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ABSTRACT

A theoretical plasma model for the generation of kinetic Alfv�en waves (KAWs), having background Maxwellian ions, j-electrons, and
drifting Maxwellian beam ions, is discussed. The ion beam streams along the ambient magnetic field, whereas velocity shear is perpendicular
to it. The role played by nonthermal electrons in the excitation of resonant KAWs with the velocity shear in the ion beam as the free energy
source is examined. In the presence of j-electrons, the effect of plasma parameters such as propagation angle, ion beam temperature,
number density, and ion plasma bi on the growth of the KAWs is analyzed. It is found that nonthermal electrons restrict the excitation of
KAWs by reducing the growth rate of the waves. It is inferred that a high velocity shear and ion beam density are required to excite KAWs
in the presence of nonthermal electrons. The model is capable of producing waves with frequencies up to �18mHz in the auroral region of
Earth’s magnetosphere.
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I. INTRODUCTION

Kinetic Alfv�en Waves (KAWs) are ultralow frequency (ULF)
waves in the range of �(0–30) Hz having nearly perpendicular propa-
gation to the ambient magnetic field. These waves play a vital role in
particle energization and auroral electron acceleration because of the
presence of parallel electric field.1,2 The parallel electric field arises due
to finite ion gyroradius or electron inertial length. The kinetic effect
comes into the picture under two conditions: for the hot electron case,
the effect comes into play when the perpendicular wavelength is com-
parable to the ion gyroradius, and the thermal velocity of electron
plays a dominant role in these regimes;3 on the other hand for the cold
electron case, the effects are important if the perpendicular wavelength
is comparable to the electron inertial length and the Alfv�en velocity
dominates this regime.4

The existence of kinetic Alfv�en waves has been established by sat-
ellite observation in various regions of Earth’s magnetosphere, e.g.,
magnetopause,5,6 auroral region,7–9 plasma sheet boundary layer,10–14

and central plasma sheet.15 Recently, Van Allen Probe B observed
broadband Alfv�enic waves inside the plasmasphere driven by an impul-
sive solar wind pressure enhancement. These waves were modulated by

ULF oscillations and have been identified as Doppler-shifted kinetic
Alfv�en waves.16 Magnetospheric Multiscale (MMS) observations
revealed the presence of KAWs in the dayside magnetopause region.17

Various theoretical models based on different instabilities have
been proposed to explain the observed ULF wave phenomena: for exam-
ple, Kelvin-Helmholtz instability,18–21 kinetic Alfv�en waves,1,3,4,22–26 and
velocity shear driven instability.27,28 These models were able to explain
some of the observed characteristics of the KAWs. The localization and
generation of turbulence in KAWs in various regions of Earth’s magne-
tosphere have been studied through simulations.29–32

Lakhina27 discussed the velocity shear as a possible source for the
generation of these KAWs by considering a three component plasma
model of which all the species, i.e., background ions, electrons, and
beam ions, have a Maxwellian velocity distribution function. The study
of Lakhina27 was extended by Barik et al.28 to examine the combined
effect of ion beam and velocity shear in exciting the KAWs. They have
shown that the ion beam and velocity shear acting as dual sources can
excite the KAWs with larger growth rates and higher frequencies as
compared to the case of velocity shear alone. These models considered
the particle distributions as Maxwellian. In space plasmas, often
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particle distributions depart from Maxwellian and have high energy
tails. These distributions are known as nonthermal distribution, and one
such distribution which is more commonly observed in various regions
of Earth’s magnetosphere is kappa-distribution.33–37 Ogasawara et al.38

have confirmed the existence of energetic electrons in the low altitude
auroral ionosphere. Many theoretical studies have been carried out so
far to explain the instabilities in Earth’s magnetosphere due to the pres-
ence of nonthermal distribution. Summers and Thorne39 have described
the dispersion relation using the kappa distribution. Rubab et al.40–42

have studied the KAW instability in Lorentzian dusty plasmas. Basu43

has studied shear kinetic Alfv�en waves in a homogeneous plasma having
kappa particle distribution. In this work, we propose to study the KAWs
driven by velocity shear in nonthermal plasma. A theoretical model
includes the kappa electron along with Maxwellian ions and the beam
ion having shear. The effect of kappa electrons on the excitation
of KAWs is studied in detail. The layout of the paper is as follows: In
Sec. II, a three component theoretical model of KAWs is presented. In
Sec. III, the dispersion relation is derived followed by resonant instability
analysis. The numerical results are delineated in Sec. IV. Finally, conclu-
sions are drawn in Sec. V with an application of our model to the auro-
ral region.

II. THEORETICAL MODEL

We consider a three component plasma model for examining the
resonant instability of Kinetic Alfv�en Waves. The theoretical model
includes background ions (protons, Ni, Ti) and beam ions (NB, TB),
both having drifting Maxwellian distribution, and electrons (Ne, Te)
having kappa distribution. The quasineutrality condition is satisfied by
the relation Ne ¼ Ni þ NB. The plasma species are characterized by
their temperature Tj and number density, Nj, where, j¼ i, e, B stand
for background ions (protons), electrons, and beam ions, respectively.
The general geometry of the model is as follows: the ambient magnetic
field is directed in the z-direction; the propagation vector k and the
wave electric field are in the y–z plane.

