼0

ck x
k ; ð22Þ

and substitute f in (18) and using (19) and (20), and
equating coefficients of various xk terms to zero, we can find
cks. Putting the coefficients of the k = 0 exponent term
yields the indicial polynomial q given by

qðrÞ ¼ rðr � 1Þ þ a0r þ b0 ¼ rðr � 1Þ þ a2; ð23Þ

whose two roots, r1, r2:

r1 ¼ ½1þ ð1� 4a2Þ1=2�=2; r2 ¼ ½1� ð1� 4a2Þ1=2�=2; ð24Þ

are distinct and whose difference is not an integer number.
The k = 1 exponent term demands c1 = 0, and it turns out
that all odd ck are zero. The even ck are obtained from the
relation

ckðrÞ ¼ �
Pk�1

j¼0 ½ðjþ rÞak�j þ bk�j�cjðrÞ
qðr þ kÞ ; ðk ¼ 2; 4; 6; � � �Þ:

ð25Þ

Taking c0 = 1, one can easily construct the series solution
for f. Therefore, the solution for E1 in region 1 can be

Figure 4. Variation of a = (w L/VA) versus b = kL for the
antisymmetric mode in two uniform region case. All the
parameters are the same as in Figure 2. Dispersion relation
for (a) �l = 1 and (b) �l = 2, and for R = 1, 10, and 30. As in
Figure 2, dispersion relation for the Alfvén wave, wA (the
long-dashed curve) and for the helicon mode wH, (dashed
curves) are also shown. For a given value of R, the
frequencies are larger than the corresponding helicon mode
frequencies in region 2.

Figure 5. Variation of the normalized eigenfunction E[z] =
E/g0 (here g0 is taken as 1) versus normalized distance from
the neutral sheet axis Z = z/L for the antisymmetric mode for
b = 1, and for the same parameters as in Figure 4. E[z] for
(a) �l = 1 and (b) �l = 2, and curves 1, 2, and 3 are for R = 1,
10, and 30, respectively. The E[z] does not change
appreciably when R is changed from 10 to 30.
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written as

E1 ¼ D1 fðx; r1Þ þ D2 fðx; r2Þ; ð26Þ

where

fðx; rÞ ¼ xr
X1
k¼0

ckx
k

¼ xr 1þ 2r þ b2 � a2

qðr þ 2Þ x2 þ 2r þ 2b2 � a2

qðr þ 4Þ

	�

þ ð2r þ b2 � a2Þð2ð2þ rÞ þ b2 � a2Þ
qðr þ 2Þqðr þ 4Þ x4 þ Oðx6Þ � � �


�
:

ð27Þ

Similarly, the solution for E2 in region 2 can be written as

y ¼ xr
X1
k¼0

dk x
k ; ð28Þ

and the indicial polynomial p is found to be

pðrÞ ¼ rðr� 1Þ; ð29Þ

whose two roots are r1 = 1 and r2 = 0. The solution y1,
corresponding to the root r1, is found by the same method
as described above for f, and the various coefficients dk can
be found by the relation

dkðrÞ ¼ �
Pk�1

j¼0 ½ðjþ rÞak�j þ mk�j�djðrÞ
pðrþ kÞ ; ðk ¼ 1; 2; 3; � � �Þ:

ð30Þ

Then, we can write y1 as (with d0 = 1),

y1ðxÞ ¼ x 1� R a

pðr1 þ 1Þ x
�

þ 2r1 þ b2

pðr1 þ 2Þ þ
Ra

pðr1 þ 1Þpðr1 þ 2Þ

	 

x2 þ � � �

�
: ð31Þ

Since r1 � r2 = l integer, the second solution y2

corresponding to the root r2 is given by

y2ðxÞ ¼
X1
k¼0

d0kðr2Þxk þ d log xy1ðxÞ; ð32Þ

where

d0kðr2Þ ¼ lim
r!r2

@

@r
dkðrÞ; ð33Þ

with d0(r) = (r � r2) and d00(r2) = 1, and d is a constant
which may or may not be zero. Then the solution for E2 in
region 2 can be written as

E2ðxÞ ¼ G1 ½1þ d G2 log x� x 1� Ra

pðr1 þ 1Þ x
�

þ 2r1 þ b2

pðr1 þ 2Þ þ
Ra

pðr1 þ 1Þpðr1 þ 2Þ

	 

x2 þ � � �

�

þ G2

X1
k¼0

d0kðr2Þxk : ð34Þ

We shall use the following boundary conditions:

Z ¼ �l : E1ðZ ¼ �lÞ ¼ 1; E0
1ðZ ¼ �lÞ ¼ 0; ð35Þ

Z ¼ 0 : E2ðZ ¼ 0Þ ¼ 1; ðsymmetric modeÞ; ð36Þ

and

Z ¼ 0 : E2ðZ ¼ 0Þ ¼ 0; ðantisymmetric modeÞ; ð37Þ

along with the matching conditions at Z = �di:

