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We have, in this paper, studied the stability of the ion-acoustic wave in a plasma composed of hydrogen, positively and negatively
charged oxygen ions, and electrons, which approximates very well the plasma environment around a comet. Modelling each
cometary component (H+, O+, and O−) by a ring distribution, we find that ion-acoustic waves can be generated at frequencies
comparable to the hydrogen ion plasma frequency. The dispersion relation has been solved both analytically and numerically. We
find that the ratio of the ring speed (𝑢

⊥𝑠
) to the thermal spread (Vts) modifies the dispersion characteristics of the ion-acoustic wave.

The contrasting behaviour of the phase velocity of the ion-acoustic wave in the presence of O− ions for 𝑢
⊥𝑠
> Vts (and vice versa)

can be used to detect the presence of negatively charged oxygen ions and also their thermalization.

1. Introduction

Low-frequency electrostatic or longitudinal ion densitywaves
are one of themost fundamental of oscillations in a plasma [1,
2]. In the long-wavelength limit, the ions provide the inertia
with the electrons as the source of the restoring force [1].
Ion-acoustic waves also exhibit strong nonlinear properties
and are highly Landau damped unless 𝑇

𝑖
≪ 𝑇
𝑒
, where 𝑇

𝑖

and 𝑇
𝑒
are, respectively, the ion and electron temperatures

[3–5]. These waves have been observed in both space and
laboratory plasmas; they have thus been extensively studied
in many types of high-temperature laboratory plasmas [4, 6].
The waves have been invoked to explain wave characteristics
observed in Earth’s ionosphere [7] and transport in the solar
wind, corona, chromosphere [8], and comets [9].

In general a cometary environment contains new born
hydrogen and heavier ions, with relative densities depending
on the distance from the nucleus. Previous studies have
concentrated on positively charged oxygen as the heavier
ion species [10]. However, Giotto’s observations of the inner
coma of cometHalley showed that a new component, namely,
negatively charged cometary ions was present, in addition to
the usual thermal electrons and ions, fast cometary pickup

ions, and so forth, [11]. These negative ions were observed in
three broad mass peaks at 7–19, 22–65, and 85–110 amu with
O− being identified unambiguously [11].

A popular model of a cometary environment is the
solar wind plasma environment permeated by dilute, drifting
ring distribution of electrons and ions with finite thermal
spreads [10]. Instabilities driven by an electron velocity ring
distributions have been studied by many authors [12–14].
However, ion ring distributions are more important because
of the greater amount of free energy available [15].

Instabilities driven by ion ring distributions have also
been studied by a number of authors: close to the ion
cyclotron frequency, electrostatic ion cyclotron waves prop-
agating either perpendicularly or nearly perpendicularly to
the magnetic field can be excited [16, 17]. At still higher
frequencies, the magnetic effects on the ions can be neglected
and lower-hybrid instabilities driven by the ring ions can
occur [17–21]. And at even higher frequencies, the electrons
too become unmagnetized and ion-acoustic-like instabilities
result.

The frequency of the ion-acoustic wave is comparable
with the ion plasma frequency and propagates parallel to the
magnetic field. Generally, a combination of warm electrons
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and cold ions (𝑇
𝑒
> 𝑇
𝑖
) with the electrons drifting relative to

the ions is the condition required to excite the ion-acoustic
instability.

The ion-acoustic wave is one of the more easily observed
waves in the plasma environments of comets. For example,
ion-acoustic waves in the frequency range of 1.0–1.5 kHzwere
observed by the ICE spacecraft sent to observe the comet
Giacobini-Zinner [9, Figure 3]. Again ion sound waves, with
a frequency slightly less than 1 kHz, were detected by the
spacecraft Sakigake which observed comet Halley [22, Figure
6].

We have, therefore, studied the stability of the ion-
acoustic wave in a five-component plasma: solar wind
protons, electrons, cometary hydrogen, and positively and
negatively charged oxygen ions. We find that the ratio of
the ring speed (𝑢

⊥𝑠
) to the thermal spread (Vts) affects the

dispersion characteristics of the ion-acoustic wave.The phase
velocity of the ion-acoustic wave depends sensitively on this
ratio in the presence of O− ions. This variation for 𝑢

⊥𝑠
<

Vts (and vice versa) is proposed as a tool for detecting the
presence of O− ions and also their thermalization.

