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Effect of cooler electrons on a compressive ion acoustic solitary
wave in a warm ion plasma — Forbidden regions, double layers,

and supersolitons
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It is observed that the presence of a minority component of cooler electrons in a three component
plasma plays a deterministic role in the evolution of solitary waves, double layers, or the newly
discovered structures called supersolitons. The inclusion of the cooler component of electrons in a
single electron plasma produces sharp increase in nonlinearity in spite of a decrease in the overall
energy of the system. The effect maximizes at certain critical value of the number density of the
cooler component (typically 15%—20%) giving rise to a hump in the amplitude variation profile.
For larger amplitudes, the hump leads to a forbidden region in the ambient cooler electron
concentration which dissociates the overall existence domain of solitary wave solutions in two
distinct parameter regime. It is observed that an inclusion of the cooler component of electrons as
low as < 1% affects the plasma system significantly resulting in compressive double layers. The
solution is further affected by the cold to hot electron temperature ratio. In an adequately hotter
bulk plasma (i.e., moderately low cold to hot electron temperature ratio), the parameter domain of
compressive double layers is bounded by a sharp discontinuity in the corresponding amplitude

variation profile which may lead to supersolitons. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4891853]

I. INTRODUCTION

Ton acoustic solitary waves (IASW) and weak double
layers (WDLs) have been studied extensively for the last few
decades theoretically,"® experimentally,”'> and numeri-
cally.'®%* Most of the early works were based on a weakly
nonlinear analysis which truncates the higher order nonli-
nearity using the reductive perturbation method.” For an
appropriate scaling,”* the plasma system is governed by a
class of integrable nonlinear partial differential equations
(PDEs) which, when solved analytically with appropriate
boundary conditions, give solitons. Apart from the celebrated
Korteweg-de Vries (K-dV) equation,25 26 golitons were also
obtained by solving other nonlinear PDEs, like modified
Korteweg-de Vries (mK—dV),27 Kadomtsev-Petviashvilli
(KP, for two dimensions),28 Zakharov-Kujnetsov (ZK, for
cylindrical geometry, applicable for magnetized plasma),>’
or nonlinear Schrodinger type equations (NLSE, for enve-
lope solitons), to name a few. Though have been studied
by many aluthors,26’27’29 they were, however, found to be
inadequate to interpret large amplitude solutions, especially
the electrostatic solitary wave (ESW) detected in the Earth’s
magnetosphere”' % as well as those observed in laboratory
plasmas.® It was thus become evident that a weakly nonlin-
ear analysis, which truncates the nonlinearity after the third,
or some higher orders, needs to be complemented by a com-
plete theory of arbitrary or large amplitude nonlinear waves.
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Almost parallel to the reductive perturbation method,
Sagdeev,** following the classical analogue of a particle in a
potential well, developed a self-consistent analysis for an ar-
bitrary amplitude wave by solving Poisson’s equation as an
energy integral in a co-moving wave frame. The method
gained rapid popularity as it was found to be applicable for
both ﬂuid,5’35’36 as well as kinetic models,37*39 and used
extensively for wide varieties of plasma systems.”**** The
technique also enables one to understand the underlying
physical processes by studying its respective profiles.**
Recent growing interests in EPN (electron-positive ion-
negative ion) plasma'>***® and discovery of supersoli-
tons*’™ have rekindled the interest in the Sagdeev pseudo-
potential technique anew.

Of various multi-component plasma models studied by
adopting Sagdeev pseudopotential technique, two electron
temperature plasma gained particular interests as they are
found to be ubiquitous in space and, particularly, in Earth’s
magnetosphere where cold electrons are of ionospheric ori-
gins and the hotter ones are impinged from the solar wind.
Theoretically, because of their indistinguishable masses,
coexistence of two distinct populations of electrons for a
long time scale may sometimes become questionable.”® The
Cluster multi-spacecraft observations, however, confirmed
the existence of both low and high temperature electron pop-
ulations in the magnetospheric boundary layers.’" The pres-
ence of two electron temperatures has also been reported in
laboratory plasma where a secondary species of electrons
appears due to the filament heating.*” In the fluid limit, it is
customary to assume electrons as massless where the

© 2014 AIP Publishing LLC
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frequency of the plasma wave (ion acoustic wave in this
case) is far below than the corresponding electron plasma
frequency. In the case of two distinct populations of elec-
trons, it is then appropriate to assume that both the species
are separately in thermal equilibrium, each one obeying
Boltzmann distributions.”® Jones er al.>® was the first to
study ion acoustic waves in the presence of two electron tem-
peratures while Goswami and Buti®* obtained the solitary
wave solution for two electron temperatures in the presence
of cold ions. It was soon become evident that the presence of
a second electron species generates rarefactive (negative am-
plitude) solitary waves. The interrelation between rarefactive
waves and WDLs were established by both theories®® and
satellite observations.”> WDLs are particularly important as
they play significant roles in particle accelerations in the
auroral region. With the advance in satellite expeditions,
there was an enhancement in the observational data which
encouraged the study of the ion acoustic solitary wave in the
presence of two electron temperatures.

