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Abstract

A generation mechanism for kinetic Alfvén waves 
(KAWs) by ion-beam and velocity shear is discussed. 
For this, a three-component plasma model, consisting of 
cold background ions, hot electrons, and hot ion beams is 
considered. The model is very general in the sense that all 
of the three species have drifting Maxwellian distributions, 
nonuniform streaming, and velocity shear, and can be applied 
to magnetospheric regions where velocity shear is present. 
The eff ects of the ion beam alone and the combined eff ect 
of the ion beam as well as the velocity shear in exciting 
the kinetic Alfvén waves are discussed. It is found that 
the ion beam alone can excite these kinetic Alfvén waves. 
However, in the presence of an anti-parallel ion beam and 
positive shear, the wave growth is much larger as compared 
to the ion-beam case alone. For a set of plasma parameters, 
waves are excited for < 1B  for the case of the ion beam 
alone, whereas for the combined case (an anti-parallel ion 
beam and positive velocity shear), these waves are excited 
for > 1B .The present model is applied to the polar cusp/
auroral region of the Earth’s magnetosphere, and it can 
explain several characteristic properties of the observed 
ultra-low-frequency waves. The mechanism presented 
here can excite the kinetic Alfvén waves up to a frequency 
of 65 mHz, which can explain the ultra-low-frequency 
waves observed in the auroral/polar cusp region. 

1. Introductio n

Kinetic Alfvén waves (KAWs) are low-frequency 
electromagnetic waves that propagate nearly 

perpendicular to the ambient magnetic fi eld, and have an 
electric-fi eld component along the ambient magnetic fi eld. 
The acceleration of charged particles in space plasmas is 

related to the presence of parallel electric fi elds. Due to the 
presence of a parallel electric fi eld, kinetic Alfvén waves 
play a major role in the transfer of energy to particles and 
auroral acceleration of the electrons [1-5]. In the low-   
plasmas, this parallel electric fi eld arises in the magneto- 
hydrodynamic (MHD) waves under two aspects. First, 
when electron inertia is taken into account, the shear Alfvén 
waves will come into the picture and will satisfy conditions 
in a region where with   being the (thermal pressure/
magnetic pressure) [3]. Second, when the ion gyro radius is 
taken into account, kinetic Alfvén waves will play a major 
role and satisfy conditions in a region where e im m   
[6]. At the auroral altitudes of 4-5 ER , where  is the radius 
of the Earth, the shear Alfvén wave plays a major role [7], 
and beyond that, the kinetic Alfvén waves are important. 
Observationally, kinetic Alfvén waves appear as broadband 
enhancements in electric and magnetic fi eld wave power 
that become increasingly electrostatic at higher frequencies 
[8-11]. These waves have been reported inside the 
plasmasphere in conjunction with, and modulated by, ultra-
low-frequency (ULF) oscillations driven by an impulsive 
solar-wind pressure enhancement, and are identifi ed as 
Doppler-shifted kinetic Alfvén waves. Furthermore, kinetic 
Alfvén waves may signifi cantly impact particle dynamics 
in the inner magnetosphere through enhanced ion transport 
and heating [2, 12]. Observations carried out onboard the 
S3-3, DE1, AUREOL 3, VIKING, CLUSTER, THEMIS, 
Van Allen Probes, and MMS spacecraft have given evidence 
for intense electromagnetic turbulence in the solar wind 
and magnetosphere [13-20].