2. The Dispersion Relation

As stated above, we intend to study the stability of the ion-
acoustic wave in a five-component plasma. The five compo-
nents are solar wind hydrogen and electrons and the ions of
cometary origin picked up by the solar wind.These cometary
ions are hydrogen and positively and negatively charged
oxygen ions. The solar wind components are modelled by
the Maxwellian distributions while the cometary ions are
described by ring distributions.

The contributions to the dispersion relation of the plasma
components described by the Maxwellian distributions are
well known [23]; the same when they are described by ring
distributions are given in [15]. The plasma under consider-
ation contains components modelled by both these forms.
Hence, combining these contributions, we canwrite down the
dispersion relation for waves of frequency 𝜔 and wave vector
⃗
𝑘, as

𝐷(𝜔,
⃗
𝑘) = 1 +

2𝜔
2

𝑝H+

𝑘
2
𝑊
2
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𝑍 (𝜉
𝑒
)]
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⊥
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− 𝑖Vts)

2

]

3/2
= 0.

(1)

In (1),𝜔
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= [4𝜋𝑛
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/𝑚
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]

1/2and𝑊
𝑇𝑗
= [𝑇
𝑗
/𝑚
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]
1/2 denote,

respectively, the plasma frequency and the thermal velocity
for particles of species 𝑗. Also 𝑛

𝑗
, 𝑒
𝑗
, 𝑚
𝑗
, and 𝑇

𝑗
denote,

respectively, the density, charge, mass, and temperature
of species 𝑗. 𝜔𝑟

𝑝𝑠
(𝑠 = H+, O+, O−) denotes the plasma

frequency for the ring ions of species 𝑠 while 𝑢
⊥𝑠

and Vts are,
respectively, the ring ion speed and thermal spread for these

ions. The plasma dispersion function 𝑍(𝜉), arising from the
𝑑V
‖
integration [24], has arguments of 𝜉H+ = 𝜔/𝑘𝑊

𝑇H+ (for
hydrogen ions of solar wind origin) and 𝜉

𝑒
= (𝜔−𝑘V

𝑒𝑧
)/𝑘𝑊
𝑇𝑒

(for electrons). V
𝑒𝑧
is the drift velocity of the electrons parallel

to the magnetic field.
The charge neutrality condition for the plasma under

consideration yields

𝑛H+

𝑛
𝑒

= (1 −

𝑛
𝑟

H+

𝑛
𝑒

−

𝑛
𝑟

O+

𝑛
𝑒

+

𝑛
𝑟

O−

𝑛
𝑒

) = (1 − 𝛼 − 𝛽 + 𝛾) , (2)

with 𝛼 = 𝑛
𝑟

H+/𝑛𝑒, 𝛽 = 𝑛
𝑟

O+/𝑛𝑒, and 𝛾 = 𝑛
𝑟

O−/𝑛𝑒, where 𝑛, in
general, denotes the density of each species.

We derive expressions for the growth rate of the ion-
acoustic wave under two limiting conditions, namely, that of
a large thermal spreads ((𝑢

⊥𝑠
/Vts) < 1) and small thermal

spreads ((𝑢
⊥𝑠
/Vts) > 1). The contributions of the solar wind

hydrogen ions and electrons are the same for both cases;
the contributions of the ring ions vary depending on their
thermal spreads.

We use the asymptotic expansion of the plasma disper-
sion function𝑍(𝜉H+) for the solar wind hydrogen ions and the
power series expansion of 𝑍(𝜉

𝑒
) for the solar wind electrons.

Substituting the appropriate expansions in (1), we finally
arrive at the dispersion relation for ion-acoustic waves in an
electron-ion plasma with three species of ring ions, as
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(3)

In (3),𝜔 = 𝜔
𝑟
+𝑖𝛾 and 𝜆

𝐷𝑒
= [𝑇
𝑒
/(4𝜋𝑛

𝑒
𝑒
2
)]

1/2 is theDebye
length.