The nonthermal kappa distribution which can be used as the
zeroth order distribution function for any plasma species is given by39

fojðv?; vkÞ ¼ p�3=2
1

h3j

Cðjþ 1Þ
j3=2Cðj� 1=2Þ

� Nj 1þ v2?
jh2j
þ
ðvk � VjðXÞÞ2

jh2j

 !�ðjþ1Þ
: (1)

Here, C represents the usual gamma function, j is the nonthermal
index that represents the nonthermal property of species, i.e., smaller
the j value, higher the nonthermality, and the parameter hj is the
modified thermal speed and related to usual thermal speed of species
through the relation

hj ¼
j� 3=2

j

� �� �1=2
aj: (2)

Here, vk and v? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2x þ v2y

q
are the velocities in the parallel and

perpendicular direction, aj ¼ 2Tj

mj

� �1=2
is thermal speed of jth species,

and parallel and perpendicular are defined with respect to the ambient
magnetic field. Further, Vj(X) represents the nonuniform streaming
of particles along the ambient magnetic field (z-direction), whereas,

X ¼ x þ vy=xcj indicates the gradient in velocity along the x-direc-

tion, i.e., perpendicular to ambient magnetic field. Here, xcj ¼ ejB0

cmj
is

the cyclotron frequency of the jth species, ej and mj are charge and
mass of j-th species, and c is the speed of light. Nonthermality index j
should be >3/2 for the validity of physically meaningful thermal
speed.

Since we are considering electrons as superthermal, the distribu-
tion function given by Eq. (1) will be used to derive the dispersion rela-
tion. On the other hand, for protons and ion beams, Maxwellian
distribution function is obtained from Eq. (1) in the limit j!1. In
the low plasma b (ratio of thermal pressure to magnetic pressure), it is
better to write the electric field as the gradient of two different scalar
potentials,44 i.e., one along the parallel direction w and other along the
perpendicular direction /,

E ¼ �r?/þ Ekẑ ; (3)

where Ek ¼ �rkw is the parallel component of the wave electric field.
The Poisson’s equation takes the form

�r2
?/þ

@Ek
@z
¼ 4p

X
j

ejnj: (4)

The z-component of the Ampère’s law is given by

@r2
?/
@z

þr2
?Ek ¼

4p
c2
@

@t

X
j

Jzj: (5)

It is worth mentioning that while deriving Eq. (5), the factor
ðr?rkEk �r2

kE?Þ is neglected in comparison to ðrkr?E?
�r2

?EkÞ which means that the perpendicular component of current
density J? is neglected in comparison to Jz by assuming nearly perpen-
dicular propagation of the waves, i.e., k? � kk.

Here, the number density nj and z-component of the current
density Jzj of the jth species are given by expressions

nj ¼
ð
d3vf1j; Jzj ¼

ð
d3vejvzf1j; (6)

where the perturbed distribution function f1j can be derived from
the linearized Vlasov’s equation by following the standard proce-
dures of Swanson [Plasma Waves by D. G. Swanson, 2nd ed., Eq.
(4.169)].45 For this, the perturbation is assumed to be of the form
f1j ¼ expðik?y þ ikkz � ixtÞ, where x is the frequency of the wave,
and k? and kk are the perpendicular and parallel components of
wave propagation vector k respectively. Further, we use a local
approximation ðLjk� 1Þ to solve the linearized Vlasov’s equation,

where Lj ¼ VjðdVj

dx Þ
�1 is the velocity gradient scale length and k is

the wave number. The perturbed distribution is obtained by per-
forming integrations over unperturbed orbits and is given by the
expression27,28

f1j ¼
ej
mj

Xþ1
n¼�1

Xþ1
m¼�1

eiðn�mÞh

ðkkvz � xþ nxcjÞ
JnðnjÞJmðnjÞ

� ðk?Mj/þ kkLjwÞ; (7)

where coefficientsMj and Lj can be expressed as27,28
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Mj ¼ 1�
kkvz
x

� �
@f0j
@v?
�
nxcj

k?v?
þ 1

xcj
�
@f0j
@x

" #
þ
@f0j
@vz

nxcjkk
k?x

; (8)

Lj ¼
k?vz
x

@f0j
@v?
�
nxcj

k?v?
þ 1

xcj
�
@f0j
@x

" #
þ 1�

nxcj

x

� �
@f0j
@vz

: (9)

Here, JnðnjÞ and JmðnjÞ are the Bessel function of order n and m,

respectively, with arguments nj ¼ k?v?
xcj

; the term 1
xcj
� @f0j@x

� �
comes

from the contribution of velocity shear. In Eqs. (8) and (9), f0j rep-
resents the zeroth order distribution function. Using zeroth order
Maxwellian and kappa distribution functions in Eq. (7), the corre-
sponding perturbed distribution function f1j is obtained.
Subsequently, the perturbed number density nj and the z-compo-
nent of current density Jzj are obtained for the electrons, ions, and
ion beam from Eq. (6). For Maxwellian distribution function, these

are given by Eqs. (10) and (11) of Barik et al.28 and can be used for
ions and ion beam in our model. The perturbed number (nj) and
current (Jzj) densities for electrons which follow the j distribution
are given by

ne ¼ �
Xþ1

n¼�1

4eNe

meh
2
e

xce

k?he

� �2 nxce

x

� �	

� nxce

kkhe
� d � 1ð Þgne�

	 

