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A B S T R A C T   

The electron-acoustic solitons are studied with two temperature electrons (a hot trapped having vortex-like 
velocity distribution and a warm adiabatic fluid) and stationary ions. The theoretical model is based on the 
observations of a mixture of the hot, tenuous magnetospheric and warm, dense magnetosheath plasma particles 
associated with the asymmetric magnetic reconnection at the Earth’s magnetopause by Magnetospheric Multi-
scale (MMS). Using the reductive perturbation technique, the model supports the existence of nonlinear electron- 
acoustic structures derived from the mKdV-like equation. The electron-acoustic waves propagate at supersonic 
speeds above the electron sound speed. The results are applied to observations of electric field structures in the 
electron diffusion region (EDR).   

Introduction 

Spacecraft missions such as Cluster [1,2], THEMIS [3,4], and 
Magnetospheric Multiscale (MMS) [5] observations revealed that 
plasma wave and turbulence such as broadband electrostatic noise can 
be generated during the magnetic reconnection process in the Earth’s 
magnetosphere. Such fluctuations and turbulence are observed in all 
parts of the reconnection region, such as separatrix regions [6], outflows 
[7], and ion and electron diffusion region [8,9]. At the Earth’s magne-
topause, magnetic reconnection process occurs in an asymmetric system 
between warm, dense plasmas in the magnetosheath and low-density 
plasmas in the magnetosphere, which contains tenuous, hot plasma as 
well as a cold plasma populations [9–14]. MMS mission also observed 
symmetric electric field structures in the Earth’s magnetotail [15,16]. As 
the magnetic field lines break and reconnect, the energy dissipates and 
diffuses at small and large scales in the diffusion regions. The ion species 
are found demagnetized inside both ion diffusion region (IDR) and 
electron diffusion region (EDR), whereas electrons are only demagne-
tized inside the EDR [11]. 

Through the MMS mission, the electron plasma heating and accel-
eration in the EDR has been revealed, particularly at the Earth’s 
magnetopause where asymmetric electric field structures were observed 
[5]. On 11 July 2017, MMS traversed the magnetotail current sheet, 
observing tailward-to-earthward outflow reversal, current-carrying 
electron jets in the direction along the electron meandering motion or 
out-of-plane direction, agyrotropic electron distribution functions, and 

dissipation signatures [17]. Later reports confirmed that the electrons 
penetrating into the diffusion region of the Earth’s magnetopause 
exhibit meandering motion that produced electron agyrotropy, that is, 
crescent-shaped electron distribution [16,18,19]. Numerous theories 
and simulation of EDR events [11,20–23] suggested that crescent 
structures are formed by finite gyroradius effects of accelerated mag-
netosheath particles merging with the inflowing magnetosphere plasma. 
Hwang et al.[16] reported MMS observations of enhanced electron 
vorticity during the magnetic reconnection in the vicinity of the electron 
diffusion region (EDR). Recent MMS spacecraft observations in the 
electron diffusion region of the Earth’s magnetosphere have recorded 
small [24] and large [9,25] amplitude electric field fluctuations. Mozer 
et al. [26] reported the MMS observations of large amplitude bipolar 
electric field structures at the Earth’s magnetopause with trapped elec-
tron species inside the electron phase space holes of time domain 
structures (TDS) or electrostatic solitary waves (ESWs). On the other 
hand, in the Earth’s magnetotail MMS observations revealed a super-
slow ESWs with small amplitude bipolar electric field [27]. These 
electric field structures can be identified with the general characteristics 
of electrostatic solitary waves (ESWs) [29], usually monopolar, bipolar, 
or tripolar pulses which can have either positive or negative, or both 
negative and positive polarities. Fig. 1 (Fig. 1 (l) of Ergun et al. [9]) show 
an example of a sequence of asymmetric electric field (Ez) structures 
parallel to the magnetic field observed by MMS satellite for 10s on 22 
October 2015 during magnetic reconnection at the Earth’s magneto-
pause. It is seen that the maximum amplitude of the parallel electric field 
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fluctuations is less than 40 mV/M [9]. 
Several types of waves have been involved in electron diffusion re-