In spite of the extensive theoretical analysis of ion
acoustic rarefactive solitary waves for a two electron temper-
ature plasma, the effect of the presence of the second elec-
tron species on a fully nonlinear compressive solution
received comparatively lesser attentions.’® The relative la-
cuna motivated us to delineate the entire parameter regime
highlighting the effect of the second electron species on a
compressive solitary wave solution. In this present paper, we
have critically investigated the effect of the ambient density
of the cooler component of electrons on the variation of the
amplitude, width, density perturbations, and the existence
domain of the compressive solitary wave. It was observed
that the inclusion of a hotter species in a single ion plasma
modifies the existing compressive solitary wave solution
only marginally while inclusion of an extremely low concen-
tration of cooler electrons in a relatively hotter plasma may
bring drastic changes. The relative temperature and concen-
tration ratios of the two electron components define the re-
spective parameter regimes where the solutions exhibit
distinctly different characteristics. Besides the usual solitary
wave solutions, the presence of cooler electrons with a con-
centration as low as < 1% revealed compressive double
layers followed by sudden changes of amplitudes and even
supersolitons.*” Pseudopotential profiles representing super-
solitons are reported to comprise two subwells, leading to
wiggles to the resultant electric field profile.**** The analy-
sis also reveals a preferred value of cooler electron concen-
tration which yields maximum solitary wave amplitude for
the system, leading to a forbidden region for the cooler elec-
tron concentration as the amplitude grows larger. Our find-
ings are expected to be relevant for the studies in EPN
plasmas,'>**¢ where the negative ion plays the role of the
cold electron providing a second negatively charged spe-
cies.’” Due to its large inertia, the presence of the negative
ion affects the Debye shielding, thus modifying the solution
significantly. We feel that, to understand such EPN plasmas,
it is necessary to benchmark them with the study of an analo-
gous system comprising two electron temperatures. The
present study may also be applicable to ESWs observed in
different boundary layers of Earth’s magnetosphere.’®

Phys. Plasmas 21, 082104 (2014)

The paper is organized as follows. Sec. II presents the
exact analytical form of the Sagdeev pseudopotential for a
warm ion plasma containing two temperature electrons while
Sec. III presents a critical analysis of the corresponding posi-
tive amplitude solution highlighting the effect of the second
electron species. In Sec. III A, we have revealed an interme-
diate region in cooler electron concentrations which is
devoid of any solitary wave solution (forbidden region).
Section III B analyzes the effect of the electron temperature
ratio on the forbidden region, while Sec. III C reveals the
compressive double layer. The association of a compressive
double layer with supersolitons has been studied in Sec. III
D where we have delineated the overall existence domain
highlighting the distinctly different characteristics of differ-
ent parameter regimes. Section III E further shows the over-
all effect of Mach number and ion temperature on the double
layer and Sec. IV presents the concluding remarks.

Il. THE SAGDEEV PSEUDOPOTENTIAL

We have assumed a two electron temperature plasma
where both the electron species are separately in thermal
equilibrium obeying Boltzmann’s distribution®

¢ B
Ne = Nec + Nen = perF + versb (1)

u (v) being the initial equilibrium densities for cold (hot) elec-
trons and f§ (= T.o/Tep) is the cold to hot electron temperature
ratio. Solving the basic set of the normalized fluid equations
for warm adiabatic ions in an infinite, collision-less, unmagne-
tized plasma, we obtain the warm ion density””

1/2

{(M+v30) — 20}

1/2

A v3a) —20} | )

where o (=T; [Ter;) describes the finite ion temperature
effect and the factor 3 occurs due to the specific heat ratio
in an one dimensional system.13 The subscripts i, e, ¢, and h
refer to ion, total electron, and cold and hot electron compo-
nents, respectively, and other notations have their usual
meaning. All the number densities are normalized by the
equilibrium plasma density nq (i.e., u+ v =1), the time (¢)
and space (x) are normalized by the reciprocal ion plasma

frequency ;! (wpi = /%) and effective Debye length

Jeft (=
potential (¢) are normalized by the effective ion acoustic

speed cefr (= %) and s, respectively. The Mach number

4{;;‘62) and the velocity (v;) and the electrostatic

M is also normalized by c.g. Putting Egs. (1) and (2) in the
Poisson’s equation

¢

W = Nec + Meh — Ny (3)
and solving for the normalized boundary conditions, we
obtain the familiar Sagdeev pseudopotential for a two elec-
tron temperature, warm ion plasma**
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which satisfies the following energy equation:

1 (dp\’ 3
5 (d_’?> +y(¢) =0, (5)

n (=x— Mt) being the generalized coordinate for the corre-
sponding steady state solution.

In order to have solitary wave solutions, this pseudopo-
tential must satisfy following conditions:

Cop0) . 90)
l//(())—a—d)—(), 8(]’)2 <0,
W) =0 P 20 for some gy,
Y(¢) <0 for 0 <[] <[, (6)

where |¢| is the amplitude of the solitary wave. Equation
(6) summarizes the boundary conditions determining the ex-
istence of solitary waves and ensures the recurrence of its
initial state. For a double layer, however, both

W) _ o

99

needs to be satisfied which ensures the transition of the solu-
tion from one initial state to another final state.®” A compres-
sive (positive amplitude) solitary wave solution is further
restricted by the energy condition

W(dy) =0 and

b < (1~ V30)’ ®)

beyond which the Sagdeev pseudopotential turns complex,
indicating steepening and wave breaking owing to the reflec-
tion of ions from the potential hill.>**

lll. FULLY NONLINEAR SOLUTIONS

It is well known that solitary waves emerge due to the
balance between nonlinearity and dispersion. Goswami and
Buti®* obtained the parameter