2.1. Case (i): Large Thermal Spreads. In this subsection we
derive expressions for the real frequency and growth/damp-
ing rate for ion-acoustic waves when the thermal spreads of
the ring ions are large. As a simplifying assumption we also
let 𝜔
𝑟
≈ 𝑘
⊥
𝑢
⊥𝑠
. With the assumption of large thermal spreads
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𝑢
⊥𝑠
< Vts, (3) can be simplified to yield an expression for the

real frequency 𝜔
𝑟
as
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and the growth/damping rate as
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In the above, 𝐶

𝑠
is the speed of sound defined by 𝐶

𝑠
=

[𝑇
𝑒
/𝑚H+]

1/2, while
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2.2. Case (ii): Small Thermal Spreads. We next consider
expressions for the real frequency and the growth/damping
rate when the thermal spread is small; that is, 𝑢

⊥𝑠
> Vts.These

can be extracted from (3) with the additional assumption
𝜔
𝑟
≈ 𝑘
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𝑢
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Figure 1: Plot of frequency 𝜔 versus wave vector ⃗
𝑘. Curve (a) is for

𝑢
⊥𝑠

> Vts; drift speed 𝑢
⊥𝑠

= 420 × 10
5 cm s−1 and thermal spread

Vts = 350×10
5 cm s−1; curve (b) is for𝑢

⊥𝑠
< Vts;𝑢⊥𝑠 = 100×10

5 cm s−1
and Vts = 320 × 10

5 cm s−1.

Thus (4) and (7) are expressions for the frequencies of the ion-
acoustic wave under the two limiting cases; (5) and (8) are the
corresponding expressions for the growth/damping rate.

3. Results and Discussion

As a check on our results, we note from (4) and (7) the expres-
sions for real frequency that they reduce to the corresponding
ones in an electron-ion plasma when the ring ions are absent
[25]. Similarly, the expressions for the growth/damping rate
(5) and (8) also reduce to that in an electron-ion plasmawhen
the ring ions are absent [25]. However what is interesting
from (4) and (7) is that the real frequency is either greater
(for 𝑢

⊥𝑠
< Vts) or smaller (for 𝑢

⊥𝑠
> Vts) than in a single

ion plasma (in the absence of ring ions). The electron drift
velocity, parallel to the magnetic field, is the source of energy
for the instability. Thus, for a given wave vector ⃗

𝑘 and ion
densities, a greater drift velocity of the electrons is required to
drive the wave unstable in the case where the thermal spread
of the ring ions is large.

We use parameters similar to that in [10]. The solar wind
hydrogen density 𝑛H+ = 4.95 cm−3, while the hydrogen and
electron temperatures are𝑇H+ = 8×10

4∘K,𝑇
𝑒
= 2×10

5∘K.The
densities of the ring ions are 𝑛𝑟H+ = 0.5 cm

−3, 𝑛𝑟O+ = 0.25 cm
−3,

and 𝑛𝑟O− = 0.05 cm
−3.

Ion-acoustic waves were observed in the frequency range
from 1.0 to 1.5 kHz by the ICE spacecraft at the comet
Giocobini-Zinner [9]. Thus to calculate the wave vector ⃗

𝑘,
a frequency of 𝜔 = 1.4 kHz was used in the cold plasma
dispersion relation and the wave vector ⃗

𝑘 was calculated. ⃗
𝑘

was then varied around this value in subsequent calculations.
Figure 1 is a plot of the frequency 𝜔 versus wave vector

⃗
𝑘, with the frequency 𝜔 being obtained by solving (4) and
(7). Curve (a) has a drift speed 𝑢

⊥𝑠
= 420 × 10

5 cm s−1and a
thermal spread of Vts = 350 × 10

5 cm s−1 (𝑢
⊥𝑠
> Vts) while for

curve (b) 𝑢
⊥𝑠
= 100×10

5 cm s−1, Vts = 320×10
5 cm s−1 (𝑢

⊥𝑠
<

Vts). As is evident from the figure the waves are at a higher
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Figure 2: Plot of the growth rate 𝛾 (5) versus wave vector ⃗
𝑘 for
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= 100 × 10

5 cm s−1,
Vts = 320 × 10
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5 cm s−1. Curve (a) is for a single ion plasmawithout any ring ions.