gion, which include electrostatic solitary waves [10,25] and other in-
stabilities. The electrostatic solitary waves (ESWs) or Time domain 
structures (TDS)[28] observed in different regions of the Earth’s 
magnetosphere have been identified with both symmetric and asym-
metric bipolar parallel electric field (magnetic field-aligned) structures. 
The ESWs associated with symmetric bipolar parallel electric field 
structures are electron phase holes and there are divergent kinetic 
Bernstein-Greene-Kruskal (BGK) models [30,31]. Whereas asymmetric 
bipolar parallel electric field structures of ESWs which can be explained 
using nonlinear fluid dynamic theory, expected to have convergent 
electric field configuration for the existence of electron-acoustic solitons 
and double layers [32–34]. However, the relationship between the 
amplitude and the width of the two major types of ESWs is of great 
importance from the theoretical point of view. The kinetic BGK theo-
retical analysis has shown that the amplitude increases with increasing 
in width [26], for symmetric electron phase holes TDS/ESWs. For the 
asymmetric ESWs (solitons), the wave amplitude increases with a 
decrease in width. The small but finite amplitude types are typically 
Korteweg-de Vries (kdV) solitons, while the arbitrary amplitude is 
generally studied by using the Sagdeev pseudo-potential technique. 
Earlier theoretical studies have considered either Maxwell or 
nonthermal (kappa or Cairns type) particle distributions to study elec-
tron [35–50] and ion-acoustic [51–56] solitons in space plasmas. 
Mamun and Shukla [57] studied the nonlinear propagation of finite and 
arbitrary amplitude electron-acoustic solitary waves in an auroral 
plasma composed of established two electron species composed of cold 
electron fluid and hot trapped distribution electron, and stationary ions. 
In addition, theoretical interpretation of ESWs observed by the Van 
Allen Probes mission in the Earth’s inner magnetosphere has been done 
[32,58], using the fluid dynamics approach to derive the modified 
Korteweg-de Vries (KdV) equation of waves for the existence of 
nonlinear, collisionless electron-acoustic solitons and double layers 
(shock waves). Shock wave solutions normally arise due to the plasma 
particles collisions. In the presence of wave dissipation (shock) due to 
particles collision (viscosity), the dynamics of the nonlinear wave are 
governed by the KdV-Burgers equation, where the Burgers term account 
for the shock structures. This is caused by the balance between the 
nonlinearity and the merged force of dispersion and dissipation. How-
ever, the generation mechanism of ESWs in the EDR observed by MMS 
mission still lacks in theory. 

In this paper, we study the small but finite amplitude nonlinear 
electron-acoustic waves in the EDR. The plasma model consists of hot 
magnetospheric electrons having a trapped or vortex-like kinetic ve-
locity distribution, adiabatic warm magnetosheath electron fluid and 
background stationary ions. This is an extension of the work of Mamun 
and Shukla [57] where we have included finite cold electron tempera-
ture which was neglected in their model. This is done in keeping view of 
the observations in the EDR. The present model is capable of explaining 
the MMS ESWs with asymmetric bipolar parallel electric field structures 
using a hybrid of a kinetic velocity distribution and fluid dynamic 
equations, resulting in the formation of nonlinear solitons. Further, for 
the sake of completeness, viscosity term has been incorporated, though 
not applicable in space plasmas but can be useful in the lower 

atmosphere. The space plasma model is presented and solved using the 
reductive perturbation technique to obtain the KdV-like equations in 
Section “Theoretical model”. The analytical solutions of the derived 
modified KdV equation are presented in Section “Nonlinear wave solu-
tions”. Numerical results are discussed in Section “Numerical results”. 
The conclusions are presented in Section “Conclusion”. 

Theoretical model 

The EDR plasma model adopted in this study is based on observa-
tions from the MMS mission [9,20]. Our plasma model consists of two 
electron populations of a hot (∼ 1 keV) magnetospheric electrons having 
a kinetic vortex-like velocity distribution[61], magnetosheath warm 
(∼ 100 eV) electrons and background stationary ions [9]. Due to the 
large ion to electron mass ratio, ions do not contribute significantly to 
high frequency waves, hence, their dynamics is neglected [33,59]. We 
have also included viscosity in our model. The dynamics of warm elec-
tion species can be described by fluid continuity and momentum equa-
tions in normalized form, 

∂nw

∂t
+

∂
∂z
(nwvw) = 0 (1)  

∂vw

∂t
+ vw

∂vw

∂z
=

∂ϕ
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−
γσw

nw

∂nw

∂z
+ η ∂2vw

∂z2 (2)  

where nw, vw,me are the warm electron number density, fluid velocity 
and mass of the electrons, e is the magnitude of the electron charge, ϕ is 
electrostatic potential, the temperature σw = Tw

Th
, where Tw(Th) is the 

warm (hot) temperature, η is the normalized viscosity due to collisions 
and γ = 3 for adiabatic plasma temperature [32]. 