2
A:M. A<37 (9)

(n+vp)?

which determines the existence of the compressive solitary
wave in a weakly nonlinear regime. The parameter was
obtained from a K-dV equation governing the weakly non-
linear solution***°! and may be considered as a qualitative
measurement of the extent of nonlinearity for any particular
system. On the other hand, it has been observed that the

— (M+V30) - [(M = v30) —2¢
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}M+W—ﬁﬁ} )

effective temperature of electrons Tt [= TecTen/ (1T en +
vT,.)] may indicate the extent of dispersion.”®

To understand the effect of the second electron species
on a compressive solitary wave, we have plotted the varia-
tions of A (dashed lines) and T (solid lines), respectively,
with p in Fig. 1 for different § values. It shows a monotonic
increase in the dispersion (T, estimated in terms of T.)
with decreasing u, while the nonlinearity (A) shows a non-
monotonic behaviour exhibiting humps at certain p= y..
Eventually, for a significantly low ambient cooler electron
concentration (u < p.) and sufficiently large hot electron
temperature (low f3), it shows a sharp increase in the disper-
sion (T.g) in contrast with the decrease in the nonlinearity
for a decreasing pu, suggesting a possible non existence of
compressive solitary waves below certain minimum value of
U, whereas for a larger f§ (i.e., f — 1), both the nonlinearity
and the dispersion remain comparable throughout the range.

A. Forbidden regions

To ascertain our conjecture as mentioned above (i.e., in
Fig. 1), we have delineated the parameter regime for varying
ambient cooler electron concentrations. The electron temper-
ature ratio has been chosen to be large enough to ensure a
compressive solitary wave solution (ff = 1/5). Compared to
the electron parameters, the effect of the ion temperature
remains marginal. Hence, ¢ (= 1/30) has been assumed to be
constant throughout our study.

Figure 2 shows the variation of the solitary wave ampli-
tude with u for different Mach numbers (M) while f=1/5
remains constant. It, too, shows a non-monotonic behavior
which resembles the variation of A (the nonlinearity) in

25 12
L —
B =1/45
" A mm 10
L
I
" T
15p 1
1
' B=1/25
= o
= " Je<t
"
1op
¢
: w
¢
[
5p
] - 42
[Ny e L tEa.,
LR T —— """ R T T
B=1/5
0 0
0 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1

FIG. 1. Variation of nonlinearity (A) and dispersion (T.¢) with u for
different f.
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FIG. 2. Variation of amplitude with yu for different M (ff = 1/5). Dotted lines
denote the “forbidden regions” in p.

Fig. 1. Initially, inclusion of a cooler species increases the
amplitude, but beyond certain critical value (e.g., 1= L),
the amplitude starts decreasing with increasing p giving rise
to a hump at certain z.. As expected, the amplitude increases
with increasing M. For further increase in M (e.g., M > 1.18),
the hump disappears giving rise to a “forbidden region” in p.
For some minimum value of @ (= lmin, Umin > He), the sO-
lution terminates due to the energy principle (Eq. (8)), but
reappears for a sufficiently lower value of u (u < p) restor-
ing the single electron solution at u =0 which is qualitatively
equivalent to u=1 (i.e., single electron) state.

It is particularly interesting to note the hump-like (non
monotonic) variation as it may indicate two competitive
processes in the plasma. Inclusion of a cooler component of
electrons increases nonlinear effects (A) and the amplitude
increases. On the other hand, inclusion of a hotter component
increases the effective energy of the system (T.¢) which also
leads to an increase in the amplitude. For major part of this
variation, the solution is governed by the effective energy of
the system (> 1), while for a sufficiently low u (1< ),
the effect of nonlinearity due to the presence of a second

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

B

FIG. 3. Variation of pu. (solid lines) and u* (dashed line) with f for
different M.
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electron species dominates. This also shows that the effect of
the second electron species mainly arises due to the presence
of a minority component of cooler electrons, whereas the
inclusion of a minority component of the hotter species devi-
ates the solution only marginally from that for a single elec-
tron plasma.

We have estimated the maxima of the A variation curves
in Fig. 1 analytically by differentiating Eq. (9) with u

B

“T1p (10)

where u* (=f) is the estimated maxima which depends
solely on f5. We have also estimated g, the critical value of
u corresponding to the largest amplitude for any particular
M - f regime, numerically from Fig. 2. In Fig. 3, we have
plotted the variations of both p. (solid lines) and u* (dashed
line) with f§ for different M, where the latter denotes the cor-
responding weakly nonlinear limit. It shows that both . and
w* decrease with decreasing f (increasing hot electron tem-
perature), while the increase in M further tends to lower the
value of p., indicating a possible shift of the maxima (the
hump in Fig. 2) to a lower u. The M dependence of the max-
ima appears to be the consequence of the higher order nonli-
nearity whereas at the weakly nonlinear limit, it turns to be
independent of M (Eq. (10)). The value of p* further deter-
mines the upper bound of p. (i.e., u* > ) throughout the
region whereas for a weakly nonlinear, or small amplitude
limit (i.e., low M — large f solutions), the y. variation merges
asymptotically with that for p* (u. — u*), the latter being
solely determined by the corresponding f3 value.

