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ABSTRACT

Generation of Kinetic Alfv�en Waves (KAWs) in a generalized three component plasma model consisting of the background cold
ions, hot electrons, and hot ion beams, where all the three species have non-uniform streaming and velocity shear, is discussed.
First, the role played by the ion beam solely in exciting KAWs is analyzed. Next, how this behavior gets modified when the velocity
shear is present along with the streaming ion beam is discussed. The effects of other parameters such as temperature, number
density, and propagation angle on the growth of KAWs are explored. It is found that when shear is positive and ions are streaming
along the ambient magnetic field, KAWs are stabilized. On the other hand, with positive shear and an anti-parallel ion beam or
vice-versa, KAWs with a larger growth rate are excited as compared to the case of waves excited by the ion beam alone. Also, for
the first time, we have shown the combined effect of the ion beam and velocity shear on the generation of KAWs. The theoretical
model can generate ultra-low frequency waves with frequencies up to �60 mHz for the plasma parameters relevant to auroral/
polar cusp field lines.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5065461

I. INTRODUCTION

Ultra-low frequency (ULF) waves, in the frequency range
of �0–30Hz, have been widely observed in various regions of
the Earth’s magnetosphere, e.g., magnetopause, magneto-
sheath, plasma sheet boundary layer, polar cusp, and on
auroral field lines.1–14 Various mechanisms have been pro-
posed for the generation of these ULF waves, e.g., by Kelvin-
Helmholtz (K-H) instability1,15–17 and Kinetic Alfv�en Waves
(KAWs).18–26 Kinetic Alfv�en Waves (KAWs) are ultra-low fre-
quency electromagnetic waves which propagate nearly per-
pendicular to the ambient magnetic field and play a major
role in the particle energization and acceleration of elec-
trons. The parallel component of the electric field associated
with the KAWs is responsible for the particle acceleration
along the ambient magnetic field.24,27 The kinetic Alfv�en
waves cannot exist in ideal MHD conditions; both electrons
and ions need to be treated as separate fluid (two fluid
approach). Primarily, the kinetic effects appear in the Alfv�en
waves under two conditions: First, in the hot electron plasma,
when the perpendicular wavelength is comparable to the ion

gyroradius.18 Second, in the cold electron plasma, when the
perpendicular wavelength is comparable to the electron iner-
tial length.19 Generally, these two effects are included in the
description of the kinetic Alfv�en waves which produce parallel
electric field and have been widely used in the literature.
However, Alfv�en waves can also have parallel electric fields
produced by the mirror effect28 which can be larger than the
electric field produced by finite Larmor or inertial effects. Such
waves are called mirror kinetic Alfv�en waves. However, it will
require an inhomogeneous magnetic field. Various satellites
have observed kinetic Alfv�en waves at the magnetopause,29–31

in the plasma sheet,10,32 at the geostationary orbit,33,34 in the
inner magnetosphere,35–38 in the auroral zone,39–41 and in the
solar wind.42 The importance of linear and nonlinear kinetic
Alfv�en waves in localization and generation of turbulence in
various regions of the Earth’s magnetosphere has been exten-
sively studied.43–47

Lakhina26 proposed velocity shear instability as a possible
generation mechanism for the ULF waves and explained how
the velocity shear can excite the KAWs and showed that the
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frequency of the KAWs is in the range of ULF waves. Though
the theory developed was a generalized one including ion
beams and velocity shear, the results presented in the paper
were confined to the generation of kinetic Alfv�en waves by
velocity shear only. In this paper, the work of Lakhina26 is
extended to study the generation of KAWs by ion beams and
also with the combined sources of ion beam and velocity
shear. The theoretical model comprises cold background
ions, hot electrons, and hot ion beams, where all the three
components have the Maxwellian distribution and all have
non-uniform streaming and velocity shear. The plasma is
immersed in a homogeneous magnetic field and considers
finite Larmor radius effects. Here, we will discuss the reso-
nant instability. The effect of physical parameters such as the
number density, the temperature of the plasma species, and
the propagation angle will be examined. This paper is orga-
nized as follows: in Sec. II, the theoretical model for KAWs is
presented. In Sec. III, the dispersion relation is derived and
analysed for resonant instability. The results are concluded in
Sec. IV.

