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Properties of ion- and electron-acoustic solitons are investigated in an unmagnetized
multicomponent plasma system consisting of cold and hot electrons and hot ions using the Sagdeev
pseudopotential technique. The analysis is based on fluid equations and the Poisson equation.
Solitary wave solutions are found when the Mach numbers exceed some critical values. The critical
Mach numbers for the ion-acoustic solitons are found to be smaller than those for electron-acoustic
solitons for a given set of plasma parameters. The critical Mach numbers of ion-acoustic solitons
increase with the increase of hot electron temperature and the decrease of cold electron density. On
the other hand, the critical Mach numbers of electron-acoustic solitons increase with the increase of
the cold electron density as well as the hot electron temperature. The ion-acoustic solitons have
positive potentials for the parameters considered. However, the electron-acoustic solitons have
positive or negative potentials depending whether the fractional cold electron density with respect
to the ion density is greater or less than a certain critical value. Further, the amplitudes of both the
ion- and electron-acoustic solitons increase with the increase of the hot electron temperature.
Possible application of this model to electrostatic solitary waves observed on the auroral field lines
by the Viking spacecraft is discussed. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2930469�

I. INTRODUCTION

Electrostatic solitary waves �ESWs� have been observed
throughout the Earth’s magnetosphere at narrow boundaries,
e.g., the plasma sheet boundary layer,1 the polar cap bound-
ary layer,2,3 the magnetosheath,4 the bow shock,5 and in
strong currents, such as those associated with the auroral
acceleration region.6,7 The electrostatic solitary structures are
found in the electric field parallel to the background mag-
netic field, and are usually bipolar or tripolar. The solitary
structures found in the ion beam regions of the auroral
zone8–10 usually have negative potentials. These have been
interpreted in terms of ion solitary waves or solitons.10–14

In the other regions mentioned above, the solitary waves
are usually positive potential structures moving at velocities
comparable to the electron thermal velocity ��1000s of
km s−1� and are commonly interpreted to be either electron
holes, such as Bernstein–Greene–Kruskal �BGK� modes15–18

arising from the evolution of a bump-on-tail instability
and/or of a electron two stream instability19,21,22 or in terms
of electron-acoustic solitary waves.20,23–28 For a detailed dis-
cussion of various models, one can refer to Lakhina et al.29,30

The earlier models based on electron-acoustic solitons
could explain the space observations of solitary waves which
had negative potentials in two/three temperature electron
plasmas.14,20,23–28 To explain the positive structures, attempts
have been made to study electron-acoustic solitons in three-
electron �cold, hot, beam� component plasmas.31–34 These

models show that depending on the beam density and tem-
perature and below a critical velocity of the electron beam,
nonlinear structures can have a positive potential signature.
Berthomier et al.34 have developed a 3D electron-acoustic
beam model to explain the 3D shape of the solitary structures
observed by FAST.6 Recently, Verheest et al.35 have pointed
out the possibility to obtain compressive electron-acoustic
solitons, those having positive potentials, even without the
electron-beam component, provided the hot electron inertia
is retained in the analysis. More recently, Kakad et al.36 have
studied electron-acoustic solitons in a four-component un-
magnetized plasma system consisting of cold background
electrons, a cold electron beam, and two types of ion species,
i.e., cold and hot ions having Boltzmann distributions. This
model predicts the coexistence of rarefactive and compres-
sive electron-acoustic solitary modes for specific plasma pa-
rameters. Ghosh et al.37 have studied electron-acoustic soli-
tary waves in a four-component magnetized plasma
consisting of warm electrons, warm electron beam, and two
types of hot ions. They find that the ions temperature and
concentration control the characteristics and the existence
domain of the positive potential electron-acoustic solitons.