E1ðZ ¼ �diÞ ¼ E2ðZ ¼ �diÞ; E0
1ðZ ¼ �diÞ ¼ E0

2ðZ ¼ �diÞ: ð38Þ

On using the boundary conditions (35)–(36) and the
matching conditions (38), we get from (26) and (34) the
following complicated dispersion relation for the symmetric
mode,

½f0ðtanh �l; r2Þf0ðtanh �di; r1Þ � f0ðtanh �l; r1Þf0ðtanh �di; r2Þ�
� y1ðtanh �diÞ ¼ ½f0ðtanh �l; r2Þfðtanh �di; r1Þ � f0ðtanh �l; r1Þ
� fðtanh �di; r2Þ�y0

1ðtanh �diÞ þ ½y1ðtanh �diÞy0
2ðtanh �diÞ

� y0
1ðtanh �diÞy2ðtanh �diÞ� � ½fðtanh �l; r1Þf0ðtanh �l; r2Þ

� f0ðtanh �l; r1Þfðtanh �l; r2Þ� ð39Þ

Some numerical solutions of equation (39) are shown in
Figure 6 for different values of R. Figure 6 shows that the
dispersion relation starts departing from the local dispersion

Figure 6. Variation of a = (w L/VA) versus b = kL for the
symmetric mode of inhomogeneous case (Harris sheet
model) with �di = 0.1, �l = 1, and for R = 1, 10, 50, and 100
for the solid curves 1, 2, 3, and 4, respectively. The long-
dashed curve is for the local dispersion relation for the
Alfvén mode, wA, in region 1 with number density n0, and
the dash-dot-dash curve 3 is for the local dispersion relation
for the helicon mode, wH, in region 2 for R = 50.
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relation for the Alfvén wave in region 1 (cf. dashed curve)
as well as from the local dispersion relation for the helicon
waves in region 2 (dash-dot-dash curve) as R is increased.
Figure 7 shows the variations of the normalized wave
function E(z) versus z for some values of the parameter R.
[13] Similarly, when the boundary conditions (35) and

(37) and the matching conditions (38) are used on (26) and
(34), the dispersion relation for the antisymmetric mode can
be written as

½f0ðtanh �l; r2Þf0ðtanh �di; r1Þ � f0ðtanh �l; r1Þf0ðtanh �di; r2Þ�
� y1ðtanh �diÞ ¼ ½f0ðtanh �l; r2Þfðtanh �di; r1Þ � f0ðtanh �l; r1Þ
� fðtanh �di; r2Þ�y0

1ðtanh �diÞ ð40Þ

Figure 8 shows the dispersion relation for the antisymmetric
mode obtained numerically from (40). Once again the
eigenvalues are higher than those of the symmetric mode.
For larger values of R the dispersion relation behaves
differently from that of the local Alfvén modes in region 1
as well as helicon modes in region 2 (dash-dot-dash curve
shown for R = 50). The behavior of the wave function E(z)
is shown in Figure 9.

3. Application to Magnetotail

[14] For the magnetotail, we take the typical values as B0

’ 25–40 nT and n0 ’ 0.1–1.0 cm�3. Then we get the
values of the parameter R ’ 1–30 for plasma sheet half-
thickness L ’ 0.16–1.0 RE. If we identify region 2 with the
inner central plasma sheet (ICPS) region and the rest of the
plasma sheet/lobes as region 1, then we can apply the results
of two uniform region case (cf. section 2.1) to this idealized
situation.
[15] The assumptions made in the above analysis demand

that

Wi2 < w < Wi1 ð41Þ

For the two region case, this means that we have to satisfy
the inequalities 1/f2 < a/R < 1 simultaneously. For the
parameters of Figures 2–5, we have taken f2 = 50, which for
B0 = 25 nT (i.e., Wi1 = 2.5 rad s�1), yields B2 = 0.5 nT or
Wi2 = 0.05 rad s�1.
[16] We can see from Figure 2 that the symmetric mode

can satisfy the inequalities 1/f2 < a/R < 1 simultaneously for
R = 1 for kL = (0.3–1.0)(cf. solid curves 1), but not for R =
10 and 20 (solid curves 2 and 3). This implies that the
symmetric mode can exist for R = 1–5 for the parameters of
Figure 2. Similarly, we can see from Figure 4 that the
antisymmetric mode can satisfy the inequalities 1/f2 < a/R <
1 simultaneously for R = 10 and kL = (0.1–1.0) (cf. solid
curves 2), but not for R = 1 and 30 (cf. solid curves 1 and 3).
Thus the antisymmetric mode can exist for R ’ 8–12 for
the parameters of Figure 4.
[17] We shall consider the case of plasma sheet half-

thickness L = 1000 km which corresponds to the growth
phase of substorms. On taking n0 = 0.5 cm�3 as a typical
value for the plasma sheet density, we get VA � 800 km s�1.
Then, the typical frequencies of the symmetric helicon
modes are fs � (1–15) mHz with wavelengths (along x
direction) in the range of �(0.9–3) RE. The antisymmetric
helicon modes will have frequencies fas � (5–80) mHz and
the wavelengths (along x direction) of �(0.9–9) RE.
[18] For the application of our results for the inhomoge-

neous case, we note that the magnetic field in region 2 can
approximately be written as Bi2 � B0