II. THEORETICAL MODEL FOR KAWs EXCITED BY THE
ION BEAM

We consider a three-component plasma model26

consisting of electrons (Ne, Te), background ions [protons,
(Ni, Ti)], and ion beam (NB, TB) in a uniform magnetic field
B0 ¼ B0ẑ. We keep the theoretical model very general where
all the three plasma species can have non-uniform streaming
velocity, Vj¼VjðXÞẑ, where X¼xþvy=xcj and xcj¼ðejB0=cmjÞ
is the gyro-frequency of the jth species, where the subscripts
j¼e, i, and B represent the electrons, background ions, and
beam ions, respectively. Furthermore, ej and mj are the
charge and mass of the jth species and c is the velocity of
light. It means that all the particles can stream along the Z-
direction, i.e., along the background magnetic field, whereas
they have the gradient along the x-direction perpendicular to
the direction of streaming. Furthermore, Nj and Tj represent
the number density and temperature of the jth plasma spe-
cies. The charge neutrality condition in the equilibrium is
given by the relation Ne ¼ Ni þ NB. Since we are considering
low-frequency waves driven by velocity shear, the equilib-
rium distribution is assumed of the form

f0j ¼ ðpa2j Þ
�3=2Nj exp �ðv2? þ ðvk � VjðXÞÞ2Þ=a2j

h i
; (1)

where v? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2x þ v2y

q
, and vk ¼ vz are the perpendicular and

parallel velocity components, respectively, and aj ¼ ð2Tj=mjÞ1=2
is the thermal speed of the jth species.

Since the kinetic Alfv�en wave (KAW) is an electromagnetic
wave, it is better to write the wave electric field E as the gradient
of two scalar potentials/ and w such that

E ¼ �r?/þ Ekẑ; (2)

where parallel and perpendicular components of the electric
field can be expressed as Ek ¼ �rkw and gradient of scalar
potential /. Poisson’s equation for kinetic Alfv�en waves can be
written as

�r2
?/þ

@Ek
@z
¼ 4p

X
j

ejnj; (3)

and the expression for the parallel component of Ampère’s law
is given by

@r2
?/
@z

þr2
?Ek ¼

4p
c2

@

@t

X
j

Jzj: (4)

Here, nj and Jzj represent the perturbed number and the z-
component of the current densities, respectively, and can be
estimated by the following expressions:

nj ¼
ð
d3vf1j;

Jzj ¼
ð
d3vejvzf1j;

(5)

where f1j is the perturbed distribution function. In order to
obtain the perturbed distribution function from the linearized
Vlasov’s equation, the perturbation is assumed to be of the form
f1j ¼ expðik?yþ ikkz� ixtÞ, where x is the frequency of the
wave, and kk and k? are the parallel and perpendicular compo-
nents of the wave vector k, respectively. Here, we restrict our
perpendicular wave vector to the y-direction and use a local
approximation (Ljk� 1) to solve linearized Vlasov’s equation.
Here, k is the wave number and Lj ¼ VjðdVj=dxÞ�1 is the velocity
gradient scale length. Thus, the generalized perturbed distribu-
tion function can be written as57

f1ðr; v; tÞ ¼ �
q
m

ðt
�1

dt0 1þ ðE � v
0Þk� Eðv0 � kÞ

x

� �

� rv0 f0ðv0Þeiðk�r
0�xt0Þ; (6)

which has to be integrated along the trajectories, rðr0; v0; t0Þ,
which ends at rðr; v; tÞ when t0 ¼ t. Following the standard pro-
cedure and algebraic manipulations, the perturbed distribution
function for low-frequency kinetic Alfv�en waves can be written
as

f1j ¼
ej
mj

Xþ1
n¼�1

Xþ1
m¼�1

eiðn�mÞh

ðkkvz � xþ nxcjÞ
JnðnjÞJmðnjÞ

� ðk?Mj/þ kkLjwÞ; (7)

where coefficientsMj and Lj can be expressed as

Mj ¼ 1�
kkvz
x

� �
@f0j
@v?
�
nxcj

k?v?
þ 1

xcj
�
@f0j
@x

" #
þ
@f0j
@vz

nxcjkk
k?x

; (8)

Lj ¼
k?vz
x

@f0j
@v?
�
nxcj

k?v?
þ 1

xcj
�
@f0j
@x

" #
þ 1�

nxcj

x

� �
@f0j
@vz

: (9)

In the absence of shear flow, Eq. (7) matches exactly with that in

the study by Hasegawa.48 Here, the term 1
xcj
� @f0j@x

� �
in Eqs. (8) and

(9) arises because of the presence of the velocity shear. Equation
(8) completely matches with Eq. (7) in the study by Lakhina;26

however, the Eq. (9) term differs from Eq. (8) in his paper on two
counts: one we have k? outside the square bracket instead of kk
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which was a typo in his paper and second the term in the paren-

theses differs by a change of sign [i.e., 1þ nxcj

x

� �
in his paper].

