
1.  Introduction
Electromagnetic ion cyclotron (EMIC) waves are important from the point of view of understanding the 
wave-particle interactions in the Earth's magnetosphere and their role in acceleration and heating of particles, 
precipitation of ring current ions and relativistic electrons, and dropout phenomena (Clilverd et al., 2015; 
Cornwall & Schulz, 1971; Kersten et al., 2014; Summers & Thorne, 2003; Summers et al., 1998, 2007; Thorne 
& Horne, 1992, 1997; Thorne & Kennel, 1971; Zhu et al., 2020). These low frequency, left handed polarized 
waves falls in the range of Pc1-Pc2 (Jacobs et al., 1965). They are amplified near the geomagnetic equator  
(𝐴𝐴 ∼ ±11◦ magnetic latitude (MLAT)) by the hot proton (H+) temperature anisotropy (𝐴𝐴 𝑇𝑇⟂

𝑇𝑇∥
> 1 ) (Allen et al., 2015; 

Cornwall, 1965; Cornwall & Schulz, 1971; Kivelson & Russell, 1995; Loto’Aniu et al., 2005). These waves 
propagate along the magnetic field line and the wave normal angle (WNA) become oblique during their 
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show the variations of the instantaneous frequency and the observed wave amplitude. The direction of 
energy flow is determined from the analysis of the Poynting flux. There is a rapid nonlinear growth of the 
EMIC subpackets within one wavelength. Subpackets are dynamic in nature as their structure changes 
within one wave period, which is further supported by the nonlinear wave growth theory. Optimum and 
threshold amplitudes for the EMIC wave growth are calculated beside the nonlinear transition time (𝐴𝐴 𝐴𝐴𝑁𝑁 ). 
Observed ion energies and pitch angle spectra of the ion fluxes are consistent with the energy associated 
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Plain Language Summary  Electromagnetic Ion Cyclotron (EMIC) waves are observed 
below the proton gyrofrequency and play an important role in the magnetospheric dynamics through 
the ion heating and precipitation of relativistic electrons. They often appear as a series of repetitive 
structures (known as subpackets) with increasing frequencies, known as rising tone emissions in their 
entirety. These rising tone emissions are believed to be generated near the geomagnetic equator by the 
anisotropic distribution of energetic ions (𝐴𝐴 𝑇𝑇⟂

𝑇𝑇∥
> 1 ). These emissions are self-sustaining after the primary 

linear growth of the triggering wave at lower frequencies. Although previous simulations and theory 
showed that the source regions of these rising tone emissions move along the magnetic field line, direct 
observational evidence was missing. Our article provides a case study where these emissions are observed 
simultaneously by three THEMIS probes in the outer magnetosphere. Adopting a multipoint observation 
technique, we show there are scattered source regions with an extent greater than the EMIC wavelength, 
and the subpacket structure changes nonlinearly within one wave period. This analysis provides crucial 
information about the dynamics of the fine structures of rising emissions and gives an idea about the 3D 
extent of subpackets.
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propagation to higher latitudes. In a multi-species plasma, the dispersion shows there are stop bands for 
L-modes (e.g., 𝐴𝐴 H+ , 𝐴𝐴 He+ , 𝐴𝐴 O+ , etc.). Although mostly these waves are identified by observing the spectra of the 
electromagnetic field fluctuations, the L-mode dispersion relation can be seen from the observational data. 
Pakhotin et al. (2013) and Vines et al. (2021) have estimated the k-vector directly from observations. These 
L-mode waves change their polarization from left to right near the crossover frequency to propagate further 
through the stop bands. The crossover frequency is where the phase speeds of L- and R-modes coincide, and 
wave shows linear polarization. These quasi-parallel waves propagating toward higher latitudes reflect at 
the bi-ion frequency (Horne & Thorne, 1993) where the WNA becomes 𝐴𝐴 90◦ . In the source region, the EMIC 
waves propagate both parallel and anti-parallel to the magnetic field line showing bidirectionality within 
∼±11◦ MLAT (Allen et al., 2013; Liu et al., 2013; Loto’Aniu et al., 2005). This idea is further tested in several 
theoretical and numerical studies. Around the bifurcated magnetic minima, the anisotropy of the energetic 
particles becomes maximum, which is the source of the generation of off-equator EMIC waves in the outer 
magnetosphere. Combined roles of Shabansky orbits and drift shell splitting for EMIC wave growth at high-
er shells are studied in detail by McCollough et al. (2009, 2012) and McCollough et al. (2010). The addition 
of realistic particle fluxes (e.g., AP-8; see McCollough et al., 2009) can turn off the anisotropy generated by 
drift shell splitting. There can exist the anisotropy for the energetic particles following Shabansky orbits. For 
the first time, Tsurutani and Smith (1977) have introduced very low-frequency wave generation because of 
Shabansky orbits and drift shell splitting. Though Allen et al. (2013) and Liu et al. (2013) have reported bidi-
rectional EMIC wave propagation in the off-equator region, the source of their generation was not identified 
for sure. Recently, Vines et al. (2019) showed with the Magnetospheric Multiscale (MMS) data that the local 
source regions for higher latitudes EMIC wave growth occur for several hours in the outer magnetosphere, 
and they have ruled out the possibility of the reflection at a critical bi-ion frequency and established the 
local generation sources for off-equator EMIC wave growth.