Ultra-low-frequency waves have been observed in 
various regions of the Earth’s magnetosphere, e.g., the 
magnetopause, magnetosheath, plasma-sheet boundary 
layer (PSBL), polar cusp, and on auroral fi eld lines for 
decades [8, 21-26]. These ULF waves can be generated 
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by several mechanisms [8, 21, 22, 24]. Instabilities/waves 
such as the Kelvin-Helmholtz (K-H) instability [21, 27, 28], 
kinetic Alfvén waves [1, 3, 5, 29-31], fi eld-line resonance 
[28], etc., are some of the phenomena that can explain the 
generation of ULF waves. More recent observations in the 
terrestrial magnetosphere and reconnection region have 
shown that kinetic Alfvén waves facilitate the generation 
of ULF waves and wave-particle energy exchange [20, 
32]. Lakhina [31] discussed the excitation of kinetic 
Alfvén waves by velocity shear and explained the observed 
generation of ULF waves by kinetic Alfvén waves. Ion 
beams have also been observed in various regions of the 
magnetosphere such as the plasma-sheet boundary layer, 
polar cusp, auroral zone, etc. [24, 27]. Here, we are proposing 
a three-component plasma model for the excitation of 
kinetic Alfvén waves by ion-beam and velocity shear as a 
possible mechanism for the generation of ULF waves in the 
Earth’s magnetosphere. The combined eff ect of ion-beam 
and velocity shear in exciting the kinetic Alfvén waves for 
resonant instability has been studied. This model is able to 
explain some of the observed characteristics of ULF waves 
in the magnetosphere.

2. Theoretical Model for Kinetic 
Al fvén Waves Excited by Ion-

Beam and Velocity Shear

A three-component theoretical plasma model is 
considered, having background ions, beam ions, and 
electrons as its species. All the three species have nonuniform 
streaming  along the ambient magnetic fi eld 0 0 ˆ= B zB , 

where = y cjX x v  , 0= j
cj

j

q B
m c

  is the gyro frequency 

of the jth species, jq  and jm  are the charge and mass of  
the jth species, c is the light speed, and the subscript  is 
e , i , or B  for electrons, ions, and beam ions, respectively. 
The equilibrium charge neutrality is obtained from the 
relation , where jN  represents the number density of 
the jth species. To proceed further, we have assumed a 
drifting Maxwellian distribution, given by

    3/2 22 2 2
0 = expj j j j jf N v v V X 




       
  (1)

where 2 2= x yv v v   and = zv v  defi ne the perpendicular 
and parallel velocity components with respect to the ambient 

magnetic fi eld, 
2

= j
j

j

T
m

  is the thermal speed of the jth 

species, and jT  is the temperature of  the jth species.

 Since we are assuming a low-beta plasma (thermal pressure/
magnetic pressure) for our study, the wave is assumed to 
be magnetically incompressible. This means that the z 
component of the wave’s magnetic fi eld, zB , is zero. This 
fact allows us to use the two electric potentials to describe 
the wave’s electric fi eld, as done by Hasegawa [1]. The 

electric fi eld of the electromagnetic wave can thus be 
written as 

 ˆ= E z E  ,  (2)

where =E   . The basic equations used for our 
calculations are Poisson’s equation and the z component 
of Ampere’s law. Respectively, they are given by 

 2 = 4 j j
j

E
e n

z
 


 

  , (3)

 
2

2
2

4= zj
j

E J
z tc
 


 


   . (4)

Here, jn  and zjJ  are respectively the perturbed number 
and the z component of the current densities, and can be 
computed from the expressions

 3
1=j jn d vf ,  (5)

 3
1=zj j z jJ d ve v f ,

where 1 jf  is the perturbed distribution function, which 
can be obtained from the linearized Vlasov’s equation 
using a local approximation ( 1vL k  ). Here, k is the 
wavenumber and   1

v B BL V dV dx  is the velocity 
gradient scale length. For this, the perturbation is assumed 
to be of the form 1 = exp( )jf ik y ik z i t   , where   is 
the frequency of the wave, and k  and k  are respectively 
the parallel and perpendicular components of the wave 
vector k . The generalized perturbed distribution can now 
be written as [33, Equation (4.169)] 

      
1 , , =

tqf t dt
m 

  
  
 


E v k E v k

r v E
 

     
0

i t
v f e  
  k rv   (6)

which has to be integrated along the unperturbed 
orbits. Following the standard procedure and algebraic 
manipulations, the perturbed distribution function for low-
frequency kinetic Alfvén waves can be written as [31,34] 

 
 

     1
= =

=
i n m

j
j n j m j

j n m z cj

e ef J J
m k v n


 

 

 

   
 



   j jk M k L     (7)