This arises because of the different forms of perturbation
assumed in this paper. Here, JnðnjÞ and JmðnjÞ are the Bessel
functions of the order n and m, respectively, with the argument
nj ¼ ðk?v?=xcjÞ. We follow the cylindrical coordinates, i.e.,
v ¼ ðv?; h; vkÞ, where h represents the angular coordinate of the
velocity vector.

Substituting f1j from Eq. (7) into Eq. (5) and performing the
velocity integrals, we obtain the following expression for the
perturbed number density nj:

nj ¼
ej
mj

Nj
2

kka3j

Xþ1
n¼�1

InðkjÞexpð�kjÞ �nxcj ZðljÞ �
kk
x
VjZðljÞ

� �	�

þk?Sj
�aj
2

Z0ðljÞ þ
kk
x

a2j
lj

2
þ

Vj

2aj

 !
Z0ðljÞ

" #)
/

þ
�nxcj

x
kk

� �
�aj

1
2
Z0ðljÞ �

Vj

aj
ZðljÞ

( )" #(

þ
kkk?
x

Sj

� �
�a2j

lj

2
þ

Vj

2aj

 !
Z0ðljÞ

( )" #

þkk 1�
nxcj

x

� �
aj
2
Z0ðljÞ

� �

w

�
; (10)

and the parallel component (z-component) of the current den-
sity Jzj as

Jzj ¼
e2j
mj

Nj
2

kka3j

Xþ1
n¼�1

InðkjÞ

� expð�kjÞ ð�nxcjÞ �aj
1
2
Z0ðljÞ �

Vj

aj
ZðljÞ

( )"("

þ
kk
x

a2j
Vj

2aj
Z0ðljÞ �

V2
j

a2j
ZðljÞ

( )#

þ k?Sj �a2j
lj

2
þ

Vj

2aj

 !
Z0ðljÞ

( )"

þ
kk
x

a3j
l2
j

2
þ
Vj

aj
lj þ

1
2

V2
j

a2j

 !
Z0ðljÞ �

1
2

( )#)
/

þ
�nxcj

x
kk

� �
�a2j

lj

2
þ
Vj

aj

 !
Z0ðljÞ �

V2
j

a2j
ZðljÞ

8<
:

9=
;

2
64

3
75

8><
>:
þ

kkk?
x

Sj

� �
�a3j

l2
j

2
þ
Vj

aj
lj þ

1
2

V2
j

a2j

 !
Z0ðljÞ �

1
2

( )" #

þ �kk 1�
nxcj

x

� �� �
�a2j

lj

2
þ

Vj

2aj

 !
Z0ðljÞ

( )" #)
w

#
; (11)

where ZðljÞ is the plasma dispersion function, Z0ðljÞ is the deriv-
ative of the plasma dispersion function with respect to its argu-

ment lj ¼
x�kkVj

kkaj
; InðkjÞ is the modified Bessel function of order

n with the argument kj ¼
k2?a2j
2x2

cj

� �
, and Sj ¼ 1

xcj

� �
� dVj

dx represents

the velocity shear.

Substituting perturbed number density from Eq. (10) and
current density from Eq. (11) into Eqs. (3) and (4), respectively,
and assuming low frequency waves (x2 � x2

cj) propagating
nearly perpendicular to B0, i.e., k2k � k2?, we obtain the following:

D11/þ D12w ¼ 0; (12)

D21/þ D22w ¼ 0; (13)

where

D11 ¼ k2? 1þ
X
j

2x2
pj

k2?a2j

�x
x
ð1� bjÞ

2
4

3
5; (14)

D12 ¼ k2k 1�
X
j

x2
pjbj

k2ka
2
j
Z0

�x
kkaj

� �
1� Sj

k?
kk

 !2
4

3
5; (15)

D21 ¼ kkk2? 1þ
X
j

x2
pjbj

c2k2?
Sj
k?
kk

2
4

3
5; (16)

D22 ¼ �kkk2? 1þ
X
j

x2
pj

c2k2?