F � d G

� �
/

þ nxce

x
vn � d þ 1ð Þ vn

v0
gne�

	 

F

�

þ nxce

x
� vn

v0
d � 1ð Þ

	 

G
�
w


: (10)

The parallel current density of the electron is given by

Jze ¼ �
Xþ1

n¼�1

2e2Ne

mehe

xce

k?he

� �2

� 2nxce

x
vng0e� � 2d

vn
v0

v2n þ gne�g0eþ
� �

þ 2d
V2
e ðXÞ
h2e

2gne� � 1ð Þ
v0

� �( )
F

"(

þ 2nxce

x
g0e� � 2d

vn
v0

g0eþ þ
VeðXÞ

he

� �
þ gne�gneþ

v0

" #( )
G� d

v0
H

#
/

þ 2v2n
nxce

x
� d � 1ð Þ gne�

v0

� �
þ 6d

V2
e ðXÞ
h2e

gne�
v0

( )
F þ 2nxce

x
gneþ � 2

v2n
v0

d � 1ð Þ þ 6
d
v0

V2
e ðXÞ
h2e

( )
G� d

v0
H

2
4

3
5w

9=
;; (11)

where

F ¼ 1

2jnj
jjnjC j� jnj � 1=2ð Þ
C jnj þ 1ð ÞC j� 1=2ð Þ

j� jnj
j

� �3=2

kjnjþ1e Z�j�jnj

(

� j� jnj
j

� �1=2

gne

" #
þ � � �

)
; (12)

G ¼ 1

2jnj
jjnj�1C j� jnj þ 1=2ð Þ
C jnj þ 1ð ÞC j� 1=2ð Þ kjnjþ1e þ � � �

( )
; (13)

H ¼ 1

2jnj
jjnjC j� jnj � 1=2ð Þ
C jnj þ 1ð ÞC j� 1=2ð Þ k

jnjþ1
e þ � � �

( )
: (14)

Here, the F and H associated terms are valid for the condition
j > jnj þ 1=2, whereas the G associated terms are valid for
j > jnj � 1=2.

Here, ke ¼ 1
2
k2?h2e
x2

ce
; he ¼ ½ðj�3=2j Þ�

1=2ð2Te
me
Þ1=2 and Se ¼ 1

xce
� ðdVeðXÞ

dx Þ
are the modified thermal speed and velocity shear of electrons, respec-

tively, gne6 ¼ x�nxce6kkVeðXÞ
kkhe

; g0e6 ¼ x6kkVeðXÞ
kkhe

; d¼ Se
k?
kk
; vn¼

ðx�nxceÞ
kkhe

;

v0¼ x
kkhe

and Z�jþ1 is the modified plasma dispersion function

(MPDF) given by39,46

Z�jðnjÞ ¼
1ffiffiffi
p
p Cðjþ 1Þ

j3=2Cðj� 1=2Þ

ð1
�1

ds

s� nð Þ 1þ s2=jð Þjþ1
;

ImðnjÞ > 0; (15)

where “s” is any arbitrary variable. Equation (15) represents the modi-
fied plasma dispersion function of order j. The MPDF of any desired
order can be obtained by replacing j with the respective order in Eq.
(15). The number and current densities given by Eqs. (10) and (11) for
electrons have been obtained in the limit ke ! 0; however, they can
be used in the same limit for any other species having kappa distribu-
tion. By assuming that an electron has no drift velocity, i.e., Ve¼ 0 and
shear flow, i.e., Se¼ 0, Eqs. (10) and (11) are reduced to

ne ¼ �
Xþ1

n¼�1

4eNe

meh
2
e

xce

k?he

� �2 nxce

kkhe

� �
F

� �
/

	

þ vn
2nxce

x
� 1

� �
F þ G

� �
w



; (16)

Jze ¼ �
Xþ1

n¼�1

2e2Ne

mehe

xce

k?he

� �2

vnF þ Gð Þ
2nxce

kkhe
/þ 2vnw

� �� �
:

(17)

Thereafter, substituting the values of perturbed number densities,
nj and current densities Jzj (i.e., for all the three species, ions, electrons,
and beam ions) in Eqs. (4) and (5) and simplifying, we obtain follow-
ing equations:
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D11/þ D12w ¼ 0; (18)

D21/þ D22w ¼ 0; (19)

where the coefficients are given by the expressions

D11 ¼ k2? 1þ j� 1
j

� �1=2 x2
pe

x2
ce

( )
þ
X
l

2x2
pl

k2?a2l

�x
x

1� blð Þ

2
4

3
5; (20)

D12 ¼ k2k 1þ
x2

pe

k2kh
2
e

2j� 1ð Þ
j

þ i
ffiffiffi
p
p

j!

j3=2C j� 1=2ð Þ
2x
kkhe

� �( )"

�
X
l

x2
plbl

k2ka
2
l

Z0
�x

kkal

� �
1� Sl

k?
kk

 !#
; (21)

D21 ¼ kkk
2
? 1þ

X
l

x2
plbl

c2k2?
Sl
k?
kk

" #
; (22)

D22 ¼ �kkk2? 1�
x2

pe

c2k2?