There have been several observations looking into the size of EMIC source regions (e.g., Blum et al., 2017; 
Engebretson et al., 2008, 2015; Lee & Angelopoulos, 2014; Mann et al., 2014; Zhang et al., 2016). However, 
only very recently Hendry et al. (2020) determined the latitudinal extension of the source regions with the 
combination of multi-spacecraft and ground-based measurements. They reported 𝐴𝐴 ∼𝐴𝐴 0.67◦ latitudinal drift 
with a drift rate of the source region ∼4◦ /h and longitudinal drift ∼11◦ /h. Moreover, they investigated the 
magnetic local time (MLT) extent of the source region 𝐴𝐴 ∼ 0.83 h, which is almost stationary. Although they 
observed EMIC wave signatures for several hours, they did not take into account the subpacket structures 
(Omura & Zhao, 2012; Omura et al., 2010; Shoji & Omura, 2012, 2013, 2017). Sakaguchi et al. (2015) dis-
cussed the isolated proton aurora (IPA) and reported its longitudinal extension to be ∼12◦ . Investigation 
by Lee et al. (2013) showed 𝐴𝐴 H+ -band EMIC waves can span 𝐴𝐴 ≥ 1𝑅𝑅𝐸𝐸 at L 𝐴𝐴 𝐴 6. However, the source region ex-
tension near dayside magnetopause is still not understood completely. Previous studies (Blum et al., 2017; 
Grison et al., 2013) have shown the spatial and temporal extents of regions of EMIC wave activity, their 
local time, and radial distance dependence in the magnetosphere. However, wavelength and the size of the 
source region of the triggered EMIC emissions have not been explored. Further, it is an unanswered ques-
tion of what dimension along and across the field line is needed to form a series of rising tone subpackets 
that can be observed at a particular position.

EMIC waves can accelerate the energetic ions through cyclotron resonance interaction. When wave reso-
nance velocity is comparable to the thermal speed of the plasma species, the wave can either gain energy 
leading to wave growth or provide energy to the species resulting in the damping of the wave. This mecha-
nism is generally called the cyclotron resonance interaction, which deals with kinetic plasma theory where 
the particle distribution function decides the growth or damping of the waves (Tsurutani & Lakhina, 1997). 
These waves can contribute to intense pitch angle scattering of the particles in the outer radiation belt, 
pushing them into the loss cone, and therefore resulting in loss of particles into the lower atmosphere 
(Tsurutani & Smith, 1977).