�di. Then the inequality
(41) can be expressed in the form

�di < a=R < 1 ð42Þ

In Figures 6–9, we have taken �di = 0.1. Then, we find from
Figure 6 that in the range 1 < kL < 3, the symmetric mode
satisfies both the inequalities (42) for R = 1 (cf. solid curve
1), but not for R = 10, 50, and 100 (cf. solid curves 2, 3, and
4). It appears that the symmetric modes could probably exist

Figure 7. Variation of the eigenfunction E[z] versus normalized distance from the neutral sheet axis Z =
z/L for the symmetric mode for b = 1, and for R = 10, 50, and 100 for curves 1, 2, and 3, respectively. The
rest of the parameters are the same as in Figure 6.
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for R = 1–3. Similarly, from Figure 8, we find that the
antisymmetric modes satisfy the above inequalities for R = 1
for 0.1 < kL < 3 (cf. solid curve 1), but not for R = 10, 50,
and 100 (cf. curves 2, 3, and 4). The antisymmetric modes
can exist in the magnetotail for R = 1–5. The reduction of �di
will further increase the regime of R for both these modes.
[19] Let us also consider VA � 800 km s�1 for the

inhomogeneous case. Then the typical frequencies of the
symmetric helicon modes are fs � (20–50) mHz with
wavelengths in the x direction of �(0.3–0.9) RE. The
typical frequencies of the antisymmetric helicon modes
are fas � (50–100) mHz. These modes would have wave-
lengths (along x direction) in the range of �(0.3–9) RE.
[20] From the above discussion it is clear that both the

symmetric and antisymmetric modes can exist in the mag-
netotail. So far, we have discussed the characteristics of the
modes in terms of the helicon wave electric field. We can
express the helicon wave electric field component in terms
of the magnetic field components by using the Faraday law.
This gives the helicon wave magnetic field B = (Bz + iBy) =
(ck/w)(Ey � iEz) = (ck/w)E. Therefore, the characteristics of
the eigenfunction of the helicon wave magnetic field will be
qualitatively similar to that of helicon wave electric field
eigenfunction shown in Figures 2–9. Further, from the
boundary conditions for the symmetric modes at z = 0,
we note that B(Z = 0) 6¼ 0 and B0(z = 0) = 0. Therefore, this
mode allows the magnetic flux to cross the neutral axis (cf.
Figures 3 and 7). On the other hand, for the antisymmetric
helicon mode, the boundary conditions at z = 0 imply that
B(Z = 0) = 0 and B0(z = 0) 6¼ 0. Hence, there is a surface
current at the neutral axis (because B0(z = 0) 6¼ 0) but no
magnetic flux crossing the neutral axis (i.e., B(Z = 0) = 0),
cf. Figures 5 and 9). Since the symmetric mode requires a

change of magnetic topology, it must involve reconnection.
Hence the flux transport across the neutral axis could be
achieved by the symmetric mode without specifically ex-
citing the tearing mode instability [Papadopoulos et al.,
1994].
[21] It is interesting to note that the importance of Hall

currents in the collisionless magnetic reconnection, first
pointed out by Sonnerup [1979], has been realized with
the observations of quadrupolar out-of-plane hall magnetic
field signature in the reconnection diffusion region, both in
the magnetotail and at the magnetopause, by Wind, Geotail,
Polar, and Cluster spacecraft [Oieroset et al., 2001; Nagai et
al., 2001; Mozer et al., 2002; Runov et al., 2003]. This has

Figure 8. Variation of a = (w L/VA) versus b = kL for the antisymmetric mode of inhomogeneous case
(Harris sheet model) for R = 1, 10, 50, and 100 for the solid curves 1, 2, 3, and 4, respectively. The long-
dashed curve is for the local dispersion relation for the Alfvén mode, wA, in region 1 with number density
n0, and the dash-dot-dash curve 3 is for the local dispersion relation for the helicon mode, wH, in region 2
for R = 50. The rest of the parameters are the same as in Figure 6.