2j� 1ð Þ
j

x2

k2kh
2
e

þ i
ffiffiffi
p
p

j!

j3=2C j� 1=2ð Þ
2x3

k3kh
3
e

( )2
4

þ
X
l

x2
pl

c2k2?

blx2

k2ka
2
l

Z0
�x

kkal

� �
1� Sl

k?
kk

 !
þ Sl

k?
kk

( )#
: (23)

Please note that we have separated out electron contribution in
Eqs. (20)–(23) and summation is only for ions and ion beam. Thus,

we define xpe ¼ 4pNee2

me

� �1=2
, which is the plasma frequency of elec-

trons, xpl ¼ 4pNle2

ml

� �1=2
, which is the plasma frequency of lth species,

where l stands for i and B for background ions and beam ions, respec-
tively, �x ¼ x� kkVl is the Doppler shifted frequency of lth species, Sl

is the velocity shear, and al ¼ ð2Tl
ml
Þ1=2 is the thermal speed of lth spe-

cies, respectively.

III. DISPERSION RELATION

In this section, a dispersion relation is derived for KAWs in the
three-component model of Maxwellian ions, ion beam with velocity
shear, and superthermal electrons. We proceed in a similar fashion as
Lakhina27 and Barik et al.28 by assuming shear in the ion beam
only, i.e., S¼ SB and Vi ¼ 0 ¼ Ve. Further, we make the following
assumptions: cold background ions, x2 � k2ka

2
i , hot electrons,

x	 kkae; ke 	 1, and hot ion beam, �x 
 kkaB which acts as a free
energy source. Using the above listed assumptions, the following dis-
persion relation is obtained by equating the determinant of the coeffi-
cients of / and w to zero in Eqs. (18) and (19):

biNi

Ne
1þ a1 �

x2

k2kV
2
A

Ni

Ne

1� bi
ki

Aq0

" #

� x2

k2kc
2
s

C0R þ ið1þ a1ÞCI �
x2

k2kV
2
A

Ni

Ne

1� bi
ki

AðCR þ iCIÞ
" #

¼ 2x2

k2ka
2
i

ð1� biÞNi

Ne
; (24)

where

a1 ¼
NB

Ne

bBbB
2kB

S
k?
kk
; (25)

q0 ¼ 1þ NB

Ni

mi

mB

Sk?
bikk

; (26)

A ¼ 1þ NB

Ni

Ti

TB

�x
x
ð1� bBÞ
ð1� biÞ

; (27)

CR ¼
2j� 1ð Þ
2j� 3ð Þ þ

NB

Ne

Te

TB
bB 1� S

k?
kk

 !
; (28)

C0R ¼
2j� 1ð Þ
2j� 3ð Þ þ

NB

Ne

Te

TB
bB 1� �x

x

� �
þ �x

x
� bBS

k?
kk

 !( )
þ a1CR;

(29)

CI ¼
ffiffiffi
p
p x

kkhe

j!

j3=2C j� 1=2ð Þ
2j

2j� 3ð Þ

�

þbB
NB

Ne

Te

TB

� �3=2 mB

me

� �1=2 �x
x

1� S
k?
kk

 !

� 2j� 3
2j

� �1=2

exp � �x2

k2ka
2
B

 !#
: (30)

In the above expressions, the coefficients a1, q0, and A are the
same as obtained by Lakhina27 and Barik et al.,28 whereas the coeffi-
cients CR, C0R, and CI differ from their expressions by factors involving
j. These factors arise due to the presence of the kappa electron in our
model in place of the Maxwellian electron considered in their model.
In the limit of j!1, these expressions will become exactly the
same as in Lakhina27 and Barik et al.28 Here, VA ¼ ðB2

0=4pNemiÞ1=2
is the Alfv�en speed, cs ¼ ðTe=miÞ1=2 is the ion acoustic speed,
bl ¼ I0ðklÞ expð�klÞ; I0ðklÞ is the zeroth order modified Bessel func-
tion with argument kl ¼ k2?q2

l ðq2
l ¼ a2l =2x

2
clÞ, where l¼ i and B

for ions and beam ions, respectively, bi ¼ ð4pNeTi=B2
0Þ and bB

¼ ð4pNeTB=B2
0Þ are the ion and beam plasma betas, respectively, and

CI represents the damping term due to electrons and beam ions.
In the absence of ion beam (NB¼ 0) and electron damping, the

dispersion relation Eq. (24) will reduce to following:

bi �
2j� 1ð Þ
2j� 3ð Þ

x2

k2kc
2
s

" #
� 1� x2

k2kV
2
A

1� bi
ki

" #
¼ 2x2ð1� biÞ

k2ka
2
i

; (31)

which shows coupling between two normal modes, i.e., kinetic Alfv�en
wave and the ion acoustic wave in the presence of j distribution. In
the limit j!1, Eq. (31) reduces to the coupling equation described
by Hasegawa and Chen3 [cf. Eq. (36)] and Lakhina27 [cf. Eq. (23)].