Curve (b) has a H+ ring, curve (c) has an O+ ring, curve (d) has an
O− ring, and for curve (e) all species of ring ions are present.
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Figure 3: Plot of the growth rate 𝛾 (5) versus 𝑢
⊥𝑠

(Vts = 320 ×

10
5 cm s−1, ⃗

𝑘 = 0.004 cm−1). Other relevant parameters are the same
as in Figure 2. Curve (a) is for a single ion plasma without any ring
ions. Curve (b) is for a H+ ring, curve (c) has an O+ ring, and curve
(d) is for an O− ring. Curve (e) depicts the case when all species of
ring ions are present.

frequency for 𝑢
⊥𝑠

< Vts. Since the calculated frequencies are
in better agreement with the observed range of frequencies
for 𝑢
⊥𝑠

> Vts, it is safe to assume that thermalization of the
ring ions has not yet occurred. The pickup of new born ions
by the solar wind has been described by a three-step process:
formation of a ring beam distribution, pitch angle scattering
of this initial distribution into a shell, and a slower velocity
diffusion that spreads out the shell [26].

We first consider the growth/damping rates when the
thermal spread is large.

Figure 2 is a plot of the growth rate 𝛾 (5) versus wave
vector ⃗

𝑘 for 𝑇
𝑒
= 2 × 10

5∘K, 𝑇H+ = 8 × 10
4∘K, 𝑢

⊥𝑠
= 100 ×

10
5 cm s−1, Vts = 320×10

5 cm s−1, and an electron drift speed
V
𝑒𝑧
= 2460 × 10

5 cm s−1. Curve (a) is for a single ion plasma
without ring distributions. Curve (b) has only one type of ring
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Figure 4: Plot of the growth rate 𝛾 (5) versus Vts (𝑢⊥𝑠 = 100 ×

10
5 cm s−1, ⃗

𝑘 = 0.004 cm−1). Other relevant parameters are the same
as in Figure 2. Curve (a) is for a single ion plasma without any ring
ions. Curve (b) has a H+ ring, curve (c) has an O+ ring, curve (d)
has an O− ring, and for curve (e) all species of ring ions are present.

distribution, namely, theH+ ring.Wefind that the growth rate
is enhanced. Curve (c) is for the O+ ring replacing the H+
ring—there is a slight decrease in the growth rate. When this
single ring is the O− ring, the growth rate is the lowest (curve
(d)). The growth rate is also shown when all species of rings
are present (curve (e)). The ion-acoustic wave is thus driven
unstable by the electrons drifting parallel to themagnetic field
(addition of negative ions reduces the density of electrons
required to maintain charge neutrality); the ring ions add to
the instability, with the lighter ion hydrogen ring being the
most effective in enhancing the instability of the wave.

Figures 3 and 4 depict the variation of the growth rate 𝛾
(5) versus 𝑢

⊥𝑠
(Vts = 320 × 10

5 cm s−1) (Figure 3) or 𝛾 versus
Vts (𝑢⊥𝑠 = 100×10

5 cm s−1) (Figure 4), with the temperatures
and electron drift speed being the same as in Figure 2. In both
figures curve (a) represents the growth rate in a single ion
plasma (ring ions are not present); curve (b)when theH+ ring
alone is present, curve (c) when the O+ ring alone is present,
and curve (d) when an O− ring alone is present. Curve (e)
is for the situation when all species of ring ions are present.
While the general nature of the curves is similar to that in
Figure 2, the heavier ion rings extend the range of 𝑢

⊥𝑠
and Vts

over which the wave is unstable as compared to the lighter ion
ring alone being present.