bjx2

k2ka
2
j
Z0

�x
kkaj

� �
1� Sj

k?
kk

 !
þ Sj

k?
kk

( )2
4

3
5;
(17)

where xpj ¼ ð
4pNje2j
mj
Þ1=2 is the plasma frequency, �x ¼ ðx� kkVjÞ

the Doppler shifted frequency of jth species; bj ¼ I0ðkjÞ expð�kjÞ,
where I0ðkjÞ is the modified Bessel function of order zero. These
expressions match quite well with those in the study by
Lakhina26 except that k2 is replaced by k2? in the second term
within the square bracket of D11 which was a typo in that paper.
It is pointed out here that while deriving D11;D12;D21, and D22

components, themodified Bessel function for the electron terms
has been expanded in the limit ke � 1 and leading order terms
have been retained. It must be emphasized here that though the
expressions appearing in this paper have been derived earlier by
Lakhina,26 we are writing these here because some typos were
found in some of the expressions.

The dispersion relation is obtained from Eqs. (12) and (13) by
equating the determinant of the coefficients of / and w to zero,
which is expressed as

1þ
X
j

x2
pj

k2a2j

2�x
x
ð1�bjÞ�bj 1�Sj

k?
kk

 !
Z0

�x
kkaj

� �" #

þ
X
j

2x2
pj

k2a2j

�x
x
ð1�bjÞ �

X
j

x2
pj

c2k2?

bjx2

k2ka
2
j
Z0

�x
kkaj

� �
1�Sj

k?
kk

 !
þSj

k?
kk

" #

�
X
j

x2
pjbj

k2a2j
1�Sj

k?
kk

 !
Z0

�x
kkaj

� �
�
X
j

x2
pjbj

c2k2?
Sj
k?
kk
¼0: (18)

This generalized dispersion relation Eq. (18) is exactly the
same as in the study by Lakhina26 in which k2 is replaced by k2? in
the second summation of the last term.

III. DISPERSION RELATION: HOT ION BEAM CASE

Here, we proceed in the same manner as Lakhina26 and
obtain a dispersion relation by considering the hot ion beam
case. To start with, we assume that the background ions and
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electrons have no drift velocity and shear flow, i.e.,
Vi ¼ Ve ¼ 0; Si ¼ Se ¼ 0. Furthermore, we assume the hot ion
beam with a drift velocityVB and shear in the flow as S ¼ SB. The
following assumptions are in order: for the hot ion beam which
is the source of free energy, �x � kkaB, for hot electrons,
x� kkae; ke � 1, and for the cold and stationary background
ions, x2 � k2ka

2
i . With the assumptions discussed above, we

obtain the following simplified dispersion relation from Eq. (18):

biNi

Ne
1þ a1 �

x2

k2kv
2
A

Ni

Ne

1� bi
ki

Aq0

" #

� x2

k2kc
2
s

C0R þ ið1þ a1ÞCI �
x2

k2kv
2
A

Ni

Ne

1� bi
ki

AðCR þ iCIÞ
" #

¼ 2x2

k2ka
2
i

ð1� biÞNi

Ne
; (19)

where

a1 ¼
NB

Ne

bBbB
2kB

S
k?
kk
; (20)

q0 ¼ 1þNB

Ni

mi

mB

Sk?
bikk

; (21)

A ¼ 1þNB

Ni

Ti

TB

�x
x
ð1� bBÞ
ð1� biÞ

; (22)

CR ¼ 1þNB

Ne

Te

TB
bB 1� S

k?
kk

 !
; (23)

C0R ¼ 1þNB

Ne

Te

TB
bB 1� �x

x

� �
þ �x

x
� bBS

k?
kk

 !( )
þ a1CR; (24)

CI ¼
ffiffiffi
p
p x

kkae
exp � x2

k2ka
2
e

 !
þ bB

NB

Ne

Te

TB

� �3=2
2
4

� mB

me

� �1=2 �x
x

1� S
k?
kk

 !
exp � �x2

k2ka
2
B

 !#
: (25)

Here, all the above expressions match perfectly well with
those in the study by Lakhina26 except the term a1 which has the
extra factor of ðk2?=k2Þ in that paper, which was due to the dis-
crepancy in Eq. (18) as mentioned earlier. In the above
expression, CI represents the damping arising due to hot
electrons and beam ions, and cs ¼ ðTe=miÞ1=2 is the ion acous-
tic speed, vA ¼ ðB2