In the low plasma b limit, i.e., b	 1, coupling between the two
modes becomes weak, and they decouple giving rise to the dispersion
relation of kinetic Alfv�en wave as

x2 � k2kV
2
A

ki
1� bið Þ þ

2j� 3ð Þ
2j� 1ð Þ

Te

Ti
ki

" #
(32)

and for the ion acoustic wave as

x2 � bik
2
kc

2
s

2j� 1ð Þ
2j� 3ð Þ þ

Te 1� bið Þ
Ti

� ��1
: (33)
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Further, in the limit j!1, Eqs. (32) and (33) reduce to Eqs.
(24) and (25) of Lakhina,27 respectively. In the limit ki 	 1, dispersion
Eq. (32) can be further simplified to

x2 � k2kV
2
A 1þ k2?q2

i
3
4
þ 2j� 3ð Þ

2j� 1ð Þ
Te

Ti

	 
� �
: (34)

Equation (34) is the same as Eq. (8) of Khan et al.47 Here
qi ¼ ai=

ffiffiffi
2
p

xci

 �
is the ion gyroradius.

It is clearly noticeable that Eq. (24) contains real as well as the
imaginary terms, so we can write the dispersion relation as a combina-
tion of real and imaginary parts

DR x; kð Þ þ iDI x; kð Þ ¼ 0; (35)

where

DRðx; kÞ ¼
x4

k4kV
4
A

Ni

Ne

ð1� biÞ
ki

ACR

� �
� g

x2

k2kV
2
A

þ Ni

Ne

bibi

2
Te

Ti
ð1þ a1Þ; (36)

DIðx; kÞ ¼ �
x2

k2kV
2
A

1þ a1 �
x2

k2kV
2
A

ð1� biÞ
ki

Ni

Ne
A

" #
CI ; (37)

g ¼ C0R þ
Ni

Ne
ð1� biÞ

Te

Ti
1þ Ni

Ne

bibi

2ki
Aq0

	 
� �
: (38)

A. Resonant instability

The resonant instability of the system occurs when the thermal
speed of the beam ions is comparable with the parallel phase velocity
of the wave, i.e., �x 
 kkaB. Assuming x ¼ xr þ ic, where xr is the
real frequency and c	 xr , the growth/damping of the wave c can be
given by the expression

c ¼ � DI xr ; kð Þ
@DR xr ; kð Þ

@xr

; (39)

where DR and DI are given by Eqs. (36) and (37), respectively, and con-
tain terms corresponding to ion beam velocity as well as velocity shear.
In this section, we study the role of the velocity shear alone in the excita-
tion of KAWs. Thus, under the assumption of low ion beam velocity,
i.e., kkVB 	 x, in Eqs. (36) and (37), the contribution of ion beam
velocity vanishes, and the only source of free energy to drive the instabil-
ities is velocity shear. Therefore, now the resonant condition would be
x 
 kkaB for the above-mentioned case. The real frequency is obtained
by solving DRðx; kÞ ¼ 0 and is given by the following expression

x2 ¼
k2kV

2
A

2
kiNe

1� bið ÞA1NiCR
g16 g21 � 4g0

 �1=2h i
; (40)

and the growth rate/damping is given by

c ¼ xr

2 g21 � 4g0
 �1=2 1þ a1 �

x2
r

k2kV
2
A

1� bið Þ
ki

Ni

Ne
A1

" #
CI1; (41)

where the various coefficients are

A1 ¼ 1þ NB

Ni

Ti

TB

ð1� bBÞ
ð1� biÞ

; (42)

g0 ¼
Ni

Ne

� �2 bibi

2
Te

Ti

ð1� biÞ
ki

ð1þ a1ÞA1CR; (43)

g1 ¼ C0R1 þ
Ni

Ne
ð1� biÞ

Te

Ti
1þ Ni

Ne

bibi

2ki
A1q0

	 
� �
; (44)

C0R1 ¼
2j� 1ð Þ
2j� 3ð Þ þ

NB

Ne

Te

TB
1� bBS

k?
kk

 !
þ a1CR; (45)

CI1 ¼
ffiffiffi
p
p x

kkhe

j!

j3=2C j� 1=2ð Þ
2j

2j� 3ð Þ

"

þbB
NB

Ne

Te

TB

� �3=2 mB

me

� �1=2

1� S
k?
kk

 !

� 2j� 3
2j

� �1=2

exp � x2

k2ka
2
B

 !#
: (46)

IV. NUMERICAL ANALYSIS

The normalized real frequency obtained from Eq. (40) and the
growth rate from Eq. (41) are plotted with the square of the normal-

ized perpendicular wave number kB ¼ k2?a2B
2x2

cB
. For the numerical analysis

purposes, all the parameters are normalized in the similar way as men-
tioned in the work of Barik et al.,28 i.e., frequencies are normalized
with respect to the cyclotron frequency of the beam ion, xcB, tempera-
tures with beam ion temperature, TB, streaming velocity, VB, with ther-
mal speed of beam ion, aB, and the normalized velocity shear

S ¼ 1
xcB
� ðdVBðXÞ

dx Þ. From the numerical calculation, it is found that for
the growth of the KAWs, CR > 0 and CI < 0. The condition CR > 0
puts an upper limit on the value of the velocity shear given by

Smax ¼
kk
k?