We next consider the case of low thermal spreads (𝑢
⊥𝑠
>

Vts).
Figure 5 is a plot of the growth rate (8) versus wave vector

⃗
𝑘 for 𝑇

𝑒
= 2×10

5∘K, 𝑇H+ = 8×10
4∘K, 𝑢

⊥𝑠
= 420×10

5 cm s−1,
Vts = 350 × 10

5 cm s−1, and an electron drift speed
V
𝑒𝑧
= 2460 × 10

5 cm s−1. Similar to Figure 2, curve (a) is for
a single ion plasma without any ring ions. Curve (b) is for
the H+ ring and has the lowest growth rate. Curve (c) is for
the O+ ring replacing the H+ ring—there is an enhancement
in the growth rate, than the single ion plasma. When this
single ring is the O− ring, the growth rate is slightly lowered
(curve (d)). Curve (e) shows the growth rate when all the
species of rings are present. The ion-acoustic wave is thus
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Figure 5: Plot of the growth rate 𝛾 (8) versus wave vector ⃗
𝑘 for 𝑇

𝑒
=
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4∘K, 𝑢
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= 420 × 10
5 cm s−1, Vts = 350 ×
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5 cm s−1, and an electron drift speed V

𝑒𝑧
= 2460×10

5 cm s−1. Curve
(a) is for a single ion plasma without any ring ions. Curve (b) has a
H+ ring, curve (c) has an O+ ring, and curve (d) has an O− ring.
Curve (e) has all species of ring ions.
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Figure 6: Plot of the growth rate 𝛾 (8) versus 𝑢
⊥𝑠

(Vts = 350 ×

10
5 cm s−1, ⃗

𝑘 = 0.004 cm−1). Other relevant parameters are the same
as in Figure 5. Curve (a) is for a single ion plasma without any ring
ions. Curve (b) has a H+ ring, curve (c) has an O+ ring, curve (d)
has an O− ring, and curve (e) has all species of ring ions.

again driven unstable by the electrons drifting parallel to
the magnetic field (addition of negative ions reduces the
density of electrons required to maintain charge neutrality);
the ring ions generally reduce the growth with the lighter ion
hydrogen ring being the most effective in damping the wave.

Figures 6 and 7 depict the variation of the growth rate 𝛾
(8) versus 𝑢

⊥𝑠
(Vts = 350 × 10

5 cm s−1) (Figure 6) or 𝛾 versus
Vts (𝑢⊥𝑠 = 420× 10

5 cm s−1) (Figure 7), with the temperatures
and drift speed being the same as in Figure 5. In both figures,
labelling of the curves is similar to that in Figures 3 and 4.
While the general nature of the curves is similar to that in
Figure 5, the heavier ion rings have much larger ranges of 𝑢

⊥𝑠

and Vts over which the wave is unstable.
In a recent study Misra et al. [27] investigated the

propagation characteristics of the dust ion-acoustic (DIA)
waves in a collisional, negative ion plasma with immobile,
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Figure 7: Plot of the growth rate 𝛾 (8) versus Vts (𝑢⊥𝑠 = 420 ×

10
5 cm s−1, ⃗

𝑘 = 0.004 cm−1). Other relevant parameters are the same
as in Figure 5. Curve (a) is for a single ion plasma without any ring
distributions. Curve (b) has a H+ ring, curve (c) has an O+ ring,
curve (d) has an O− ring, and curve (e) has all species of ring ions.

charged dust grains. In the linear regime, they found two
modes—the “fast” and “slow” modes. They also found that
the Landau damping effect on the fast mode was negligible
while the slow mode was stable.

Our dispersion diagram (Figure 1) also reveals the exis-
tence of two modes—a “slow” mode (curve (a) of Figure 1
with 𝑢

⊥𝑠
> Vts) and a “fast” mode (curve (b), Figure 1 with

𝑢
⊥𝑠
< Vts). Also asmentioned in Section 1, ion-acoustic waves

were observed in the frequency range of 1.0–1.5 kHz at comet
Giacobini-Zinner [9] and at a frequency slightly lesser than
1.0 kHz at comet Halley [22]. The waves are also expected to
saturate at frequencies below the local ion plasma frequency
[28]. A comparison of the growth rate for the fast (Figures
2, 3, and 4) and the slow (Figures 5, 6, and 7) modes reveals
that the growth rate of the fast mode is much larger when
compared to that of the slow mode. Thus, while the slow
mode in [27] was freely propagating, the slow mode in the
plasma under consideration is weakly unstable. It may be
noted here that this study uses the full kinetic treatment and
hence can also be considered as a generalisation of the fluid
treatment in [27].