0=4pNemiÞ1=2 is the Alfv�en velocity, and
bi ¼ ð8pNeTi=B2

0Þ and bB ¼ ð8pNeTB=B2
0Þ are ion and beam

plasma betas, respectively.
It must be mentioned here that in the absence of the ion-

beam (NB ¼ 0) in Eq. (19) and neglecting the damping due to

electrons and the ion beam, we obtain the usual dispersion rela-
tion for KAWs in two-components, i.e., electron-proton plasma
as shown by Eq. (36) in the study by Hasegawa and Chen18 and
Eq. (23) in the study by Lakhina.26 The general dispersion rela-
tion Eq. (19) can now bewritten as

DRðx; kÞ þ iDIðx; kÞ ¼ 0; (26)

where

DRðx; kÞ ¼
x4

k4kV
4
A

Ni

Ne

ð1� biÞ
ki

ACR

� �
� g1

x2

k2kV
2
A
þ Ni

Ne

bibi

2
Te

Ti
ð1þ a1Þ;

(27)

DIðx; kÞ ¼ �
x2

k2kV
2
A

1þ a1 �
x2

k2kV
2
A

ð1� biÞ
ki

Ni

Ne
A

" #
CI; (28)

g1 ¼ C0R þ
Ni

Ne
ð1� biÞ

Te

Ti
1þ Ni

Ne

bibi

2ki
Aq0

	 
� �
; (29)

g0 ¼
Ni

Ne

� �2 bibi

2
Te

Ti

ð1� biÞ
ki

ð1þ a1ÞACR: (30)

The real frequency can be obtained by equating DRðx; kÞ
¼ 0 and hence is given by

x4

k4kV
4
A

Ni

Ne

ð1� biÞ
ki

ACR

� �
� g1

x2

k2kV
2
A
þ Ni

Ne

bibi

2
Te

Ti
ð1þ a1Þ ¼ 0; (31)

which contains both shear and beam velocity. Analytically, it is
quite difficult to solve Eq. (31) as the coefficients A;C0R and g1
contain �x ¼ x� kkVB terms. Expression (31) in the study by
Lakhina26 can be obtained in the absence of streaming VB ¼ 0
and CI � 0. The threshold condition for excitation of non-
resonant instabilities is obtained withCR< 0 and is given by

Sth ¼
kk
k?

1þ Ne

NB

TB

TebB

� �
: (32)

Lakhina26 has carried out the analysis for non-resonant and
resonant instabilities excited by the ion shear flow only. The
purpose of the present paper is to study the effect of the ion
beam and ion shear flow on the resonant instability. We also
study the combined effect of ion beam velocity and ion shear
flow on the instability.

A. Resonant instability

The growth/damping rate of KAWs can be obtained from
Eq. (26) by assuming x ¼ xr þ ic, where xr is the real frequency
and c� xr is the growth/damping rate of the wave. The
growth/damping rate of the resonant instability is given by

c ¼ � DIðxr;kÞ
@DRðxr;kÞ

@xr

¼
x2

r 1þ a1 �
x2

r

k2kv
2
A

ð1� biÞ
ki

Ni

Ne
A

" #
CI

xr 2ðg2
1 � 4g0Þ

1=2
n o

þ kkVB
NB

Ne
ð1� bBÞ

x2
r

k2kv
2
A

Ti

TB

CR

ki
� Te

TB
1þ Ni

Ne

bibi

2ki
q0

� �( ) : (33)
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This is a general expression for the growth/damping rate
of KAWs. In the absence of ion streaming (VB ¼ 0), we can
retrieve Eq. (31) in the study by Lakhina.26

It is worth mentioning here that the dispersion relation (19)
is a coupled one between the ion acoustic and the kinetic Alfv�en
waves. In the limit of low plasma beta, the coupling becomes
weak and the two waves decouple. The instability of electro-
static waves may consume some of the free energy of the beam
to suppress the growth of the kinetic Alfv�en waves. Usually, the
electrostatic modes are of shorter wave lengths but have larger
growth rates as compared to electromagnetic modes. They are
the ones to saturate first, leaving rest of the free energy for the
electromagnetic modes to grow. Even if the ion acoustic insta-
bility is excited, we believe that it cannot dissipate all the free
energy available in the system. There may still be enough free
energy available which can lead to the growth of kinetic Alfv�en
waves. All of our numerical calculations have been carried out in
the low plasma beta limit, i.e., bi� 0.01. Hence, electrostatic ion
acoustic waves are excluded and our main focus is to study the
resonant instability of KAWs.