The Radio Science Bulletin No 370 (September 2019) 19

where coeffi  cients jM  and jL  can be expressed as 

 0 0 01= 1 z cjj cj j j
j

cj z

k v n kf n f f
M

v k v x v k


     

    
            

   (8)

 
0 0 01= 1j cj j cj jz

j
cj z

f n f n fk v
L

v k v x v
 

  


  

    
     

      

 (9)

Here, ( )n jJ   and ( )m jJ   are the Bessel functions 
of the order n and m, respectively, with the arguments 

 =j cjk v   . For the calculation of velocity integrals, 
we use cylindrical coordinates, i.e.,  = , ,v vv  , where 
  represents the angular coordinate of the velocity vector. 
Substituting 1 jf  from Equation (7) into Equation (5) and 
evaluating the integrals, we obtain the perturbed number 
density, jn , and the parallel component (z component) of 
the current density, zjJ . Furthermore, these number and 
current densities are substituted into Equations (3) and (4), 
respectively, to get the following:

 11 12

21 22
= 0

D D
D D




  
  

  
  (10)

where the coeffi  cients are given by the expressions

  
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2
11 2 2

2
= 1 1pj

j
j j

D k b
k

 





 
  
  
 , (11)

 
2

2
12 2 2= 1 1pj j

j
jj j

b k
D k Z S

k kk

 



   
     

      


 
, (12)

 
2

2
21 2 2= 1 pj j

j
j

b k
D k k S

kc k

 




 
 
  



, (13)

 

2 2
2

22 2 2 2 2= 1 pj j

jj j

b
D k k Z

kc k k

  





            



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,  (14)

where 

1/224
= j j

pj
j

N e
m




 
 
 
 

 is the plasma frequency, 

 jk V     is the Doppler-shifted frequency of  the 
jth species, and    0= expj j jb I   , where  0 jI   is 
the zeroth-order modifi ed Bessel function. The coeffi  cients 

sD  are obtained by assuming low-frequency waves (
2 2

cj  ) propagating nearly perpendicular to 0B , i.e., 
2 2<<k k . We get the following generalized dispersion 

relation from Equation (10) by equating the determinant 
of the coeffi  cients of   and   to zero:
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3. Resonant Instability of
Kinetic Alfvén Waves

In this section, we study the resonant instabilities of 
the ki netic Alfvén waves excited by hot-ion beams and 
velocity shear. The dispersion relation is here restricted 
to a hot-ion beam with drift velocity BV  and shear in the 
fl ow of = BS S , whereas other species have = 0 =i eV V

= 0 =i eS S . Under the assumptions of a hot-ion beam, 
ek  , 1e  , hot electrons, ek  , << 1e , 

and cold background ions, 2 2 2
ik  , the dispersion 

relation obtained from Equation (15) is given by
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where 
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The expression IC  here represents the damping terms due 
to hot electrons and beam ions, and  1/2=s e ic T m  is the 

ion acoustic speed,  1/22
0= 4A e iv B N m  is the Alfvén 

velocity, and  2
0= 8i e iN T B   and  2

0= 8B e BN T B   
are the ion and beam plasma betas, respectively. In the 
absence of ion beam ( 0BN  ) and neglecting the damping 
due to electron and beam ions, we will reach the usual 
dispersion relation for kinetic Alfvén waves in a two-
component plasma, as obtained by Hasegawa and Chen 
[1] and Lakhina [31]. We can write the general dispersion 
relation, Equation (16), as a combination of real and 
imaginary parts: 

    , , = 0R ID k iD k   (23)

where 
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The real frequency can be obtained by equating 
 , = 0RD k , which contains both shear and beam 

velocity. In the absence of streaming, = 0BV , and assuming 
0IC  , one can also obtain the real frequency from 

Equation (24) for non-resonant instability [31].

 The growth/damping rate,  , of the resonant kinetic Alfvén 
waves can be obtained from Equations (24) and (25) as
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where 
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. (28)

This is a general expression for the growth/damping rate of 
the kinetic Alfvén waves in the presence of ion beam and 
velocity shear. It has been obtained after making use of the 
assumption r i    , where r  is the real frequency 
and r   is the growth/damping rate.