1þ 2j� 1ð Þ
2j� 3ð Þ

Ne

NB

TB

bBTe

� �
: (47)

Figure 1 shows the variation of maximum velocity shear with the
nonthermal index j which is obtained from Eq. (47) for various
parameters listed on the respective curves. In each panel, the black
curve represents the variation of velocity shear with j for the plasma
parameters NB

Ne
¼ 0:5;

kk
k?
¼ 0:01 and TB=Te ¼ 5:0, whereas the red

curve shows the variation of the respective parameters mentioned on
the curves. For each variation, other parameters are kept fixed. Figure
1(a) shows the variation of velocity shear with j for different ion beam
densities. It is obvious from the graph that a very high velocity shear is
required to excite the KAWs for j- electrons in comparison to
Maxwellian electrons. It is observed that larger velocity shear is
required to excite the waves with a decrease in the ion number density
for a fixed value of j. This should happen because the increase in the
number density of ion beam provides the extra energy required to
compensate the absence of shear. In Fig. 1(b), the variation of velocity
shear with j is shown for different values of kk=k? keeping all other
parameters fixed as earlier. For a fixed value of j, the velocity shear
required to excite the waves decreases with the increase in the angle of
propagation. Figure 1(c) shows the variation of velocity shear for dif-
ferent values of ion beam temperature. It is seen that velocity shear
increases with the increase in TB=Te values for a fixed value of j.
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Thus, for relatively cold nonthermal electrons, more velocity shear is
required to excite the waves. This could be due to the damping caused
by the colder electrons.

Figures 2(a) and 2(b) show the variation of normalized real fre-
quency and the growth rate with respect to the square of the normal-
ized perpendicular wave number ðkBÞ for the fixed plasma
parameters, NB=Ne ¼ 0:5; bi ¼ 0:001; kk=k? ¼ 0:01, S¼ 0.3,
Ti=TB¼0.016, Te=TB ¼ 0:2, and for various values of j as mentioned
on the curves. The above-mentioned parameters are common in all
subsequent figures, except otherwise stated. It can be seen from Fig. 2
that with the decrease in j values, i.e., tending toward more nonther-
mal electrons, the real frequency as well as the growth rate decreases
and wave number range also narrows down. When the electron
approaches Maxwellian distribution, the wave unstable region shifts
toward higher wave numbers. It is noted that for a fixed value of j, the

highest wave frequency corresponds to the lowest growth rate. Hence,
from this, it is concluded that the kappa-electrons tend to suppress the
growth rate of the KAWs.

Figures 3(a) and 3(b) represent the variation of normalized real
frequency and growth rate with respect to kB at fixed j¼ 3 and
j ¼ 1 for various values of velocity shear S as mentioned on the
curves. At a fixed j, when the velocity shear increases, there is a mar-
ginal increase in real frequency, whereas the growth rate increases sig-
nificantly. For Maxwellian electrons (j ¼ 1), it can be seen that for a
fixed value of shear (S¼ 0.3 here) both the real frequency and growth
rate are maximum as compared to nonthermal electrons (j¼ 3).
Although not shown here, it is observed that for a smaller value of j,
a larger shear is required for a significant growth of the waves.
Numerical computations reveal that for j ¼ 2; 3, and 4, threshold val-
ues of the shear are S � 0:048; 0:025, and �0:021, respectively, to

FIG. 1. KAWs Resonant instability driven by velocity shear: variation of velocity shear with the nonthermal index j for (a)
kk
k?
¼ 0:01; TB=Te ¼ 5:0 and NB

Ne
¼ 0:5; 0:3, (b)

NB
Ne
¼ 0:5; TB=Te ¼ 5:0 and

kk
k?
¼ 0:01; 0:02, and (c) NB

Ne
¼ 0:5;

kk
k?
¼ 0:01 and TB

Te
¼ 5:0; 8:0.
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excite the waves, whereas, for Maxwellian electrons, a threshold value
of S¼ 0.017 is required. These results are in accordance with Eq. (47).
These results may have implications with the observation of Wygant
et al.10 during the substorm expansion phase. In the expansion phase
of the substorm, the compression of Earth’s magnetosphere causes
enhancement of velocity shear which produces increased growth rate
of KAWs, thereby leading to enhanced Poynting flux of kinetic Alfv�en
waves toward the Earth.

The variation of normalized real frequency and growth rate with
the velocity shear S for Maxwellian as well as j electrons is depicted in
Fig. 4 for kBð¼ 0:5Þ;NB=Ne ¼ 0:3, and other fixed parameters are
same as in Fig. 3. It is seen from Fig. 4 that the real frequency and
growth rate increase with the increase in velocity shear as well as the
decrease in nonthermality (increase in j). The highest growth rate is
achieved for Maxwellian electrons for a fixed value of shear. Further, for
the j¼ 2 curve, it can be seen that a very high velocity shear is required
to reach the same level of growth as that of the j ¼ 1 curve. Hence, it

can be inferred that a nonthermal electron restricts the growth, whereas
a Maxwellian electron facilitates the growth of the KAWs.

Figure 5 shows the variation of the normalized real frequency
and growth rate with kB for various values of number density as men-
tioned on the curves for nonthermal (j¼ 3) and Maxwellian electrons
(j ¼ 1). The growth rate increases with the increase in the ion beam
density. However, it is observed that with the increase in number den-
sity, the real frequency and wave number range for which these waves
are excited first increase for NB=Ne 
 0:31 and then start to decrease
for the higher values of NB=Ne. Further, the real frequency as well as
growth rate is higher for Maxwellian electrons (j ¼ 1) than the j
electrons, and waves are also excited for a larger kB range. Numerical
computations reveal that the critical value of number density increases
with the decrease in the nonthermal index j, i.e., for highly nonther-
mal electrons (smaller j), a larger ion beam density NB=Ne is required
to excite the waves compared to the case of Maxwellian electrons.
The critical values of number density are NB=Ne¼ 0.07 (j¼ 2),

FIG. 2. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB, and (b) normalized growth rate, c=xcB vs kB ¼ k2?a2B
2x2

cB
for NB

Ne

¼ 0:5;bi ¼ 0:001;
kk
k?
¼ 0:01; S ¼ 0:3 and various values of j as listed on the curves.