The numerical computations are carried out for real fre-
quency [Eq. (31)] and growth/damping rate [Eq. (33)] for the
plasma parameters for which all the assumptions made in the
theoretical analysis are satisfied. For ease of numerical compu-
tations, the dispersion relation is normalized as follows: fre-
quencies, xr, are normalized with respect to the cyclotron
frequency of the ion beam, xcB, temperatures with ion beam
temperature, TB, and streaming velocity, VB, with the thermal
speed of the ion beam, aB. Throughout the manuscript, normal-
ized real frequency and the growth rates of the resonant insta-
bility as calculated from Eqs. (31) and (33), respectively, are
plotted against kB ¼ k2?a2B=2x

2
cB (square of the perpendicular

wave number normalized with the gyroradius of the beam ions).
Numerical computations show that the resonant instability of
the KAWwill occur when CR> 0 and CI< 0.

Figures 1(a) and 1(b) show the variation of the normalized real
frequency and growth/damping rate of the resonant KAW insta-
bility driven by the ion beam versus square of the normalized per-

pendicular wave number kB ¼ k2?a2B
2x2

cB
. The plasma parameters are

fractional ion beam density, NB
Ne
¼ 0:5; bi ¼ 0:001; kkk? ¼ 0:01, S¼0

and for various values of the ion beam velocity as indicated on the
curves itself.

Here, in the absence of velocity shear, the effect of ion
beam velocity can be seen on the growth of KAWs. It is observed
from the figures that the real frequency as well as the growth
rate increases with the increase in ion beam velocity. The
increase in real frequency at a fixed wavenumber is marginal,
whereas the growth rate increases significantly. It is observed
that the peak in the growth rate shifts towards the higher kB val-
ues with the increase in ion beam velocity. Our numerical com-
putations reveal that for the above given parameters, for the
excitation of KAWs, the threshold value on the ion beam veloc-
ity comes out to be VB

aB
� 0.4.

In Fig. 2, we plot the real frequency and growth rate with
finite shear (S¼0.5) and ion beam streaming opposite to the
magnetic field direction with the values mentioned on the
curves, keeping other parameters the same as those in Fig. 1.
It is observed that with finite velocity shear, when ion beam
velocity is increased in the anti-parallel direction to the ambi-
ent magnetic field, the real frequency decreases, whereas the
growth rate increases. However, it is clear from Fig. 3 that in
the presence of finite positive shear (S¼0.5), when the ion
beam velocity parallel to the ambient magnetic field is
increased, the real frequency increases, whereas the growth
rate decreases. There is no growth of KAWs beyond VB

aB
¼ 0.2.

Hence, it is concluded that whenever a finite positive shear is
present, the antiparallel streaming ion beam favors the excita-
tion of the KAWs, whereas the parallel ion beam has a stabiliz-
ing effect.

In Fig. 4, we show the variation of the real frequency and
growth rate of the KAWs driven by the finite ion beam in the
absence of the velocity shear (i.e., S¼0) for various values of ion
beam density for VB/aB ¼ 0.9. Other parameters are the same as
in Fig. 1. It is observed that with the increase in ion beam density,
the real frequency decreases, whereas the growth rate
increases. Furthermore, the peak in the growth rate shifts
towards a higher kB value. It is interesting to note that the criti-
cal value of number density is found as NB/Ne � 0.2 below
which no growth is found. However, when the finite negative
velocity shear, S ¼ –0.2, is introduced for the parameters of Fig.

FIG. 1. KAW resonant instability driven by
the ion beam: Variation of (a) normalized
real frequency, xr=xcB, and (b) normalized

growth rate, c=xcB versus kB ¼
k2?a2B
2x2

cB
for

NB
Ne
¼ 0:5; bi ¼ 0:001; kkk? ¼ 0:01; S ¼ 0

and various values of VB
aB

as listed on the
curves.
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4, the behaviour of the real frequency and growth rate remains
the same as in Fig. 4 but the critical value of the beam density
lowers to 0.1 (not shown).

In Figs. 5 and 6, the variation of the real frequency and
growth rate is shown with kk=k? in the absence and presence of
velocity shear, respectively. It is observed that in both the cases,

the real frequency and the growth rate increase with the
increase in kk=k? values. The growth rate is more in the pres-
ence of negative shear and ion beam as compared to the case of
the ion beam alone.

In Figs. 7 and 8, the effect of Te
TB

is examined without velocity
shear (S¼0) and with negative velocity shear (S ¼ –0.2),

FIG. 3. KAW resonant instability driven by
the parallel streaming ion beam and posi-
tive velocity shear: (a) normalized real fre-
quency and (b) normalized growth rate

versus kB for NB
Ne
¼ 0:5;bi ¼ 0:001;

kk
k?