The numerical computations were next carried out for 
real frequency, Equation (24), and growth/damping rate, 
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Equation (27), for the relevant plasma parameters. We made 
sure that all the assumptions that were made in arriving 
at the theoretical results were satisfi ed. The normalization 
procedure that we adopted for our numerical computations 
were as follows: frequencies, r , were normalized with 
respect to the cyclotron frequency of the ion beam, cB ; 
temperatures with the ion beam temperature, BT ; streaming 
velocity, BV , with the thermal speed of the ion beam, B
. The normalized real frequency and the growth rates of 
the resonant instability as calculated numerically from 
Equation (24) and Equation (27), respectively, were plotted 
against 2 2 2= 2B B cBk    (the square of the perpendicular 
wave number normalized with the gyro radius of the beam 
ions). From the numerical analysis, it was found that for the 
resonant instability of the kinetic Alfvén waves, > 0RC  
and < 0IC  should be satisfi ed. From the condition > 0RC
an upper limit for the velocity shear was obtained from 
Equation (20) as

 = 1 e B
max

B B e

k N T
S

k N b T

 
 

 

 . (29)

The < 0IC  contains terms corresponding to ion beam 
as well as velocity shear, and hence it was diffi  cult to 
analytically obtain a combined threshold or upper limit 
for which growth of the wave occurred. However, in the 
absence of velocity shear (i.e., = 0S ), from the condition 

< 0IC , we obtained an expression for the threshold value 
of ion beam velocity above which the growth of the waves 
was possible. This is given by
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              

. (30)

Figures 1a and 1b represent the normalized real 
frequency and the normalized growth rate as functions of 
the square of the normalized perpendicular wave number, 

2 2

2=
2

B
B

cB

k 



 , in the absence of velocity shear ( 0S  ). The 

waves were excited by an ion beam alone. It was observed 

that when the ion-beam velocity was increased from B

B

V


 = 

0.5 to 0.9, the real frequency marginally increased, whereas 
the growth rate signifi cantly increased. The growth rate fi rst 
increased up to a certain extent, reached its maximum value, 
and then fell back. The value of B  for which the growth 
rate was maximum is called Bmax . It was observed that 
with an increase in beam velocity, the Bmax  shifted towards 
higher values, i.e., higher wave numbers. The extent of 
wave numbers for which kinetic Alfvén waves were excited 
also increased with an increase in ion-beam velocity. It is 
emphasized here that in the absence of velocity shear, an 
ion beam alone can excite the kinetic Alfvén waves with 
reasonable growth rate. The threshold value of the beam 
velocity was found to be 0.42B BV   , below which no 
growth was possible.

In Figures 2a and 2b, plots of normalized real 
frequency and growth rate in the presence of fi nite shear 
( 0.4S  ) and the ion beam streaming parallel to the 
ambient magnetic fi eld (positive velocity) are shown. The 

ion-beam velocity was increased from 0.15B

B

V


  to 0.45. 

It was observed that with an increase in beam velocity in 
the parallel direction, the real frequency increased, although 

marginally. However, there was slight growth at 0.15B

B

V


  

which diminished with the further increase in ion-beam 

Figure 1b. The resonant instability of kinetic Alfvén 

waves driven by an ion beam alone: the normalized 

growth rate, cB  , as a function of 
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Figure 1a. The resonant instability of kinetic Alfvén 

waves driven by an ion beam alone: the normalized 

real frequency, r cB  , as a function of 
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velocity considered here. The waves were thus being damped 
at higher values of ion-beam velocity. This indicated that 
positive shear with parallel streaming of ions will have a 
stabilizing eff ect on the kinetic Alfvén waves. Due to the 
damping of the wave, there may be a transfer of energy 
from the wave to the particles, and hence energy transfer 
to the particles. Positive velocity shear along with parallel 
streaming of the ion beam therefore creates a favorable 
condition for energy transfer to the particles.