FIG. 3. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB , and (b) normalized growth rate, c=xcB vs kB ¼ k2?a2B
2x2

cB
for

NB
Ne
¼ 0:5; bi ¼ 0:001;

kk
k?
¼ 0:01; j ¼ 3;1 and various values of S as listed on the curves.
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0.03(j¼ 3), 0.02 (j¼ 4), and 0.017 for the Maxwellian electrons
(j ¼ 1) for the parameters of Fig. 5.

Figure 6 shows the effect of propagation angle on the normalized
real frequency and growth rate with kB for different kk=k? values as
indicated on the curves. For highly nonthermal electrons (j¼ 3),
when kk=k? increases the real frequency enhances, whereas the
growth rate reduces. The largest growth rate is achieved at an angle of
propagation close to 90�. Also the kB range for which these waves are
excited gets restricted with the increase in kk=k?. In the lower kB
range, the change in real frequency is minimal for different kk=k? val-
ues, whereas there is a significant change in the growth rate. On the
other hand, in the higher kB region, the trend is different, i.e., there is a
significant increase in the real frequency, whereas the change in the
growth rate is minimal. It is observed that the real frequency is mini-
mum for Maxwellian electrons (j ¼ 1), whereas the growth rate
is maximum. It is also noticeable that for Maxwellian electrons
the growth rate is achieved for a larger kB range. Our computations
reveal that the wave growth is not possible beyond kk=k? > 0:14, i.e.,

h 
 82� for nonthermal electrons with j¼ 3, whereas, for Maxwellian
electrons, this limit is kk=k? > 0:24, i.e., h 
 76:50�. It can be inferred
that Maxwellian electrons allow the wave to propagate far away from
perpendicular propagation, whereas kappa electrons restrict the prop-
agation of wave close to 90�.

Figure 7 delineates the variation of normalized real frequency
and the growth rate with kB for different values of Te=TB as mentioned
on the curves for nonthermal and Maxwellian electrons. Both real fre-
quency and growth rate increase with the enhancement in Te=TB, and
also the peak shifts toward the higher kB. It can be seen that with the
increase in Te=TB the kB range for which the growth rate obtained also
increases. The real frequency seems to flatten at larger values of
Te=TB. It is inferred that a hot nonthermal electron favors the growth
of KAWs. A Maxwellian electron can give a higher frequency and
growth even at a smaller value of Te=TB as seen from the figure, and
waves are excited for a larger kB range.

The variation of real frequency and growth rate with kB for differ-
ent bi is depicted in Fig. 8. The real frequency as well as the growth

FIG. 4. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB, and (b) normalized growth rate, c=xcB vs velocity shear S for
NB
Ne
¼ 0:3; bi ¼ 0:001; kkk? ¼ 0:01; kB ¼ 0:5 and various values of j as listed on the curves.

FIG. 5. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB , and (b) normalized growth rate, c=xcB vs kB ¼ k2?a2B
2x2

cB
for

S ¼ 0:3; j ¼ ð3;1Þ; bi ¼ 0:001;
kk
k?
¼ 0:01 and various values of NB

Ne
as listed on the curves.
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FIG. 7. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB , and (b) normalized growth rate, c=xcB vs kB ¼
k2?a2B
2x2

cB
for

S ¼ 0:3; j ¼ 2;1; NB
Ne
¼ 0:3;

kk
k?
¼ 0:01; bi ¼ 0:001 and various values of Te=TB as listed on the curves.

FIG. 8. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB , and (b) normalized growth rate, c=xcB vs kB ¼ k2?a2B
2x2

cB
for

S ¼ 0:5; NB
Ne
¼ 0:5;

kk
k?
¼ 0:01;j ¼ 3;1 and various values of bi as listed on the curves.

FIG. 6. KAW resonant instability driven by velocity shear: variation of (a) normalized real frequency, xr=xcB , and (b) normalized growth rate, c=xcB vs kB ¼ k2?a2B
2x2

cB
for

S ¼ 0:5; NB
Ne
¼ 0:3; bi ¼ 0:001;j ¼ 3;1 and various values of

kk
k?
as listed on the curves.
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rate is maximum for a smaller bi, and both decrease with the increase
in bi. The wave number ranges for which KAWs are excited decrease
with the increase in bi values. For a Maxwellian electron, the real fre-
quency as well as wave number range increases and the growth rate
decreases for fixed values of wavenumber and bi in comparison with
kappa electrons.