¼ 0:01;S ¼ 0:5: and various values of
VB
aB
as listed on the curves.

FIG. 4. Resonant instability of KAWs
driven by the ion beam: (a) normalized
real frequency and (b) normalized growth
rate versus kB for bi ¼ 0:001; kkk? ¼ 0:01,
S¼ 0.0, VB

aB
¼ 0:9 and various values of

NB
Ne
as listed on the curves.

FIG. 2. KAW resonant instability driven by
ion beam streaming in a direction opposite
to the magnetic field and positive velocity
shear (a) Normalized real frequency and
(b) normalized growth rate versus kB for
S¼ 0.5 and various values of VBaB

as listed
on the curves. All other parameters are as
in Fig. 1.
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respectively, in the presence of finite ion beam velocity. In both
the cases, the growth rate as well as the real frequency increases
with the increase in Te

TB
values. The growth rate peaks are sharper

in Fig. 7,whereas they are broader in Fig. 8, and in both the cases,
growth rate peaks shift towards the higher kB values.The growth
rate is significantly higher in the case where negative shear and
ion beams are present as compared to the without velocity

shear case. Though not presented here, numerical results show
that the effects of Ti

TB
and bi on the growth of instability are negli-

gible for the plasma parameters considered here.

IV. DISCUSSION AND CONCLUSIONS

Kinetic Alfv�en waves have been studied in a three-
component plasma consisting of the background cold ions, hot

FIG. 6. Resonant instability of KAWs driven
by the ion beam and negative velocity
shear: (a) normalized real frequency and
(b) normalized growth rate versus kB for
NB
Ne
¼ 0:5;bi ¼ 0:001, S¼�0.2, VBaB

¼ 0:9

and various values of kk
k?

as listed on the
curves.

FIG. 7. Resonant instability of KAWs
driven by the ion beam: (a) normalized
real frequency and (b) normalized growth
rate versus kB for NB

Ne
¼ 0:5; bi ¼ 0:001,

S¼ 0, VB
aB
¼ 0:9; kk

k?
¼ 0.01 and various

values of TeTB as listed on the curves.

FIG. 5. Resonant instability of KAWs
driven by the ion beam: (a) normalized
real frequency and (b) normalized growth
rate versus kB for NB

Ne
¼ 0:5; bi ¼ 0:001,

S¼ 0, VB
aB
¼ 0:9 and various values of kk

k?
as listed on the curves.
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electrons, and hot ion beams. These waves are driven by ion
beams as well as shear in the ion beam velocity. The main focus
of this paper is to study the ion beam as well as velocity shear
driven resonant instability of kinetic Alfv�en waves. Therefore, in
this model, a comparison of results obtained with only ion beam
(no shear) and with ion beams with velocity shear is made. It is
found that the ion beam alone can drive KAWs with a significant
growth rate. It is observed that when positive velocity shear is
present and the ion beam is streaming parallel to the ambient
magnetic field, the growth rate of KAWs significantly reduces
and it has a stabilizing effect. On the other hand, for the ion
beam streaming anti-parallel to the ambient magnetic field but
having positive velocity shear, there is a marked increase in the
growth rate of KAWs.

In the literature, the physical mechanism for the electro-
static instabilities is ascribed to the bunching of the charges,49–51

and for the electromagnetic instabilities, it is attributed to
bunching of the current52–55 and Landau resonance.56 The elec-
tromagnetic instabilities arise when the Lorentz force due to the
fluctuating magnetic field causes momentum fluxes and bunch-
ing of currents at some locations leading to enhancement of the
initial magnetic perturbation. We are not aware of any physical
mechanism for the kinetic Alfv�en instability, but expect the cur-
rent bunching as a physical cause irrespective of the nature of
the free energy source, i.e., whether it is temperature anisot-
ropy, beam, or the velocity shear. In our case, when the ion
beams propagate anti-parallel to ambient magnetic field B0, the
velocity shear seems to increase (disperse) the current bunching
when it is along the positive (negative) x-axis.The role of velocity
shear is reversed when the ion beam is propagating along B0.