Assuming that the hot electrons trapping in the holes along the line of 
force of the external magnetic field and develop the vortex-like velocity 
distribution function given by Schamel[60,61], 

nh = I(ϕ)+ |β|− 1/2
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where 

I(x) = (1 − erf(
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√
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∫ x

0
exp(y2)dy,

where erf(x) is the error function and β controls the trapping of electrons 
and sharp of the distribution function. The Maxwell–Boltzmann equi-
librium of hot electron can be recovered in the limit β→1 (β→0). For 
ϕ≪1, the normalized hot trapped electron density can be expressed as 

nh = nh0(1+ϕ −
4(1 − β)

3
̅̅̅
π

√ ϕ3/2 +
ϕ2

2
+….) (4)  

For high frequency waves, the system of equations can be closed with 
the Poisson equation 

−
∂2ϕ
∂z2 = 1 − nw − nh.

(5)  

Eqs. (1)–(5) are a normalized set of equations. The densities are 
normalized by the total equilibrium density N0 = Nw0 + Nh0, where 
Nh0/N0 = nh0 and Nw0/N0 = nw0. Velocities are normalized by the 
thermal velocity of hot electrons vth =

̅̅̅̅̅̅̅̅̅̅̅̅̅
Th/me

√
, lengths by the effective 

hot electron Debye length λd =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Th/4πN0e2

√
, temperature by the hot 

trapped electron temperature Th, time by the inverse of the electron 
plasma frequency ω− 1

p0 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
me/4πN0e2

√
, the electrostatic potential ϕ is 

normalized by Th/e, respectively. Here ’e’ and me are the charge and 
mass of the electrons, respectively. The phase velocity of the nonlinear 

Fig. 1. Example of parallel electric field structures (Ez in red) in z-direction 
observed by MMS during the magnetic reconnection at the magnetopause [9]. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 
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electron-acoustic waves is greater than electron-acoustic velocity, vs =

vth(Nw0/Nh0)
1/2. 

The linear dispersion relation of electron-acoustic waves (for η→0) 
can be obtained from the set of Eqs. (1), (2), (4) and (5) and can be 
written as 

1+
1

k2λ2
dh
−

ω2
pw

ω2 − γk2v2
tw
= 0. (6)  

where vtw =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Tw/me

√
is the thermal speed of the warm electrons, and Tw 

and mj are the equilibrium temperature and mass of the jth species, 
respectively and λdh =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Th/4πNh0e2

√
is the hot electron Debye length. 

Then, with the help of an infinitesimal parameter ∊, reductive 
perturbation analysis will be performed for the existence of nonlinear 
KdV-like equation of the localized shock and soliton solutions. The 
analysis involved the construction of stretched coordinates, 

ξ = ∊1/4(z − Mt), τ = ∊3/4t (7)  

where M is the phase velocity of the electrostatic structures normalized 
by the hot electron thermal speed vth and ∊ is a dimensionless parameter 
that measures the order of smallness and η = ∊1/4η0. The dependent 
variables n, v and ϕ are perturbed in a power series of the dispersive 
terms ∊ around their equilibrium 
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Using Eqs. (7) and (8), the set of Eqs. (1), (2), (4) and (5) can be reduced 
to the form of a modified KdV-Burgers equation 
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1
2
1
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for the phase velocity M ≈ (nw0
nh0

+ 3σw)
1/2, where A is the nonlinearity 

coefficients, B is the dispersion coefficient and C is the dissipation term 
⎧
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This evolution equation is known as the modified KdV-Burgers or trap-
ped KdV-Burgers equation. 