V. RESULTS AND CONCLUSION

A theoretical model consisting of background Maxwellian ions,
kappa electrons, and Maxwellian ion beams with a velocity shear is
presented. The role played by nonthermal j electrons in the excitation
of KAWs is examined. It is seen that a small velocity shear can excite
KAWs with Maxwellian electrons, whereas a very high velocity shear
is required to excite KAWs when j electrons are present. For a fixed
set of parameters, for highly nonthermal electrons, a larger ion beam
density is required to excite KAWs with the same growth rate as com-
pared to Maxwellian electrons. The presence of kappa electrons has an
adverse effect on the growth of KAWs and also it restricts the range of
wave numbers for which KAWs are excited. It is also observed that a
hot nonthermal electron favors the growth of KAWs rather than a
cold one. The maximum growth rate is obtained for the KAWs propa-
gating closer to the 90� wave normal angle. It is found that a
Maxwellian electron allows the wave propagation at an angle far away
from 90�, whereas a kappa electron restricts the wave to propagate at
an angle closer to 90�.

We would like to point out that the obliquely propagating elec-
trostatic ion waves can be excited by localized transverse electric fields
in the presence of currents flowing along the magnetic field in a weakly
collisional plasma.48,49 Recently, inhomogeneous energy-density-
driven instability (IEDDI) of electrostatic ion cyclotron waves have
been studied both theoretically50 and through numerical simulation.51

The typical growth rate of the IEDDI of electrostatic ion cyclotron
waves, normalized with respect to proton cyclotron frequency, is on
the order of 10�3, whereas frequencies are on the order of 0:6Xp. In
our case, we are exciting KAWs with much lower frequencies; how-
ever, growth rates are comparable to IEDDI of electrostatic ion cyclo-
tron waves.50,51 We must emphasize that the above electrostatic
instabilities require the presence of a shear in the drift velocity compo-
nent transverse to the magnetic field arising from the inhomogeneous
transverse electric field. In our case, the KAW instability is driven by
the shear in the drift velocity component parallel to the magnetic field.
Furthermore, the shear in parallel drift velocity can also excite electro-
static low-frequency Kelvin-Helmholtz and ion cyclotron
instabilities.23

The intense ion flows with VB ¼ 103 km/s concentrated in a
layer of thickness �102 to 104 km have been observed in the high-
latitude plasma sheet boundary layer.52 Considering a typical proton
cyclotron frequency of xcB � 0.4Hz gives the shear parameter
S¼ (0.05–5).23 In polar cusp region at altitudes of 5–7RE, large ion
flows ðVB=aB 
 2Þ with the gradient scale lengths, Lv �(100–200)
km, have been observed.53 Considering the typical proton cyclotron
frequency xcB � (2.2–3) Hz gives velocity shear S � (0.1–1.0).23,24,27

The observed ion beam densities in the polar cusp region are
NB=Ne ¼ (0.01–0.2).25,52,53 For our numerics, we assume NB=Ne

¼ ð0:1� 0:7Þ; bi ¼ ð0:001� 0:01Þ and S¼ (0.01–1.0). Also, we con-
sider the ion beam cyclotron frequency, xcB=2p � (2.2–3.0) Hz, com-
mon at the auroral altitude of 5–7RE, the hot electron temperature,

Te � 100 eV, the background cold ion temperature, Ti � 10 eV, and
the beam ion temperature, TB � 1–2 keV.

The maximum normalized growth rate and the corresponding
real frequency for the resonant instability of KAWs excited by velocity
shear in the presence of nonthermal electrons (Fig. 5, curve of
NB=Ne ¼ 0:3; S ¼ 0:3;j ¼ 3; bi ¼ 0:001; kk=k? ¼ 0:01) are found
as 0.0008 and 0.0034 at kB ¼ 0:7. The respective un-normalized
growth rate and real frequencies are given by 0.002Hz and 0.0085Hz,
respectively. The velocity shear in the presence of a nonthermal elec-
tron can produce waves with frequencies in the range of 8.5–18mHz
and a growth rate of 0.3–2mHz in the kB range of 0.7–15.3. The
perpendicular wave number k? can be found by using the formula
k? ¼

ffiffiffiffiffiffiffi
2kB
p

xcB=aB and is given as k? � (0.03–0.14) km�1; the corre-
sponding wavelength is in the range of 209–45 km. The parallel wave
number can be obtained from the relation kk=k? ¼ 0:01 and is found
as (0.03-0.14)�10�2 km�1 with the respective parallel wavelength as
(209-45)�102 km.

The typical growth time of the instability is�ð500–1000Þ s. Since
ion beams in the plasma sheet boundary layer last typically for �1 h,
there is sufficient time for the instability to grow. Subsequently, the
finite amplitude KAWs will transport their energy to the auroral
region by propagating along the magnetic field lines.6,10,54 Similarly,
the KAW instability excited in the polar cusp at altitudes of 5–7RE can
grow to significant amplitudes as ion beams have been observed very
often on each pass of Hawkeye 1 and HEOS 2.53

The perpendicular wavelength value obtained from our model,
i.e., k?� (45–209) km, is in good agreement with the observed values
of (20–120) km in the polar region.10 Also, the parallel wavelength of
kk � (45-209)�102 km predicted by our model matches very well
with the observed value of (1000–10 000) km.10 The three component
plasma model can produce KAWs in the frequency range of
�(8.5–18) mHz which may be helpful in understanding the properties
of the observed ultralow-frequency (ULF) (�1mHz–30Hz)6,10,17,54,55

magnetic turbulence at the auroral altitude.56 The presence of j elec-
trons in our model may help to uncover some of the effects of non-
thermal distribution in the magnetosphere.
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