Observations indicate that both ion and electron beams
can drive the broadband electrostatic waves.38–41 These soli-
tary waves have amplitudes typically a few mV/m in the
plasma sheet boundary layer, but they can be as large as
200 mV /m at polar altitudes.42 Such nonlinear solitary struc-
tures observed in the plasma sheet boundary layer and on
auroral field lines may play a key role in supporting parallel
electric fields in these regions.
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The spacecraft observations38–41 in the Earth’s plasma
sheet boundary layer show the existence of cold and hot
electrons �or sometimes electron beams� having energies of
the order of a few eV to a few keV, respectively, and back-
ground cold ions and warm ions and/or ion beams with en-
ergies from a few keV to tens of keV. Here, we study a
three-component plasma system consisting of cold and hot
electrons and hot ions. We develop a general formalism em-
ploying a multifluid approach for all the species. Thus, the
restrictive assumption of treating the hot electrons and/or hot
ions as having Boltzmann distributions considered in many
earlier studies14,25,37 is removed in the present analysis. Fur-
thermore, each species can have an arbitrary beam velocity.

II. MODEL

We consider an infinite, collisionless and unmagnetized
plasma consisting of three components, namely, cold elec-
trons �Nce, Tce, vce�, hot electrons �Nhe, The, vhe�, and ions
�Ni, Ti, vi�, where Nj, Tj, v j represents the density, tempera-
ture and beam velocity �along the direction of wave propa-
gation� of the species j, and j=ce, he, and i for the cold
electrons, hot electrons, and the ions, respectively. We treat
all the species as mobile. Then, their dynamics are governed
by the multifluid equations of continuity, momentum and
equation of state of each species, and the Poisson equation,
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Further, all densities are normalized with the unperturbed
ion density, Ni=Nce+Nhe, velocities with the ion thermal
velocity Ci= �Ti /mi�1/2 �here, mj represents the mass of the
jth species�, time with the ion plasma frequency,
�pi= �4�Nie

2 /mi�1/2, the lengths with the ion Debye length,
�di= �Ti /4�Nie

2�1/2, and the thermal pressures Pj with NiTi.
Furthermore, we have assumed the same adiabatic index, i.e.,
�=3, for all the species in the equation of state given by
Eq. �3�.

To study the properties of stationary arbitrary amplitude
ESWs, we transform the above set of equations to a station-
ary frame moving with velocity V, the phase velocity of the
wave, i.e., �=x−Mt, where M =V /Ci is the Mach number
with respect to the ion thermal velocity. Then, solving for
perturbed densities, putting these expressions in the Poisson
equation, and assuming appropriate boundary conditions for
the localized disturbances along with the conditions that
�=0, and d� /d�=0 at �→ � ,	, we get the following en-
ergy integral:
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is the pseudopotential, also known as the Sagdeev potential.
Here,
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Further, in Eq. �6�, nj
0=Nj /Ni such that nce

0 +nhe
0 =ni

0=1,
and the temperatures of the species are normalized with the
ion temperature.

III. NONLINEAR ELECTROSTATIC SOLITARY WAVES
„ESWS…

Equation �5� yields solitary wave solutions when the
Sagdeev potential 
�� ,M� satisfies the following conditions:

�� ,M�=0, d
�� ,M� /d�=0, d2
�� ,M� /d�2�0 at �=0;
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�� ,M�=0 at �=�0, and 
�� ,M��0 for 0� �� � � ��0�.
From Eq. �6� it is seen that 
�� ,M� and its first derivative
with respect to � vanish at �=0. The condition
d2
�� ,M� /d�2�0 at �=0 is satisfied provided M �M0,
where M0 satisfies the equation