Figures 1-3 reveal significant effects of the cooler elec-
tron component on the compressive ion acoustic solitary
waves. To compare the relative roles played by the two dif-
ferent electron species, we have plotted the relative density
perturbations of cold (hot) electrons, viz., on} (on;), repre-
sented by dashed-dotted (dashed) lines, respectively, and the
overall charge separation, An, represented by the solid line,
in Fig. 4. We have chosen a single Mach number, viz.,
M = 1.1. The different parameters are defined as

0.8 Kis Jo.016

p
A\
1
)
[ . M=1.1
A )
A )
A}

0.6 40.012

an,
An

sn,

04 v . Jo0.008

o2f 1 RN J0.004

-
~-.
-
-~
~

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 4. Variation of relative density perturbations on; (dotted line), onj
(dashed line), and the total charge separation An (solid line) with u for
M=1.1and f=1/5.
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one
=m0 <) D

where onj(¢,) is the density perturbation at the maximum
amplitude ¢, for the j-th component, j (=c, h, e) being the
cold, hot, and the total electron species, respectively. The fig-
ure shows that the contribution of the cold electrons in total
electron density perturbation increases with initial ambient
cold electron density () while that for the hot electron
decreases. For p = ., the contributions of both the cold and
the hot electrons in overall electron density perturbation
becomes equal (=50%) which maximizes the effect of the
presence of two electron temperature species, as well as the
overall charge separation (An), and leads to the maximum
possible amplitude for the chosen Mach number. In other
words, the condition for the critical value of u (i.e., u.) can
be readily obtained graphically by equating the relative con-
tributions of the cooler and hotter species to the overall elec-
tron density perturbations, viz.,

on; = ony,. (12)

The analysis supports our aforementioned discussion on
the effect of the second electron species for the case where
the cooler component is the minority one. This also suggests
that an optimum 15%-20% of initial cooler electron concen-
tration provides the largest amplitude for the compressive
solitary wave, and it decreases steadily for both the sides.

A similar hump-like variation could be noted in
Baboolal ez al.*® for cold ions, though there was no further
comment on it. Murthy er al.®! reported forbidden regions in
1 for weakly nonlinear solutions which arose due to the vio-
lation of the condition described by Eq. (9). In the present
case of fully nonlinear solutions, however, the forbidden
regions appear due to the competitive processes which arise
due to the inclusion of the second electron species. A com-
parison between Figs. 1 and 2 reveals that, for a large Mach
number (M > 1,18), both the nonlinearity and the effective
energy of the system increase with the decreasing p, leading
to a sharp increase in the amplitude, followed by steepening

00d6

o, 1=0.00062 =0

B=1/25

M=1.06

. . . . . . . . .
0 0002 0004 0006 0008 001 0012 0014 0016 0018 002
n

FIG. 5. Variation of amplitude with yu for the low p regime (1 < 0.02). Points
ay123, b1a, and c¢;, denote specific values of (¢, 1) and the dashed lines
(curves (i) and (ii)) represent the variation of u, with M. Each set of curves
belongs to a specific M (=1.06—1.12) while curves 1-5 denote different .
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and wave breaking. The solution terminates due to the viola-
tion of energy principle (Eq. (8)) resulting to a forbidden
region beyond some fnin (Umin > L) For a sufficiently low
u and moderately hot electrons (large f3), it reappears due to
the decrease in nonlinearity. The solution in this regime is
dominated by the variation of nonlinearity, rather than the
effective energy of the system. The plasma is, eventually,
dominated by the minority component of cooler electrons
and the effect turns maximum when the contributions of
both the species become equal (Fig. 4 and Eq. (12)).

B. Effect of 8

The dependence of . on f§ in Fig. 3 indicates that the
appearance and extent of the forbidden region may substan-
tially depend on the corresponding f value. In Fig. 5, we
have delineated the low u regime (u < p.) by plotting the
variation of the amplitude with p for different § and M. As
expected, for =0, the effect of f vanishes and all the
curves converge to the corresponding single-electron ampli-
tude. With an inclusion of very low concentration of cooler
electrons, the curves diverge, highlighting the effect of the
electron temperature on the variation profile. Interestingly, it
shows two distinctly different variation profiles depending
on the range of f. For a low f§ regime (e.g., f < 1/10), there
is a sharp increase in the amplitude with increasing u. The
variation profile appears to be “concave,” i.e., its slope
increases with increasing u (d*¢,/du* > 0). On the other
hand, for a larger f§ (= 1/10) and low M (M = 1.06), the ini-
tial variation appears to be almost “linear” exhibiting slow
increase in the amplitude with increasing u. As M increases
(viz., M=1.12), the variation profile actually turns
“convex,” i.e., its slope decreases with u (d*¢,/du’> < 0).
This indicates that the low u regime is further comprised of
two distinctly different regions characterized by low and
large f values, respectively.

We have further noticed that, for M = 1.06 and an inter-
mediate f§ (viz., f = 1/15), the variation profile shows a sharp
discontinuity, or ‘“jump condition,” between points a;
(¢pg = 0.1284, ;1 =0.0098) and a, (¢, = 0.2705, £ =0.01) in
Fig. 5 where a very small increase in the initial cooler elec-
tron concentration (0.02%) leads to a 110% increase in the
amplitude. The solution terminates at a; (¢, = 0.2755,
1=0.0104) where a further increase in y causes only a mar-
ginal increase (1.8%) in the amplitude. As M increases (viz.,
M =1.08), the variation curve for the particular f value
(f=1/15=0.067) smoothens, though a similar “jump con-
dition” now shifts to a lower f (i.e., points b;—b,, f=0.06)
and the trend continues (e.g., points c;—c;, M=1.12,
£ =0.05). The unexpected sharp discontinuity observed in
Fig. 5 appears to be fairly regular rather than accidental and
reveals some possible transition processes triggered by the
variation of f3.