Many spacecraft observations (e.g., Cluster, THEMIS, Van Allen Probes, MMS, etc.) have found the fine 
structure rising tone of EMIC waves (Grison et al., 2013; Nakamura et al., 2015; Pickett et al., 2010; Shoji 
& Omura, 2012, 2017). The generation of the EMIC triggered emission is caused by a resonant interaction 
of the protons with the triggered waves around the proton hole (Omura et al., 2010). The self-sustaining 
frequency rising process of these waves is also discussed in Shoji and Omura (2013). In four events from 
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Cluster observations near-equatorial plasmapause, Grison et  al.  (2013) 
reported that the triggering process is a repetitive structure, which is a 
localized phenomenon in space and time. Multispacecraft observations 
showed these rising tone emissions could be generated slightly off the 
equator (Grison et  al.,  2018) and get damped after several reflections. 
Higher frequencies get reflected from higher MLAT (Grison et al., 2016). 
Nakamura et  al.  (2014,  2015) have investigated the rising and falling 
tones of these waves by THEMIS observations. They have also discussed 
the nonlinear mechanism to understand the nature of the subpackets. 
Though they have tried to explain the nonlinear optimum amplitude and 
the interaction time for the subpackets, they did not indicate the source 
regions. Spatio-temporal extension of the EMIC rising tone subpackets 
remained unexplored.

We present a unique study of simultaneous observation of rising tone 
emissions of EMIC waves on September 09, 2010 from 14:20 to 14:30 UT 
by THEMIS A (THA), THEMIS D (THD), and THEMIS E (THE). The 
nonlinear evolution of subpackets in spatial and temporal domains is 
demonstrated. Also, the existence of the scattered source regions of EMIC 
waves is explored by using the Poynting vector analysis. The overview of 
the event is discussed in Section 2. Detailed analysis of the subpackets 
is reported in Section 3. In Section 4, we support our observations with 
nonlinear wave growth theory and summarize the results in Section 5.

2.  Location of the Spacecraft and Overview of the 
Event
Figure 1 shows the locations of the spacecraft THA, THD, and THE on 
09 September 2010 from 14:20 to 14:30 UT in the outer magnetosphere 
(L 𝐴𝐴 ∼ 8 𝐴𝐴 𝐴𝐴𝐸𝐸 ; 1 �� ∼  6,400 km). THA was in the higher L-shell (𝐴𝐴 ∼ 8.2–8.95 

𝐴𝐴 𝐴𝐴𝐸𝐸 ) than the other two spacecraft (𝐴𝐴 ∼ 7.8–8.6 𝐴𝐴 𝐴𝐴𝐸𝐸 ). The RS93 magnetopause 
model (Roelof & Sibeck, 1993) is used to estimate the position of the mag-
netopause. THA was at a position 𝐴𝐴 ∼ 2.35 𝐴𝐴 𝐴𝐴𝐸𝐸 away from the magnetopause 
whereas THD and THE were at 𝐴𝐴 ∼ 2.7 𝐴𝐴 𝐴𝐴𝐸𝐸 . THA was located at 𝐴𝐴 ∼ 1.𝐴𝐴 4◦ –2.𝐴𝐴 8◦ 
MLAT whereas THD and THE were at 𝐴𝐴 ∼ 4.𝐴𝐴 1◦ to 5.𝐴𝐴 2◦ MLAT. The event is 
at the pre-dusk sector as the spacecraft observations were taken during 

𝐴𝐴 ∼ 12.8–13.25 h MLT. The formation of the three THEMIS probes is THA 
to THE to THD along the magnetic field line from south to north.

In Figure 2, we present the schematic during the event at respective loca-
tions. In the inset, the distances (in 𝐴𝐴 𝐴𝐴𝐸𝐸 ) of THA (black), THD (magenta), 
and THE (blue) from the Earth are plotted. EMIC wave subpackets are 
simultaneously observed by all the three: THA, THD, and THE. THA is 
3,552 km and 3,310 km away from THD and THE, respectively, whereas 
THE and THD are 𝐴𝐴 ∼ 2,023 km apart. THE and THD are at almost identical 
L-shell and observe almost the same dynamic spectra. This configuration 
of the spacecraft provides an excellent platform for multipoint analysis 
of the EMIC wave event to locate the source regions and establish a spa-
tio-temporal extension of the EMIC subpackets.