f�M0� �
nce

0

�ei��M0 − vce�2 −
3Tce

�ei



+
nhe

0

�ei��M0 − vhe�2 −
3The

�ei

 +

ni
0

��M0 − vhi�2 − 3�

= 0. �7�

Equation �7� yields 4 roots but all the roots will not be physi-
cal. We will consider here only the real positive roots for M0,
or the critical Mach numbers. Numerical solution of Eq. �7�
for Tce�Ti shows the existence of two critical Mach num-
bers which satisfy all the soliton conditions. Figure 1 shows
the roots of Eq. �7� for different values of The /Ti and the ratio
of cold electron to ion number density, Nce /Ni. The lower
roots �shown as dashed curves� are most likely the ion-
acoustic modes, whereas the higher roots �shown as solid
curves� are the electron-acoustic modes �see Ref. 43�. Fur-
ther, in a fluid dynamic formalism, when inertia for all spe-
cies is retained �as done here�, the respective Mach numbers
are limited by sonic points, where the flow of one species is
choked.44,45 The critical Mach numbers correspond to this
situation.

From Fig. 1, it is seen that the critical Mach numbers for
the electron-acoustic modes increase with the increase in
density ratio Nce /Ni as well as the temperature ratio The /Ti

�see solid curves 1, 2, and 3�. The critical Mach number for
the ion acoustic modes show a slight reduction when Nce /Ni

increases or The /Ti decreases. The changes are so small that
these are not discernible �see dashed curves 1, 2, and 3� on
the scale used in Fig. 1.

We have numerically solved Eq. �6� for the Sagdeev po-
tential, 
�� ,M�, as a function of � for various values of
Mach numbers and for some typical plasma parameters. The
results are shown in Figs. 2�a� and 2�b� and Figs. 3�a� and
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FIG. 1. Plot of critical Mach numbers obtained from Eq. �7� vs cold electron
to ion number density ratio for the parameters, Tce /Ti=0.01 and The /Ti

=5.0, 1.0, and 0.1 for the curves 1, 2, and 3, respectively. Here, flow veloc-
ity of all species is taken as 0. The dashed curves are for the ion-acoustic
modes, whereas the solid curves are for the electron-acoustic modes. The
soliton solutions exist only in a small region above each curve.
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FIG. 2. �a� Ion-acoustic solitons for plasma parameters, Nce /Ni=0.3,
Tce /Ti=0.01, and The /Ti=5.0, and for the Mach number M =1.766, 1.767,
1.768, 1.769 for the curves 1, 2, 3, and 4, respectively. �b� Electron-acoustic
solitons for the same plasma parameters as in Fig. 2�a�, but for the Mach
number M =93.0, 94.0, and 95.0 for the curves 1, 2, and 3, respectively.
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3�b�. Here, we have omitted all beam velocities. The solitary
wave solutions of both ion- and electron-acoustic modes are
found when the Mach numbers exceed the critical values
�e.g., as found in Fig. 1�.

In Fig. 2�a� it is seen that the ion-acoustic solitons have
positive potentials. The maximum electrostatic potential �0

increases with the increase of the Mach number, M, as seen
from curves 1, 2, and 3 of Fig. 2�a�. For curve 4, the soliton
solution does not exist. Hence there is an upper value for M,
say Mmax, above which soliton solutions do not exist. This is
true for ion-acoustic as well as for electron-acoustic solitary
structures. Figure 2�b� shows that for the same plasma pa-

rameters, but for higher values of the Mach number, M,
electron-acoustic solitons can exist. However, the electron-
acoustic solitons have negative potentials. In this case also
the maximum electrostatic potential �0 increases with an in-
crease in M.

Figures 3�a� and 3�b� show the variation of 
�� ,M� ver-
sus � for the same plasma parameters as in Figs. 2�a� and
2�b� except for Nce /Ni. Here Nce /Ni=0.9, whereas it is 0.3 in
Figs. 2�a� and 2�b�. Here, both the ion-acoustic �Fig. 3�a��
and the electron-acoustic �Fig. 3�b�� solitons have positive
potentials. For both types of solitons, �0 increases with M.

For the parameters considered for the computations, the
model supports only positive potential ion acoustic solitons.
However, it can support positive or negative potential
electron-acoustic solitons depending on the fractional cold
electron density, i.e., the ratio R=Nce /Ni. Starting from small
values of R, a change over from negative to positive potential
structures occurs when R exceed a certain critical value,
which depends on the plasma parameters. For example,
for the case of Tce /Ti=0.01, The /Ti=1.0 and no beams,
the electron-acoustic solitons have negative potentials for
R�0.43 and positive potentials when R
0.43.