The two dashed lines in Fig. 5, viz., curves (i) and (ii),
further show the variation of y, with M for two different f§
(viz., p=1/15 and 1/20) where p, is the maximum value of
u beyond which the solitary wave solution terminates for the
low u regime (i.e., ity < Ue). It shows that y, increases with
decreasing M. The variation is approximately linear (curve
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denotes the “break” in the scale.

(1)) for a larger 5 (= 1/15), whereas for a lower f§ (= 1/20),
the variation is much sharper (curve (ii)). For all M values,
U, remains significantly smaller for a lower f.

C. Compressive double layers

Noting that the hot to cold electron temperature ratio (f3)
may play a pivotal role in determining the characteristics of
the solution (Fig. 5), we have revisited our analysis in Sec.
III A for a low f value (ff = 1/25). Figure 6 shows the varia-
tion of the amplitude with u for different M, keeping ff (= 1/
25) a constant. Inclusion of a hot electron component
(decrease in p) increases the amplitude and the variation pat-
tern remains the same as Fig. 2 for up to u>0.5. Beyond
that value (i.e., £ <0.4), the amplitude increases sharply and
the solution terminates for some ji,;, following the energy
relation (Eq. (8)), where p,;, depends on the Mach number
and increases with increasing M. Apparently, there was no
forbidden region or reappearance of solitary waves for lower
u value. The variation pattern appeared to be monotonic and
bounded by u > 0.2 (the r.h.s. of Fig. 6).

To restore the solutions in the low u regime, we have
changed the scale and shown it with a “break in the scale” in
the L.h.s. of Fig. 6. We found that the region at the lower u is
bounded by p<0.002. The concave shaped variation pro-
files, as observed in Fig. 5 (Sec. III B), reappear confirming
the existence of forbidden regions which are now bounded
by the upper and lower limits of u, viz., 0.002 < u < 0.2 for
M = 1.06, and its extent increases with M. The variation pro-
files remained characteristically different from those
obtained for a large f solution (Fig. 2), as well as from those
observed for a larger u value (i.e., r.h.s. of Fig. 6).
Consequently, it reveals two mutually exclusive existence
domains for solitary wave solutions, viz., “region lh” for
u>0.2 (e., “low p — high u” regime), and “region 11" for
1<0.002 (i.e., low ff — low u regime), respectively. For the
latter (“region 11”°), the amplitude increases smoothly with
increasing u and the solution terminates at much lower am-
plitude, without violating the energy relation (Eq. (8)). This
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also reveals a wide disparity in amplitudes at the two ends of
the forbidden region. Unlike a large f solution (Fig. 2),
where amplitudes at the both ends remain comparable, in the
present case the left-end (“region 1I”’) shows a much smaller
amplitude compared to the right (“region 1h”). This also con-
firms that, unlike other parameter regime, solitary wave solu-
tions in “region 11” do not terminate due to wave steepening
and breaking. Recalling that the region (“region 117”) is
expected to have large dispersion (Fig. 1), the waves may get
“stretched” and “damped” causing the disappearance of the
solution at much lower amplitude.

Following Sec. III A, we have plotted the variation of
relative density perturbations for the cold (solid line) and hot
(dashed lines) electrons in Fig. 7, keeping M (= 1.06) a con-
stant. This shows that “region lh” is governed by the cold
electron dynamics, while “region 1I” is governed by the hot-
ter one. At both sides, the solution disappears much prior to
the region where the condition Eq. (12) may hold. For
“region lh,” the contributions turn to saturate prior to their
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FIG. 8. Variation of relative density perturbations on; (dashed-dotted line),
onj (dashed line), and charge separation An (solid line) with u for “region
11”; M=1.06 and § = 1/25.
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terminations, while in “region 11” they vary monotonically.
Interestingly, in “region 11,” an initial concentration of cooler
electrons as low as less than 0.2% (1< 0.002) contributes
more than 12% of the total electron density perturbations at
the vicinity of the maximum amplitude ¢, (Fig. 7) which
may indicate a significant confinement of the cooler species
within the perturbed region.

To highlight the “region 11, we have plotted the relative
density perturbations, viz., én’ (dashed-dotted line), on;
(dashed line), and the charge separation An (solid line) for
“region 1I” in Fig. 8. It shows a sharp decrease in the charge
separation (An) prior to the termination of the solution. This
contradicts our analysis in Sec. III A (Fig. 4) where An
increases monotonically with u for u <y, i.e., prior to the
forbidden region. This also contradicts our previous findings
where we have observed an increase in the charge separation
near the vicinity of the forbidden regions in the ion tempera-
ture.** On the other hand, Eq. (7) for double layers suggests
a collapse in the charge separation. This further confirms that
the compressive solitary wave solutions in “region 1I” are
distinctly different from those of other parameter regime.