In a collisionless plasma, i.e. in the limit viscosity tends to be zero 
(η = 0). The momentum equation in (2) will be reduced to that of Eq. (2) 
of Dillard et al. [32]. Then, through the same algebraic system above, 
one is expected to get a KdV-like equation with the nonlinearity co-
efficients A and dispersion coefficient B of the form, 

∂ϕ1

∂τ +Aϕ
1
2
1
∂ϕ1

∂ξ
+B

∂3ϕ1

∂ξ3 = 0 (11)  

Eq. (11) is a modified KdV or trapped KdV equation. 

Nonlinear wave solutions 

A stationary wave solution of the nonlinear modified KdV (mKdV) 
Eq. (11) can be obtained by transforming the space variable into trav-
eling wave [62] frame χ = κ(ξ − v0τ), where κ and v0 are related to the 
inverse width and wave speed respectively, and both are assumed to be 
positive. Then, the system will be in the form of ϕ1(ξ, τ) = u(χ) and the 
mKdV (11) reduces to 

− v0
du
dχ +Au

1
2
du
dχ +Bk2d3u

dχ3 = 0.
(12)  

Using the hyperbolic tangent (Tanh) method of Malfliet and Hereman 
[62], and Kourakis et al. [67], it is certain that a wave solution will be 
obtained due to the dispersion term. Now, let u(χ) = w2(χ) (to relieve 
the power of 12 in the nonlinear term), where w(χ) = S(tanhχ) = S(y). Eq. 
(12) becomes 

− v0
w2

2
+A

w3

3
+Bk2

[(
dw
dχ

)2

+ w
d2w
dχ2

]

= 0
(13)  

Eq. (13) has a power series solution of the form S(y) = a0 + a1y + a2y2, 
due to the balancing between the highest nonlinearity and dispersive 
terms. Then, the general solution of the Eq. (11) can be written as 

u(χ) = w2(χ) = (a0 + a1tanhχ + a2tanh2χ)2 (14)  

where 

Fig. 2. (a) Electrostatic wave amplitude profiles ϕ vs v0 for β = − 0.5, (b) Soliton width profiles W vs v0.  
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a0 =
18Bk2

A
= − a2, a1 = 0, or a0 =

30Bk2

A
= − a2, a1 = 0, k

=

̅̅̅̅̅̅̅̅
v0

16B

√

.

(15)  

Therefore, Eq. (14) can be written as 

ϕ1(ξ, τ) = [a0 + a2tanh2{k(ξ − v0τ)}]2 (16)  

Using the values of the coefficients a0 and a2 in Eq. (16), the solution can 
be written as 

ϕ1(ξ, τ) = ϕmaxsech4
(ξ − v0τ

W

)
. (17)  

From Eq. (17), it is obvious that electron acoustic solitons can have only 
positive amplitude with maximum amplitude being ϕmax =

(9v0/8A)1/2
= ϕm1 or (15v0/8A)1/2

= ϕm2 and the soliton width W(=

k− 1) = 4
̅̅̅̅̅̅̅̅̅̅
B/v0

√
. The amplitude of the soliton will be ϕ = ∊ϕ1 (refer to 

Eqn. (8)) 

Numerical results 

The characteristics of nonlinear electron-acoustic waves in an 
unmagnetized EDR plasma can be investigated numerically by 
computing the analytical solution of the modified KdV equations using 
the MMS data recorded by Ergun et al. [9]. The parameters are as follows 
[9]: the hot magnetospheric electron temperature and density, Th = 1 
keV and Nh0 = 0.5 cm− 3, warm magnetosheath electron temperature 
and density, Tw = 100 eV and Nw0 = 1.5 cm− 3. For the selected plasma 
parameters, the electron-acoustic wave speed is found within the su-
personic region. 

In Fig. 2 (a), the maximum amplitude ϕmax against the wave speed 
(v0) are plotted for β = − 0.5. Fig. 2 (b) shows the variation of soliton 
width vs v0 for different values of nh0. The soliton width decreases with 
hot electron number density (nh0). 

The electrostatic potential amplitude profiles in Fig. 3 shows the 
variation of β (a) and hot electron temperature Th for nh0 = 0.25. The 
curve β = 0 corresponds to the Boltzmann hot electron distribution 
provides a standard KdV equation [63] solution, whereas the vortex hot 
electron distribution of negative β-values exhibit strong nonlinearity of 
mKdV Eq. (11), corresponding to smaller amplitude. Fig. 3 (b) shows 
that the electrostatic wave amplitude decreases with increase in hot 
electron temperature Th. 

