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Eigen modes of a hot plasma discontinuity in magnetosphere*
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It is shown that the surface with finite width between two regions of a plasma medium having dif
ferent Alfven velocity can sustain a discrete set of hydromagnetic waves. One set of eigen values de
pends upon f3 (ratio of the kinetic pressure to the magnetic pressure) value of the "surface" region
and is weakly dispersive. The other set is similar to the familiar fast mode and is controlled by the
width of the hot surface. The latter mode, therefore, has a much higher frequency than the weakly
dispersive mode. '

spectively. The width of the layer is a. The unper
turbed magnetic field B in all the three regions
are along the Z direction.

Let us consider a perturbation of the form
exp{ -i(xkx + zkz - wt)l with parallel wave vector
kz, the azimuthal wave vector kx and the Wave
frequency w respectively. The amplitudes of the
perturbations of various plasma quantities are
functions of y. Since the total pressure (B2 + yPo),
where Po is the thermal pressure, must be conti
nuous across the boundaries normal to the field
line, we must have

sd

... (1)

Region mRegion II
Non-zero .J3

Region I

B]2 = B1(1 + (3) = B}

where {3 = y PO/B22

1 Introduction
It is already known that a sharp discontinuity in

a plasma is capable of exciting and maintaining a
host of hydromagnetic wavesl-4 with a spectrum
basically controlled by the degree of sharpness of
the discontinuity. With respect to the plasmapause
in the magnetosphere such surface waves have
been shown by Chen and Hasegawa3 to be the
sources of the PC-5 micropulsations. Similar
problem was also dealt with by UberoP to explain
the observed compressional waves excited by an
ideal surface between two cold plasmas with a
sharp change in the plasma density. Although
Chen and Hasegawa3 treated the surface between
the two regions of plasma densities to have finite
width, their restriction to the high kx (azimuthal
wave vector) reduced the problem to that of the
cold surface.

In this paper we shall consider all the possible
kx values with respect to a region with finite {3

(ratio of the kinetic pressure to the magnetic pres
sure) and with finite width between two cold plas
ma regions with Alfven velocities VAI and VA3 re
spectively. The purpose is to investigate the possi
ble eigen modes supported by such a system.

2 Wave equation
Here we consider a model as described in

Fig. 1, where medium II with Alfven Velocity VA
and finite f3 is bounded on both sides by media I
and III with Alfven velocities VAI and VA3 re-

Y=O y=o
*This paper was presented at the National Space Science
Symposium held during 11-14 March 1992 at Physical Re- Fig. I-Model of a hot surface layer of thickness a between
search Laboratory, Ahmedabad 380 009. two cold media.

'III 'ii' I,'il



MANASHI ROY: EIGEN MODES OF A HOT PLASMA DISCONTINUITY IN MAGNETOSPHERE 363

In our model, e's are separately constant in the
three regions. Therefore, we can write the solu
tions of (2) in these regions as

... (4c)

.. , (4b)

5 =1jJ-1.~
1.3 ({3+1) 1jJ),3-1

Eqs (4a) and (4b) will define the necessary eigen
modes.

where

3 Search for the eigen modes
One set of possible solution is achieved by the

condition (51 + 53) = 0 and 2A.a= 2n.7l', n being
an integer.

For the lowest mode,

kb
A. = -, kb = 2 n/a ... (5)

2

For this value of J., cos 2 A. a = 1.

From Eqs (3b) and (5), one gets for the eigen
modes

where

- k; ({3+ 1) [1 ± [1 - (P +4~, k,'r]...(60)

1jJ± -. '"

... (2)

... (2a)

... (2c)

... (3b)

for y" 0

for 0" y" a

for y;~ a ... (3a)

From the general hydromagnetic equation of a
compressible fluid3, one can write the wave equa
tion for the y-component of the fluid displace
ment ~/y) as

d [ aeB2 ~]dy e-ak;B2dy +e~y=O

a = 1 + {3[1- {3k~2V1rl

where

( 2 )

2 2 (J)
e=k B ---1

z k2 y2z A

and

~y = exp(yA.) )

= Aexp(yA.)+ Dexp( - yJ.)

= Cexp( - yA.3)

Here

The lower value 1jJ_ is actually almost inde
pendent of kx and is givenby

... (7)

'" (6b)

... (6c)

... (6d)

whereas

1jJ+ = kl({3 + 1) - 1jJ

and is virtuallyproportional to kl.
In this case the properties of the media I and :u

must satisfythe condition (51 + 53) = 0

1jJ- = {3~ 1 [ 1 + ({3+ ~)2 k; t ...]

We have plotted 1/J3 against 1/Jl for various values
of kx in Fig. 2. This relationship appears to be si-·
milar to the cold plasma discontinuity discussed
by Uberois. But the basic difference here is that
the solution is not really continuous. Only certain

... (3c)

'" (3d)

2
(J)

1jJ),3= k 2 y2z Al,3

Here we measure the lengths in unit of kz- 1.

The solutions are chosen so that gy'" 0 as
I y I ..• 00. The constants A, D, C are determined
from the boundary conditions, which are that the
normal displacement ~Y- and the total pressure
p= aB2e~;/(e- aB2ki) are both continuous or
across the boundaries y = 0 and y = a. Since we
are looking for normal modes, (J) is assumed to
be real.