To characterize the solutions observed in “region 11,” we
have plotted the variation of the width with u (solid line) vis-
a-vis that of the amplitude (dashed line) for both “region 11”
and “region lh” in Fig. 9. In “region lh,” the width increases
with decreasing amplitude which is consistent with a K-dV
or K-dV like soliton. Initially, the width shows a sharp
increase which gradually tends to saturate with increasing g,
confirming an exactly opposite trend vis-a-vis that of the am-
plitude. In “region 11,” on the other hand, both the amplitude
and the width increase with increasing . Particularly, there
is a sharp increase in the width as the solution approaches to
the forbidden region (i.e., u — p). This indicates that, in
spite of being a small amplitude one, the solitary waves
obtained in “region 11 are different from the usual weakly
nonlinear (i.e., K-dV like) solutions.

For large amplitude rarefactive (i.e., negative amplitude)
solitary wave solutions, the width-amplitude variation pro-
files are known to show anomalous width variations where,
unlike K-dV solitons, the width increases with the increasing
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brk
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0.35f | o = 1/30 — a5
M=1.06
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FIG. 9. Variation of width W (solid line) and amplitude ¢, (dashed line)
with p for M = 1.06 and f = 1/25; “brk” denotes the “break” in the scale.
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amplitude but for smaller amplitudes, they restore the usual
K-dV like relation showing a decrease in the width with
increasing amplitude.’®**° Compressive solitary waves, being
of smaller amplitudes compared to their rarefactive counter-
part, have so far consistently showed a K-dV like variation.
The “anomalous width variation” observed in “region 11" is
thus the first report of its kind where it has been found to be
associated with a compressive solitary wave. The result is
particularly more surprising because, so far, anomalous
width variations have been attributed to be a large amplitude
phenomena while the amplitude of the solitary waves in this
case is considerably small (¢y < 0.1). In fact, the (normal-
ized) amplitude is even smaller than that of a regular region
(“region 1h”) which shows a K-dV type behaviour. This also
contradicts the idea that the anomalous width variation is the
characteristics of rarefactive solutions only. Interpretation of
such behaviour thus poses serious questions and needs to be
investigated in more detail.

We have previously observed that, for a rarefactive soli-
tary wave, an anomalous width variation is followed by a
double layer solution.®® Figures 7 and 8 further suggest the
possibility of a double layer solution in “region 11.” In Fig.
10, we have plotted the corresponding Sagdeev pseudopoten-
tials for different u values, keeping M =1.06 a constant. It
confirms a double layer solution for i =1.9325 x 10~ with
an amplitude ¢y ~ 0.875, where ¢y, is the double layer am-
plitude. The particular Sagdeev pseudopotential satisfies the
condition of Eq. (7) ensuring its transition to another state
(Sec. I). As M increases (i.e., M > 1.1), the solution disap-
pears. Figure 5 suggests that, for increasing M, the region
may be pushed to a much lower value of u which may not be
physically sustainable.

Ion acoustic double layers have been studied by many
authors.””%>%7 While the rarefactive (negative amplitude)
double layers are well known for decades,*®*® its compres-
sive (positive amplitude) counterpart is comparatively lesser
known. In other words, double layers are generally expected
to be associated with a negative amplitude (rarefactive) solu-
tion rather than a positive one.””’! Goswami and

_of
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FIG. 10. Sagdeev pseudopotentials for the “low p — low f” regime (“region
11”) for different y; 1 < 0.002. “DL” denotes the compressive double layer.
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Bujarbarua’? were one of the first who reported compressive
double layers in an EPN plasma. Compressive double layers
in the presence of negative ions have also been observed by
others for both weakly nonlinear*®’? as well as general, large
amplitude solutions.”’ It was observed that the existence and
characteristics of such double layers depend on the density
and temperature of the negative ion’> and on its mass as
well.*® The role of the negative ion in these cases seems to
be analogous to that of the second electron species while for
the former one it is further modified due to its inertia.”’
Compressive ion acoustic double layers have also been
reported in an e-p-i plasma,’*’® dust ion acoustic waves,’’
as well as in an e-p-i plasma in the presence of negatively
charged dust.”® For an usual e-i plasma, however, compres-
sive ion acoustic double layers appear to be less feasible’® or
marginal.”” We have previously obtained compressive ion
acoustic double layers for a two electron temperature, warm
ion plasma® while Verheest er al.®' reported the same in the
presence of two positive ions and single electron species.
Both the results ascertain that, like a rarefactive one, it is
essential to have a three component plasma for the formation
of a compressive double layer.

D. Supersolitons

Our analysis presented in Secs. IIT A—III C suggests two
distinct phases of compressive solitary wave solutions. For
the major part of the parameter regime, the solitary wave ter-
minates due to the violation of the energy relation (Eq. (8)).
As the amplitude reaches the limit (= %M 2), the ions start get-
ting reflected from the potential hill,** leading to a wave
breaking. The existence domain is thus determined by the rel-
ative balance between the K.E. (Q‘J%Mz) and the P.E. (=¢)
of the ions. There, however, exists a relatively small but dis-
tinct phase of solutions where a very minute proportion of
cooler electrons are introduced in a hotter plasma. They get
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largely confined within the perturbed region, thus possibly
disrupting the symmetry of the structure which leads to a
compressive double layer terminating the corresponding soli-
tary wave solution. This region also shows an anomalous
increase in the width with increasing amplitude. Figure 5 fur-
ther suggests a sharp transition between these two phases
(Sec. I1I B).