In Figures 3a and 3b, the variation of the normalized 
real frequency and growth rate with the normalized 
perpendicular wave number in the presence of positive shear 
( 0.4S  ) and the ion beam anti-parallel to the ambient 

magnetic fi eld are shown for 0.15B

B

V


   to 0.45 .

With the increase in beam velocity in the anti-parallel 
direction, the real frequency marginally decreased, whereas 
the growth rate slightly increased. The growth rate fell off  

Figure 2b. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized growth rate, cB  , as a function of 
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Figure 2a. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized real frequency, r cB  , as a function of 
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Figure 3b. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: 
the normalized growth rate, cB  , as a function 

of 
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Figure 3a. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized real frequency, r cB  , as a function of 
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sharply with B . The growth rate was signifi cantly higher 
than for the case of the ion beam alone (Figure 1b) and 
for the ion beam and positive velocity shear (Figure 2b). 
This indicated that an ion-beam streaming anti-parallel to 
the ambient magnetic fi eld in the presence of a fi nite shear 
can excite kinetic Alfvén waves with a larger growth rate 
compared to other two cases discussed above. From the 
above analysis, it was evident that in the presence of a 
fi nite shear, the ion-beam streaming should be anti-parallel 
to the ambient magnetic fi eld to make the condition more 
favorable for excitation of kinetic Alfvén waves.

In Figures 4a and 4b, the variations of the normalized 
real frequency and growth rate with B  for diff erent i  
values (shown on the curves) are depicted for the plasma 
parameters of Figure 1 and 0.5B BV   . Here, waves 
were excited by ion-beam streaming alone. It was seen that 
the eff ect of i  was negligible on the real frequency of the 
kinetic Alfvén waves. However, the growth rate of the wave 
decreased with a decrease in i  without any change in the 

B  range for the set of parameters considered here. It was 
noticed that the waves were excited for < 1B .

Figure 4b. The resonant instability of kinetic Alfvén 
waves driven by an ion beam: the normalized 

growth rate, cB  , as a function of 
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Figure 4a. The resonant instability of kinetic Alfvén 
waves driven by an ion beam: the normalized real 

frequency, r cB  , as a function of 
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Figure 5b. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized growth rate, cB  , as a function of 
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Figure 5a. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized real frequency, r cB  , as a function of 
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Here we show the eff ect of i  on the waves in the 
presence of both a fi nite positive shear ( = 0.4S ) and 

anti-parallel streaming of the ion beam ( 0.25B

B

V


  ). 

The normalized real frequency and growth rate are shown 
in Figures 5a and 5b for values of 0.001i   and 0.1. 
Other plasma parameters were as in Figure 3. A signifi cant 
enhancement was observed in both the real frequency and 
growth rate with a decrease in the i  value, and the wave 
could also grow for a larger range of wave numbers. The 
decrease in i  had a reverse eff ect on the growth rate of 
kinetic Alfvén waves for the combined case of an ion beam 
and velocity shear as compared to the ion-beam case alone. 
In this case, the waves were excited for 

In Figures 6a and 6b, we show the eff ect of the 
temperature variation, i BT T , on the real frequency and 
growth rate of kinetic Alfvén waves for the parameters of 

Figure 3 and 0.25B

B

V


  . The real frequency as well as the 

growth rate increased with an increase in the temperature’s 
i BT T  values.

4. Discussion a nd Conclusions

This paper discussed a three-component plasma 
model for the excitation of kinetic Alfvén waves by ion 
beam and velocity shear. It was observed that an ion beam 
solely streaming parallel to the ambient magnetic fi eld could 
excite kinetic Alfvén waves for a signifi cant growth. The 
ion beam streaming anti-parallel to the ambient magnetic 
fi eld in the presence of a fi nite positive shear will also 
excite kinetic Alfvén waves more effi  ciently as compared 
to the ion-beam case alone.