In Fig. 4, we have shown �max, the maximum value of
�0 corresponding to Mmax �beyond which solitary solutions
do not exist�, for different values of the hot electron to ion
temperature ratio, The /Ti.

From Fig. 4, it is seen that the ion-acoustic solitons have
positive potentials which first increases with The /Ti and then
saturates. The electron-acoustic solitons have negative poten-
tial, and the magnitude of �max increases monotonically with
an increase of The /Ti. Similar behavior is also seen at other
densities. However, at higher cold electron densities, i.e.,
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FIG. 3. �a� Ion-acoustic solitons for the same plasma parameters as in Fig.
2�a� except that Nce /Ni=0.9. The Mach number M =1.7430, 1.7435, 1.7440
for the curves 1, 2, and 3, respectively. �b� Electron-acoustic solitons for
the same plasma parameters as in Fig. 3�a�, and for the Mach number
M =159.0, 160.0, and 162.0 for the curves 1, 2, and 3, respectively.
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perature ratio, The /Ti for the case of Nce /Ni=0.3, Tce /Ti=0.01.
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Nce /Ni
0.5, the electron-acoustic solitons have positive po-
tentials, and the �max magnitude once again increases mono-
tonically with The /Ti.

In Fig. 5, we have shown the profiles for the potential, �,
of the electron-acoustic solitons for different values of the
hot electron to ion temperature ratio, The /Ti, for the case of
Nce /Ni=0.5, Tce /Ti=0.01. It is seen that both the amplitude
and the width of the electron-acoustic solitons increase with
the increase of The /Ti �cf. curves 1, 2, and 3�. From the
curves 1, 2, and 3, it seen that the maximum value of the
potential, �max=0.014, 0.23, and 1.2, and the associated soli-
ton width, W, defined as full width at half maximum is
W=12.5, 50, and 125 for The /Ti=0.1, 1.0, and 5.0, respec-
tively. The electric field associated with the solitary potential
profile will have a bipolar structure as can be verified by
differentiating the profiles.

In Fig. 6, we have shown the profiles for the potential, �,
of the ion-acoustic solitons for the same plasma parameters
as in Fig. 5. In this case, the maximum soliton amplitudes
decrease with the increase of The /Ti �cf. curves 1, 2, and 3�,
though slightly. The maximum potential �max varies from
0.00012 to 0.00016 when The /Ti is increased from 0.1 to 5.0.
Similarly, the variation of The/Ti does not affect the soliton
width significantly, though W has a slight increase initially
from 1.44 to 1.5, and then decreases to 1.25 as The /Ti varies
from 0.1 to 5.0.

IV. DISCUSSION

We have described a general analysis for studying large-
amplitude ion- and electron-acoustic solitary waves in an
unmagnetized plasma consisting of two, cold and hot, elec-
tron populations and one type of ion population. The model

treats all the species as mobile, and in principle all species
can have an arbitrary beam velocity. For simplicity, we have
presented numerical results for the cases where the beams
are absent. The effects of the beams on the critical Mach
numbers and soliton characteristics will be discussed else-
where.

We would like to point out that we have assumed the
same adiabatic equation of state with �=3 for all species. It
allows an analytical expression of the Sagdeev pseudopoten-
tial, and has the advantage of keeping for all species both
inertial and thermal terms in their dynamics. Comparison
with the Berthomier et al.31,34 papers shows that they need
beams or more electron species to get positive potentials
electron-acoustic solitons. Further, since we deal with the
one-dimensional problem in an unmagnetized plasma sys-
tem, choosing �=3 appears to be appropriate as particles
have essentially one degree of freedom along the wave
propagation direction. On the other hand, Berthomier et al.34

deal with a magnetized plasma case, in which particle mo-
tions parallel and perpendicular to the magnetic field are
quite different. In such a case, the choice of different �s
along parallel and perpendicular directions with respect to
the magnetic field appears to be necessary and justified.