To ascertain our findings and noting the distinct role
played by the respective electron temperatures, we have plot-
ted the variation of p, as obtained numerically from Fig. 5, in
Fig. 11(a) (upper panel) for a range of f§ values. To cover a
wide range of variations, we have kept M = 1.06. In the ab-
sence of any forbidden region, y, has been taken to be 1. It
clearly shows two distinct regions, viz., “A” (no forbidden
region) and “B” (forbidden region), respectively, while f;
(=0.0782) is the lowest value of f§ ensuring no forbidden
region. The variation of u, for the forbidden region (i.e., region
B), has been further highlighted by the dotted line with its
scale shown at the r.h.s. (u, <0.04). It shows that, as f
decreases [ is pushed to a lower value which is consistent
with Fig. 5. We have chosen f, (=0.0192) as our lowest limit
of § (i.e., f, < < 1) for which p, reduces to 0.0002. A further
decrease in ff would reduce p, further which has been dis-
carded as non-physical.

In Fig. 11(b) (middle panel), we have plotted the solitary
wave amplitude ¢, corresponding to p=u,. It readily
reveals two sub-regions “B1” and “B2” within “B” of the
upper panel, marked by . (=0.065), a critical value of f3,
below which the amplitude drops abruptly. Unlike the dis-
continuity observed at f3; (i.e., between “A” and “B1”), where
u changes from 1 (single electron) to ~ 0.04 (two electron),
the present one occurs in spite of a smooth variation of u at
f. (upper panel). This emphasizes that the “jump condition”
observed in Fig. 5 is a regular transitional effect rather than a
possible singular artifact. Compared to “B2” (i.e., f < f.),
where the amplitude decreases smoothly and monotonically

1 0.04
M =1.06 BN a
0.8 " < B,=0.0782
« 06 Forbidden region R No forbidden region «
j‘04(______________________\;_)i_ ___________ 1002 =
oolB,=00192 :
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03}t B2 B, =0.065— - B=0.0782 - mum u for the solitary wave solution
N : in low u regime (ux < ), (b) ¢y, the
< 0.2 : : 7 amplitude of the solitary wave at fi,
01k e 51 i and (c) ¢g4, the corresponding double
s : layer amplitude, with 8; M =1.06. The
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FIG. 12. Sagdeev pseudopotentials for
points “al” (curve “b1,” p=0.0098),
“a2” (curve “b2,” u=0.01), and near
point a3 (curve “b3,” u=0.0104) of
Fig. 5, ¢ (¢) being the amplitudes of
the regular (super) solitary waves
shown in two different scales, viz., (a)

with decreasing u and f, it shows little or no variation in
region “B1” (. < p < fy), making the two sub-regions char-
acteristically different from each other.

In Fig. 11(c) (the bottom panel), we have plotted the
variation of ¢4, the amplitude of the compressive double
layer, with f3, 4 (=0.0648) being the largest f value associ-
ated with a double layer solution. It shows that regions A and
B1 of the upper two panels have no double layer solution
(i.e., PI=A+Bl, . < f <1), which means that, for this pa-
rameter regime, the boundary of the corresponding existence
domain is solely determined by Eq. (8). On the other hand,
region B2 (middle panel) completely coincides with PII (bot-
tom panel, f, < ff < f4), supporting both solitary waves and
compressive double layers where the latter determines the
upper bounds of the solitary wave solutions for this region.
This reveals that the abrupt discontinuity observed in Fig.
11(b) (middle panel) as well as Fig. 5 (viz., points a1 and a2)
are associated with the onset of compressive double layers.
This also indicates that the two regions (viz., “PI” and
“PII"), are governed by different physical processes.

Figures 12(a) and 12(b) show the Sagdeev pseudopoten-
tial curves for points “al,” “a2” and that near point “a3” of
Fig. 5, represented as curves “b1” (solid line), “b2” (dashed-
dotted), and “b3” (dashed line) respectively, in two different
scales. In Fig. 12(a), the curve “b1” shows a regular solitary
wave of amplitude ¢, beyond which (i.e., for ¢ > ¢,) the
pseudopotential turns positive (i.e., ¥ > 0) making the
“generalized electric field” d¢ /dn complex, hence nonphysi-
cal. Curve “b2,” on the other hand, shows a supersoliton‘”_49
of amplitude ~¢, which still has two roots, like the former
one, but two subwells marked by (i) and (ii), respectively. As
we increase the p value further, the subwells in curve “b3”
tend to merge to a single one making the solution closer to a
regular solitary wave, like curve “b1,” but of substantially
greater amplitude. Figure 12(b) shows the complete profiles

I
sl \ o for regular, (b) for super, solitary
\ : waves, respectively.
L
—6f VoA
—— u=00098 vy
—— u=001 W
7k / J
. — — u=00104 b3
_8 3 . . . . .
-0.05 0 0.05 0.1 015 02 025 0.3
(b) o

of curves “b1”—“b3,” highlighting the sharp increase in the
amplitude and the depth of the pseudopotential well as it
transits from “b1” to “b2.” This further suggests that the lat-
ter two (viz., “b2” and “b3”) belong to PI of Fig. 11, making
it a different class of solution compared to that associated
with “b1.” A closer look suggests a Sagdeev pseudopotential
profile between “b1” and “b2” (not shown in the figure) with
three roots and two subwells>® which marks the lower bound
of solitary and supersolitary waves of PI (i.e., curves “b2”
and “b3” in this case) and is associated with f3. in Fig. 11.