Figure 9. Variation of the eigenfunction E[z] versus
normalized distance from the neutral sheet axis Z = z/L
for the antisymmetric mode for b = 1, and for R = 10, 50,
and 100 for curves 1, 2 and 3, respectively. The rest of the
parameters are the same as in Figure 6.
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generated a lot of interest in the role of Hall current on the
magnetic reconnection process, both in the theory and
simulations [Shay et al., 1998; Morales et al., 2005;
Treumann et al., 2006]. Since the helicon modes are the
natural modes in the plasma supported by the Hall current,
they are directly relevant to the magnetic reconnection
process.

4. Conclusions

[22] We have studied the helicon modes in the magneto-
tail for the Harris sheet equilibrium. The plasma sheet is
divided into two regions: the outer region (region 1) where
both the electrons and the ions are magnetized and the inner
region (region 2) where the electrons are treated as magne-
tized but the ions are unmagnetized. We solve the wave
equation for the two cases, namely, (1) where both the
regions are treated as uniform but with different plasma
parameters and (2) the inhomogeneous case. The wave
equation is solved for the symmetric and antisymmetric
helicon modes. The antisymmetric mode can exist in a
wider range of the parameters than the symmetric helicon
mode. Further, the antisymmetric mode does not allow any
flux crossing across the neutral sheet axis. On the other
hand, the symmetric helicon mode does allow the flux
crossing, and thus it must involve reconnection.
[23] The helicon modes are localized global modes prop-

agating mainly along the x axis inside the magnetotail and
evanescent beyond the magnetopause. These waves could
be excited by two mechanisms. The first is the magneto-
pause boundary perturbations due to the solar wind as
suggested by earlier studies [Siscoe, 1969; Zelenyi and
Kuznetsova, 1984]. In this case, the boundary conditions
given by equation (6) simulate the magnetopause perturba-
tions. The second is the current sheet where magnetic field
energy is readily converted into plasma energy and can
result from instabilities of the plasma.

[24] It is found that the case of uniform regions predicts
lower frequencies for both the symmetric and antisymmetric
modes than that of the inhomogeneous case. For the typical
plasma sheet parameters discussed here, the symmetric
helicon modes have frequencies in the range of �(1–50)
mHz and the antisymmetric helicon modes have frequencies
�(5–100) mHz. The wavelengths (along x direction) asso-
ciated with the symmetric and antisymmetric helicon modes
are in the range of �(0.3–3) RE and (0.3–9) RE, respec-
tively. However, depending upon the actual parameters for a
given event, the frequency and wavelength ranges could be
shorter or broader than the above values. Typically, the
wave frequencies would be lower and the wavelengths
longer in thicker plasma sheets. Thus, the helicon modes
are relevant for the understanding of some of the ULF noise
and large magnetic field fluctuations observed near the
neutral sheet region at substorm onset [Russell, 1972; Lui
et al., 1992; Bauer et al., 1995]. Further, the fluctuating Bz

component associated with the helicon modes could result
in the modulation of the normal component of the back-
ground magnetic field. This could provide the electron
scattering required for exciting ion tearing mode instability
in the magnetotail. This would in turn may trigger large-
scale processes at the inner central plasma sheet such as
magnetic reconnection and formation of the near-Earth
neutral line which is essential for the near-Earth neutral
line model of the substorm.
[25] It is worth pointing out that although the treatment

given here considers the linear modes, the dispersion
relation (1) remains valid even for any arbitrary finite-
amplitude right-hand circularly polarized waves as long as
the wave propagation is parallel to B0. Therefore our results
are expected to remain valid for finite-amplitude waves
also.
[26] The symmetric mode, shown in Figure 3, corre-

sponds to a flux rope, and a schematic diagram is shown
in Figure 10. The flux rope [Slavin et al., 2003; Shen et al.,

Figure 10. The flux rope structure corresponding to the symmetric helicon mode. The field is maximum
on the axis of the rope and decreases radially.
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2007] considers a perturbation in the x-y plane with the
variation in amplitude in the z direction as in Figure 3, viz.
the amplitude has a peak on the axis and decreases with the
radial distance. With a perturbation with the same charac-
teristic length in the x and y directions the axis of the rope is
oriented as shown in Figure 10. The antisymmetric mode
would manifest as twisted flux tubes with embedded strong
current sheet.
[27] Furthermore, considering the Harris sheet equilibrium

for the geomagnetic tail is an idealization of the real situation.
In practice, a finite B0z magnetic field component normal to
the current sheet is present, especially for the case of thick
(L � ri) current sheets. However, when the magnetotail is
stretched and the plasma sheet becomes thin, the equilibrium
B0z can become quite small. The neglect of equilibrium B0z

is justified as long as the condition ri/L � (B0z
2 /2B0

2) is
satisfied. Therefore, the model discussed here is expected to
be valid for the thin current sheet conditions.
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