In order to satisfy these boundary conditions, it
can be shown by simple algebra that one must
have

(A.2 - 512)(A.2 - 532) - 4 A.25153
cos2A.a= ...• _')".') _'), ... (4a)

(J) 2 [

1jJ=__ kZ=k2+k2
k2v2' x zz "A

1 2 211.13 = k - .1,, ""1,3

and



364 INDIAN J RADIO & SPACE PHYS, DECEMBER 1992

2·0

EVEN MODE

5, + 53 = 0
.13 = 0·5
a = 0·2 LII

1-0
"¥.,

o
o

2·0

3·0

...+'
+" ,

~s \
\
\
\
,
\

,
I
I
I
I

1',

- - -1'+ Eigen value
--1'- Eigen value

2·0

ODD MODE

,,2= 5,53
J3 = 0·5
a = 0·2 LII------

------; .•.. ,
+,,/ \

'<'s'
\,
I
I
I
I
I

+
--- ......t.:-/

\ '0,
\I
I

2·0

3·0

:r(")

0·5 1-0
1',

Fig. 2-l/J3 versus l/J, for different values of kX' For the case where 5, + 53 = 0, there is only one set of graphs. But there are
two sets of graphs corresponding to l/J.+ and l/J- when ,1.2 = 5153,

The possible values of 'l/J3 for a given 'l/Jl are rep
resented also in Fig. 2 for both the 'I/J ± sets. It
must be noted that both 'l/JI and lf13 must be si
multaneously greater than one or less than one,
whereas in the previous case (SI + S3 = 0) if 'l/Jl is
less (greater) than one then 'l/J3 must be greater
(less) than one.

4 Relevance to geomagnetic micropulsations
It is well known that the storm time plasma

pause is populated by hot plasma. The" thickness
of the region can be of the order of 1RE to 2 RE,

where RE is the earth's radius. This is also the re
gion where the density of the cold plasma has a
sharp change, dropping off with increasing dis
tance away from the earth. Th~s Alfven velocity
gt:nerally increases from magnetopause towards
the plasma pause and then towards the earth. But

values of kx will satisfy Eq. (7) for a given ratio of
'l/J3/ 'l/JI' For the 'I/J_ mode, which is virtually inde
pendent of kx, there will always be some kx. for
which Eq. (7) is satisfied.

From Eq. (4b) we can see there is another set
of solutions given by

,P = SIS3 ... (8a)

This implies that cos 2 A a = - 1. The lowest value
of A in this case is given by

A=kb/4 .. , (8b)

These we d#ine as odd eigen modes and are giv
en by the same set ofEqs (6a) to (6d), but here

k(~=k2+k~/16 ... (8c)

In this case also the 'I/J _ mode is virtually dis
persionless whereas 'I/J + mode is similar to a fast
mode with much higher frequency. However, me
dia I and III parameters must satisfy a differen1
condition now in order to sustain these modes
This new condition A 2 = SJ S3 can be expressed as

[(e - 'l/Jl He- 'l/J3)]1I2

('l/Jl-1)('l/J3-1)

k; ({3 + 1)2

16(lf1±-1)2
... (8d)
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near the region of finite temperature at the plas
mapause, VA actually comes down and then in
creases. In this situation both tp + and tp _ modes
can be sustained by this hot plasma layer.

The nearly dispersionless low frequency wave is
always lower than the local Alfven mode kz VA
which is generally excited by various types of
plasma instabilities like drift mirror instability6 or
by the coupling between the Alfven and the un
stable drift mirror waves 7• In all these cases, tp-

, 1.0 in our notation. However, the present model
predicts waves with frequencies considerably low
er than these local Alfven frequencies.

The second group represented by tp + is strong
ly dispersive and generally has high frequencies
since kb is definitely of the order of 2 to 5. Al
though the frequencies of the tp + waves are high
they are not necessarily localized in longitude, i.e.
kx does not have to be very large. It should be
noted that the coupled mode excited by the hot
plasmapause according to the theory of Lin and
Parks7 or surface waves of Chen and Hasegawa3
all have very large kx but lower frequency (i.e.
lower than 1/1 + mode). The present model, how
ever, predicts that' the hot plasmapause will be
able to sustain both high and low freequency fluc
tuations simultaneously.

Thus if tp _ represents waves in the PC-5 range,
tp+ will be in the PC-2 or PC-3 pulstion type.
The maximum field-aligned wavelength at about

4RE location may be of the order of lORE' Thus
kb for a 2 RE thick plasmapause will be of the or
der of 5. For such a situation, (tp+/1p_)1/2::::!.8,
kx = 2 and f3 = 0.25. Hence a 10 s PC-I pulsation
and a 80 s PC- 3 pulsation can be simultaneously
sustained by such a model. In fact, simultaneous
occurrence of low and high frequency waves are
quite common,. For example, the ground magne
tometer data presented by Wedeken et aL8 show
periodicities ranging from 60 s to 600 s. Since
1/1 _ "" [f3/(f3 + 1)], the corresponding PC-5 wave will
indicate the temperature of the hot layer, but the
1/1 + mode will give a measure of the thickness of
the hot region
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