Finally Figure 8 depicts the variation of the real
frequency versus the wave vector ⃗

𝑘. The panel at the top
is for the fast wave (𝑢

⊥𝑠
< Vts, 𝑢⊥𝑠 = 100 × 10

5 cm s−1,
Vts = 320 × 10

5 cm s−1); curve (a) is for the case when there
are no heavier ions (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3) while
curve (b) depicts the situation where negatively charged
oxygen is also added (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3, and
𝑛
𝑟

O− = 0.2 cm
−3).We find that the addition ofO− increases the

frequency and hence the phase velocity of the ion-acoustic
wave. The lower panel is for the slow wave (𝑢

⊥𝑠
> Vts, 𝑢⊥𝑠 =

420 × 10
5 cm s−1, Vts = 350 × 10

5 cm s−1)—curve (c) is for the
case where only the lighter ions are present (𝑛H+ = 4.95 cm

−3,
𝑛
𝑟

H+ = 0.5 cm−3) and curve (d) depicts the situation when
O− is also added (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3, and
𝑛
𝑟

O− = 0.2 cm−3). The decrease in the frequency and thereby
the phase velocity is distinctly evident from the figure.
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Figure 8: Plot of frequency 𝜔 versus wave vector ⃗
𝑘. The panel at

the top is for the fast wave (𝑢
⊥𝑠

< Vts; 𝑢⊥𝑠 = 100 × 10
5 cm s−1,

Vts = 320×10
5 cm s−1) of Figure 1: curve (a) is for the case when there

are no heavier ions (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3) while curve
(b) depicts the situation when negatively charged oxygen is also
added (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3, and 𝑛𝑟O− = 0.2 cm−3). The
lower panel is for the slow wave (𝑢

⊥𝑠
> Vts; 𝑢⊥𝑠 = 420 × 10

5 cm s−1,
Vts = 350 × 10

5 cm s−1) of Figure 1: curve (c) is for the case where
only the lighter ions are present (𝑛H+ = 4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3)
and curve (d) depicts the situation when O− is also added (𝑛H+ =
4.95 cm−3, 𝑛𝑟H+ = 0.5 cm−3, and 𝑛

𝑟

O− = 0.2 cm−3). Other relevant
parameters are the same as in Figure 1.

Variation of the phase velocity of ion-acoustic waves
has been proposed as a diagnostic tool for the detection of
charged dust grains in laboratory plasmas [28, 29]. We thus
propose to extend this idea—the contrasting behaviour of the
phase velocity of the ion-acoustic wave in the presence of O−
ions for 𝑢

⊥𝑠
> Vts (and vice versa) can be used not only to

detect the presence of negatively charged oxygen ions but also
their thermalization as well.

4. Conclusions

We have studied the stability of the ion-acoustic waves in
a five-component plasma, which approximates very well
the plasma environment around a comet. The five compo-
nents are solar wind hydrogen and electrons and the ions
of cometary origin. The cometary ions are hydrogen and
positively and negatively charged oxygen ions.The solar wind
components are modelled by the Maxwellian distributions
while the cometary ions are described by ring distributions.
We find that the ion-acoustic waves can be generated at
frequencies comparable to the observed frequency. The ratio
of the ring speed to its thermal spreadmodifies the dispersion
characteristics of the ion-acoustic wave. When the thermal
spread is large compared to the ring speed (Vts > 𝑢

⊥𝑠
), the

ring ions enhance the instability of the ion-acoustic wave.The
growth rate is lowered when the thermal spread is smaller in
comparison with the ring speed (𝑢

⊥𝑠
> Vts). We also find that

heavier ring ions extend the range of 𝑢
⊥𝑠

and Vts over which
the wave is unstable when compared to the lighter ring ions.
The contrasting behaviour of the phase velocity of the ion-
acoustic wave in the presence of O− ions for 𝑢

⊥𝑠
> Vts (and

vice versa) can be used to detect the presence of negatively
charged oxygen ions and also their thermalization.
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