For an application of our model, we consider some typical
plasma parameters observed on the auroral/polar cusp field
lines at an altitude of 5–7RE, where RE is the radius of the
Earth.2,3,26 The reported hot ion beam densities and speed are
NB/Ne ¼ (0.01 – 0.2), beam speed, VB/aB < 2, respectively. For
our numerical computations, we assume NB/Ne ¼ (0.1–0.8), VB/
aB ¼ (�1.2 to 1.2), bi ¼ (0.001–0.01), and S ¼ (�0.2 to 0.5).We also
consider xcB

2p � ð2:2� 3ÞHz which is common at the auroral alti-
tude of 5–7RE, the hot electron temperature, Te � 100eV, the
background cold ion temperature, Ti � 10eV, and the ion beam

temperature, TB � 1–2 keV. From our assumption of local
approximation, we obtain kB � k	B ¼ ðSaB=VBÞ2 ¼ ð0:1736
�1:5625Þ for S¼0.5 and VB/aB ¼ (0.4–1.2), whereas k	B ¼ 0 for
the case of pure ion beam velocity, i.e., when velocity shear is
zero. For all these above values, the graphs are plotted and the
results are shown in the respective figures.

The maximum normalized growth rate (c/xcB) and the cor-
responding normalized real frequency (xr/xcB) for resonant
instability driven by the ion beam alone (Fig. 5, S¼0.0, VB/aB
¼0.9, kk=k? ¼ 0:04) are found to be 0.00014 and 0.009 at
kB¼0.5 and are excited for kB ¼ 0.1–2.5. Then, the unnormalized
growth rate and the real frequency are 0.00035Hz and
0.0225Hz, respectively, for xcB

2p¼2.5Hz. The real frequency value
for the whole range of our computation falls in the range of
�(10–50) mHz for the above-mentioned case. The growth rate is
in the range of (0.02–0.35) mHz. The corresponding transverse
wave number which can be calculated from the relation
k? ¼ ðk1=2B =qBÞ, where qB ¼ ðaB=21=2xcBÞ is the gyro-radius of the
ion beams, is found to be in the range k? � (0.01–0.06) km�1. The
respective perpendicular wavelength lies in the range of
(628–105) km. The corresponding parallel wave number can be
obtained from the relation kk=k?¼ 0.04 and is found to be
kk � (0.04–0.24) �10�2 km�1 and the parallel wavelength
� (157–26) � 102 km. On the other hand, in the presence of both
the ion beam velocity and velocity shear (Fig. 6, S¼�0.2, VB=aB
¼ 0:9; kk=k? ¼ 0:04), the maximum value of the normalized real
frequency and growth rate for resonant instability is found to be
0.013 and 0.001, respectively, at kB ¼ 1.3 and is excited in the
range of kB¼ (0.3–5.0). The real frequency has a value of
� (15–60) mHz for the full range of computation. The corre-
sponding growth rate is in the range of (1–2.5) mHz. The ULF
waves with a frequency of 0.0325Hz can be excited with a sig-
nificant growth rate of 0.0025Hz for xcB

2p ¼ 2:5Hz. The perpen-
dicular wave number calculated as earlier falls in the range of
k? � (0.02–0.08) km�1 and the corresponding wavelength is in
the range of (314–78) km. The parallel wave number is found as
kk � (0.08–0.32) � 10–2km–1 and the corresponding parallel
wavelength is obtained as (78–20) � 102 km. Furthermore, in the
presence of both the ion beam and velocity shear, KAWs with
much larger growth rates are excited as compared to the case

FIG. 8. Resonant instability of KAWs
driven by the ion beam and negative
velocity shear: (a) normalized real fre-
quency and (b) normalized growth rate
versus kB for NB

Ne
¼ 0:5; bi ¼ 0:001,

S¼�0.2, VBaB
¼ 0:9;

kk
k?
¼ 0.01 and vari-

ous values of TeTB as listed on the curves.
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of the ion beam alone. It is also observed that KAWs have a
larger growth rate with positive velocity shear and an anti-
parallel ion beam as compared to negative velocity shear and a
parallel ion beam.

It is emphasized here that our theoretical model can
excite the ULF waves where ion beams or velocity shear
exists. Also, for the first time, we have shown the combined
effect of ion beam and velocity shear on the generation of
KAWs. In both the cases, i.e., ion beam alone as well as com-
bined ion beam and velocity shear, the KAWs with a range of
frequencies �(10–60) mHz can be excited. The predicted per-
pendicular wavelengths of (78–628) km compare fairly well
with the Polar observations10 of the perpendicular scale size
of (20–120) km. The predicted ULF wave frequencies and
wavelengths from our model may be relevant in understand-
ing the properties of the low-frequency electromagnetic
waves observed in the Earth’s magnetosphere.
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