Fig. 3. Electrostatic wave amplitude profiles ϕ vs v0 for β (a) and Th(b) for nh0 = 0.25.  

Fig. 4. (a) Soliton profiles ϕ vs ξ for v0 = 0.5, (b) corresponding bipolar electric field profiles of the solitons.  
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Fig. 4 shows the electron-acoustic soliton profiles, i.e., normalized 
electrostatic potential ϕ vs time ξ for different values of hot electron 
number density nh0 for β = − 0.5. The other fixed plasma parameters are 
Tw = 100 eV, Th = 1 keV, time τ = 1.0, and v0 = 0.5. It is observed that 
as the hot electron density increases, the electron-acoustic soliton 
amplitude increases and its width decreases. The corresponding bipolar 
electric field profiles are in Fig. 4 (b). 

Fig. 5 shows the electron-acoustic soliton potential profiles of 
modified KdV equation for different values of hot electron temperature 
Th, for hot electron number density Nh0/N0 = nh0 = 0.25, warm elec-
tron number density Nw0/N0 = nw0 = 0.75 and other fixed plasma pa-
rameters are as in Fig. 4. The corresponding bipolar electric field profiles 
are in Fig. 5 (b). The electron-acoustic wave amplitude decreases with 
increase in hot electron temperature Th, which corresponds to the Fig. 3 
(b) above. It is noticed that as soliton amplitude increases its width also 
increases. This trend of soliton width increasing with increasing 
amplitude has also been observed in POLAR observations of ion and 
electron mode solitary waves [64,65] and theoretically [66]. 

Conclusion 

Finite amplitude nonlinear electron-acoustic waves in the electron 
diffusion region have been studied in a plasma consisting of hot 
magnetospheric trapped electrons, warm magnetosheath electrons and 
background stationary ions. The model support the existence of positive 
potential finite amplitude electron-acoustic solitons propagating with 
supersonic speed above the electron sound speed. Thermal effect of 
adiabatic electron fluid are taken into account which were neglected for 
the case of an auroral plasma [57]. It is found that as the value of the hot 
electron temperature increases, the electric field amplitude decreases. It 
is also observed that the electron-acoustic soliton amplitude increases 
with number density but decreases with the hot electron temperature. 
However, soliton amplitude as well as width increases in the case of hot 

electron temperature variation whereas it shows the usual behavior of 
soliton amplitude increasing and width decreasing for the case of hot 
electron density variation. 

The observations from the MMS missions at the Earth’s magneto-
pause [9] revealed nonlinear electrostatic solitary structures with elec-
tric field amplitude varies from ∼ 1 mV/m up to ∼ 100 mV/m. For the 
typical MMS parameters [9], namely, Th = 1 keV, Tw = 100 eV, N0 = 2 
cm− 3, the typical electric field associated with soliton for τ = 1.0, v0 =

0.5, and β = − 0.5 are found to be ≈ 30 mV/m, the corresponding soliton 
width, pulse duration, and speed comes out to be ≈ 2291 m, ≈ 95μs, and 
2.4×104 km/s, respectively. The results obtained here may be helpful in 
explaining the characteristics of the nonlinear electrostatic fluctuations 
observed by the Magnetospheric Multiscale Mission (MMS). 
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Appendix A 

Using the hyperbolic tangent (Tanh) method, the modified KdV-Burgers Eq. (9) can be written as 

− v0
w2

2
+A

w3

3
+Bk2

[(
dw
dχ

)2

+ w
d2w
dχ2

]

− Ck
[

w
dw
dχ

]

= 0,
(18)  

the general solution becomes 

Fig. 5. (a) Soliton profiles ϕ vs ξ for v0 = 0.5, (b) corresponding bipolar electric field profiles of the solitons.  
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u(χ) = (a0 + a1tanhχ + a2tanh2χ)2
, (19) 

where 

a0 =
5v0

8A
+

20Bk2

A
, a1 =

− 10Ck
3A

, a2 =
− 30Bk2

A
, (20)  

and possible values for v0 and k are 

v0 = 32Bk2, k =
C

3B
̅̅̅
6

√ . (21)  
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