Previously, White et al.® reported Sagdeev pseudopoten-
tial with cusp for a three component plasma which they inter-
preted as large amplitude shocks. Later, Dubinov and
Kolotkov*’ found Sagdeev pseudopotential profiles with two
subwells for a multi-component plasma comprising of elec-
trons, positrons, and two species of positively and negatively
charged ions. They coined the name supersoliton for the said
pseudopotential profile. Verheest ez al.**** showed that super-
solitons may occur in a three component plasma as well. They
studied the properties of supersolitons in a three component
plasma in detail, emphasizing the mathematical characteristics
of the corresponding pseudopotential profiles. Similar results
have been confirmed by our analysis. It further confirms that
supersolitons are part of a wide spectrum of solutions and are
associated with a sudden change of amplitudes which resem-
bles to a possible phase transitions of the solution as men-
tioned above. Recently, the existence of dust acoustic
supersolitons has been confirmed in a dusty plasma.?>% A
more detailed analysis of supersolitons is beyond the scope of
the present work and will be communicated elsewhere.

E. Effects of Mand ¢

To complement our analysis, we have delineated the
effect of M on the aforementioned parameter domains (viz.,
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A, B, B1, B2, etc., in Figs. 11(a)-11(c)), representing differ-
ent classes of solutions. Figure 13(a) (upper panel) shows
variations of f; (solid line) and f3, (dashed-dotted) with M
while the dotted area bounded between the two curves (i.e.,
fn < B < By, represents the parameter domain where a for-
bidden region may occur (i.e., region B of Fig. 11). It con-
firms that the extent of the forbidden region increases with M
(Fig. 2) while the variation of the lower bound (i.e., f,)
remains only marginal. Figure 13(b) (middle panel) shows
variations of f4 (dashed line), f3. (solid line), and f (dashed-
dotted) where f3 is the largest value of 5 associated with the
onset of a supersoliton. The dotted area bounded between the
curves ff. and f represents the existence domain of the
supersoliton. The curves quickly merge at certain critical
value of M =M, (M =M,.) beyond which the compressive
double layer (supersoliton) solutions cease to exist and only
a regular solitary wave prevails. The critical values of M|
(M) determine the respective upper boundaries of compres-
sive double layer (supersoliton) solutions. Figure 13(c) (bot-
tom panel) further delineates the effect of ion temperature
(o) on M, where M, has been determined numerically as the
largest possible speed of a compressive double layer (=My)
associated with a particular ¢. Inclusion of ion temperature
in a cold ion plasma have shown an initial increase, followed
by a minor decrease in M; beyond which it has increased
almost linearly with o, ensuring a faster moving compressive
double layer for warmer ions.’> The ion temperature, how-
ever, assumed to be small enough (i.e., 0 <0.1) to ascertain
the validity of the fluid approximation.

IV. CONCLUSION

We have investigated in detail the effect of the different
electron parameters, viz., § and g, on a fully nonlinear com-
pressive solitary wave. It has been observed that both the
cold to hot electron temperature ratio (f§) and the ambient

density of the cooler species (u) play a significant role to
determine the amplitude and the existence domain of the sol-
itary wave. There is a preferred value of i (=u.) which max-
imizes the amplitude producing a “hump” in the variation
pattern and leads to a “forbidden region” in u for a large-M
solution. It further dissociates the overall existence domain
into two distinct regimes. For higher values of p, the solu-
tions do not characteristically differ over the range of f val-
ues. “Region lh,” which represents the “low f-high u”
regime, shows regular solutions with sharp increase in the
amplitude with decreasing u while the domain A in Fig. 11 is
devoid of any forbidden region confirming regular solutions
over all the ranges of u. Solutions in the low-u regime, on
the other hand, significantly differ over the range of p.
“Region 11,” which represents the “low f—low u” regime,
confirms a delicately defined existence domain which is gov-
erned by an ultra low value of u (<1%) and characterized
by small amplitude solutions, anomalous width variation and
compressive double layers. The region is further associated
with a sudden increase in the amplitude at some critical or
threshold value of f (=f.) and supersolitons. A further
increase in f§ ensures a smooth transition of supersolitons to
a usual regular solitary wave. Conversely, as f§ decreases, it
approaches to a transitional region near the threshold (i.e.,
— Pes Pe < B < ) where a regular solitary wave solution
gradually “gets deformed” to a supersoliton, followed by a
sudden collapse of the amplitude. A further decrease in f§
beyond the threshold (ff < f3.) leads to the aforementioned
parameter domain which governs compressive double layers
(e.g., B2 in Fig. 11).

It was further observed that the maximum speed of a
compressive double layer generally increases with ion tem-
perature, except for a very low value of o, while an increase
in the speed (M) pushes p (or ) to a vanishingly small
value which may not be physically sustainable. The plasma
is eventually dominated by the cooler species. The overall
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presence of the second species of electrons significantly
modifies nonlinearity and dispersion of the system. The
effect of the two electron components maximizes for u~ 15
to 20% which coincides with the “humps” observed for the
amplitude variation. Our findings are expected to be relevant
for analyzing electrostatic solitary waves observed in the
Earth’s magnetospheric boundary layers.
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