An enhancement in the growth rate of kinetic Alfvén 
waves was observed with a decrease in i  value for a 
combination of anti-parallel streaming ion beam and positive 
velocity shear, whereas a reverse trend was obtained in the 
absence of shear and ion-beam streaming parallel to the 
magnetic fi eld, i.e., a reduction in the growth rate of kinetic 
Alfvén waves was found. For the case of an ion beam alone, 
these waves were excited for 1B  . On the other hand, 
for the case of combined sources (an anti-parallel ion beam 
and velocity shear), these waves were excited for > 1B . 
An increase in temperature, i BT T , had a positive impact 
on the real frequency and growth rate of kinetic Alfvén 
waves, i.e., both increased with an increase in temperature.

For our computational purposes, we considered some 
typical plasma parameters observed on the auroral/polar-
cusp fi eld lines at an altitude of 5 ER  to 7 eR , where ER  
is the radius of the Earth [22, 23, 31]. The values reported 
were ion-beam densities  0.01 to 0.2B eN N  ; beam 

speed < 2B BV  ;  2.2 3
2

cB


  Hz, more common at 

auroral altitude; whereas we used  0.1 to 0.4B eN N  , 
 = 0.5 to 0.9B BV   ,  = 0.001 to 0.1i , 2.5

2
cB



and  0.1 to 0.4S   for our numerical experiments. For 
the temperature of the species we assumed the following: 
for the hot electrons, 100eVeT  ; for the background cold 
ions, 10eViT  ; and for the ion beam, 1keV to 2keVBT  .

For the case of the excitation of the kinetic Alfvén 
waves by the ion beam alone, the normalized peak 
growth rate was found to be 0.00009 at 0.33B  , 
and the corresponding real frequency peak was 0.008, 
whereas the wave was excited for  0.1 to 1.5B  . 
The corresponding un-normalized growth rate and real 
frequency were 0.00023 Hz and 0.02 Hz, respectively. 

Figure 6b. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized growth rate, cB  , as a function of 
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Figure 6a. The resonant instability of kinetic Alfvén 
waves driven by an ion beam and velocity shear: the 
normalized real frequency, r cB  , as a function of 
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The un-normalized real frequency had a range of 10 mHz 
to 40 mHz, and the corresponding growth rate fell in the 
range of 0.013 mHz to 0.23 mHz for the whole range of 
our computations. The transverse wave number was found 
to be in the range 10.02kmk 

   to 10.04km . The 
corresponding perpendicular wavelength fell in the range 
314 km to 157 km. The parallel wave number, which can 
be obtained from the relation 0.04k k  , was found 
to be 2 10.08 10 kmk     to 2 10.16 10 km  , and the 
parallel wavelength value was 278 10 km to 239 10
km. In the presence of fi nite shear and anti-parallel ion-
beam streaming, the peak of the normalized growth rate 
signifi cantly increased in comparison to the ion-beam 
case alone, and was found to be 0.0018 for 1.0B  . 
The corresponding real frequency was found to be 0.015, 
whereas the kinetic Alfvén waves were excited in the B  
range of 1.0 to 8.0. The respective un-normalized growth 
rate and real frequency had values of 0.0045 Hz and 0.04 Hz, 
respectively. The un-normalized real frequency fell in the 
range of 37.5 mHz to 65 mHz, and the growth rate had a range 
of 0.9 mHz to 4.5 mHz. The perpendicular wavenumber 
was found to be 10.03km  to 10.10km . From this, the 
perpendicular wave length was obtained to be 209 km to 
62 km. The respective parallel wave number was found 
to be 2 10.12 10 km  to 2 10.4 10 km  , which gave the 
parallel wavelength values as 252 10 km to 215 10 km. 
The numerically calculated perpendicular wavelengths of 
62 km to 314 km matched well with the observed values 
of 20 km to 120 km in the auroral region [8].

The theoretical model developed here provides insight 
into the generation mechanism of kinetic Alfvén waves 
by an ion beam alone, as well as by both the ion beam 
and velocity shear. Our model can excite kinetic Alfvén 
waves up to a frequency of 10 mHz to 65 mHz for 
the auroral-region parameters. It can explain some of the 
characteristics (perpendicular wavelengths) of observed 
ULF waves in the Earth’s magnetosphere [8].
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