The most important results of the present model is that
the electron-acoustic ESWs can have either negative or posi-
tive potential depending on R, the fractional number density
of the cold electrons relative to that of the ions �or total
electrons�. For R exceeding a critical value, positive potential
electron-acoustic ESWs can exist. However, the ion acoustic
solitons are found to have positive potentials for all values of
R for the parameter considered here.

From Figs. 5 and 6, we note that for The /Ti varying from
0.1 to 5.0, the typical widths of the ion- and electron-acoustic
solitons are W��1.25–1.5� and �12.5–125�, respectively.
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FIG. 5. Shows variation of the electron-acoustic potential � vs � for
Nce /Ni=0.5, Tce /Ti=0.01, and for The /Ti=0.1, 1.0, and 5.0 for the curves 1,
2, and 3, respectively. The Mach number M =17.55, 53.40, and 119.0 for the
curves 1, 2, and 3, respectively.
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FIG. 6. Shows the variation of the ion-acoustic potential � vs � for
Nce /Ni=0.5, Tce /Ti=0.01, and for The /Ti=0.1, 1.0, and 5.0 for the curves 1,
2, and 3, respectively. Here, the Mach number M =1.751 for all the curves.
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The maximum normalized potentials, �max, for the ion-
and electron-acoustic solitons are found to be
��0.00012–0.00016� and �0.014–1.2�, respectively. It is in-
teresting to note that the electric fields associated with the
ion- and electron-acoustic solitons would have bipolar struc-
tures with maximum amplitudes, Emax
�Ti�max /e�diW�.
For the case of R=0.5, Tce=1 eV, Ti=100 eV, and
The= �10–500� eV and Ni=3 cm−3, we have �di
43 m,
and the maximum electric field comes out to be
Emax��0.2–0.3� mV /m for the ion-acoustic solitons and
�2–22� mV /m for the electron-acoustic solitons.

As mentioned in the Introduction, several attempts have
been made to explain the positive potential ESWs observed
in different regions of the magnetosphere in terms of
electron-acoustic solitons in three-electron �cold, hot, beam�
component plasmas.32–34 The presence of the electron beam
was an essential ingredient of these models. Our model
shows that the presence of the electron beam is not necessary
for the existence of positive potential electron-acoustic soli-
tons, rather it is the inertia of the species which plays the
crucial role.

The analysis presented here is general and can be ap-
plied to many space observations of electrostatic solitary
structures where two types of electron populations, namely,
cold and hot, and ions are observed, such as in the cusp and
the auroral field lines. The Viking satellite frequently ob-
served cold and hot electrons at the times of bursts of ESWs
in the auroral region.24 Typical parameter associated with the
burst b �refer to Table 2 of Dubouloz et al.24� are: Cold
electron density of 0.2 cm−3, hot electron density of
�1.5 cm−3, and beam electron density of 1.0 cm−3; cold
electron temperature Tce=2 eV, and electron beam tempera-
ture
Tb=50 eV, hot electron temperature The=250 eV. Treating
the cold electron and the beam as a single species with den-
sity Nce=1.2 cm−3, we get R=Nce /Ni=1.2 /2.7=0.444,
Tce /Ti=0.01, and The /Ti=1.25, if we take Ti=200 eV. These
normalized parameters are very close to that of the curve 2 in
Figs. 5 and 6. Therefore, we expect both ion- and electron-
acoustic solitons to have positive potentials. The electric
fields will be bipolar with maximum amplitudes of the order
of 0.2 mV /m for the ion-acoustic solitons and �10 mV /m
for the electron-acoustic solitons. The width of these ESWs
would be �60 m and 2.0 km, respectively. These estimates
compare favorably with the Viking observations.
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