We examine the solar wind conditions on 09 September 2010 to under-
stand any variability in the magnetosphere. The solar wind parame-
ters are shown in Figure 3. At the time of the event, the interplanetary 
magnetic field (IMF) components 𝐴𝐴 𝐴𝐴𝑥𝑥 , 𝐴𝐴 𝐴𝐴𝑦𝑦 , and 𝐴𝐴 𝐴𝐴𝑧𝑧 (Figures 3a–3c, respec-
tively) appear to be stable; however, we can observe a rotation in the 𝐴𝐴 𝐴𝐴𝑧𝑧 

Figure 1.  Position of the spacecraft in GSM coordinate are shown for 
September 9, 2010 (DOY 252) from 14:00 UT to 15:00 UT. spacecraft 
symbols: THA𝐴𝐴 → red asterisk, THD𝐴𝐴 → blue X, THE𝐴𝐴 → black diamond. All are 
well inside the magnetopause 𝐴𝐴 ∼ 8 𝐴𝐴 𝐴𝐴𝑒𝑒 from the Earth.

Figure 2.  Cartoon of the THEMIS constellation during the observed 
Electromagnetic Ion Cyclotron (EMIC) waves on September 9, 2010. Inset: 
Distance from the Earth in 𝐴𝐴 𝐴𝐴𝐸𝐸 for THA (black), THD (magenta) and THE 
(blue). THD and THE are in lower L-shell than THA. Z-direction is along 
the magnetic field. Dynamic spectra of simultaneously observed EMIC 
rising tones are shown for each spacecraft. Though we have scattered 
source regions, the triangular region in white is the possible source 
region. Separation of THD to THE spacecraft are one EMIC wavelength 
(𝐴𝐴 ∼ 2,023 km) at 𝐴𝐴 ∼ 14:23 UT, suggesting the evolution of the subpacket 
within one wavelength.
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component suggesting a dayside magnetic reconnection at the magnetopause just ahead of the event. This 
could be indicative of the dayside injection of the particles. There are data gaps in other solar wind parame-
ters; still, we can infer that the flow speed (𝐴𝐴 𝐴𝐴𝑆𝑆𝑆𝑆  ) was 𝐴𝐴 ∼ 385 km/s (Figure 3d). The solar wind proton density 
(𝐴𝐴 𝐴𝐴𝑝𝑝 ) increased significantly from 𝐴𝐴 ∼ 2 𝐴𝐴 cm−3 to 10 𝐴𝐴 cm−3 (Figure 3e), leading to an increase in solar wind dynamic 
pressure (𝐴𝐴 𝐴𝐴𝐷𝐷𝐷𝐷𝐷𝐷 ) from 1 to 3 nPa (Figure 3f) just ahead of the event, which is suggestive of the magneto-
spheric compression. As shown in Figure 3g, the proton temperature has decreased from 12,000 to 2,000 K. 
These magnetosphere compression conditions lead to the generation of temperature anisotropy, which is 
known to be a favorable condition for the generation of EMIC waves (Blum et al., 2021; Kakad et al., 2019). 
Recently, Grison et al. (2021) have shown that the higher occurrence of EMIC waves in the magnetosphere 
depends upon the distance from the magnetopause.

3.  THEMIS Observations
We have used THEMIS fluxgate magnetometer (FGM) (Auster et al., 2008) and electric field instrument 
(EFI) (Bonnell et al., 2009) data to analyze EMIC wave spectra and their properties. FGM provides both low 
(4 Hz) and high (128 Hz) resolution data for the magnetic field (B-field) with an accuracy of 0.01 nT. The 
background trend of the magnetic field measured by FGM is then subtracted from the raw field to obtain 
the waves. EFI instrument in THEMIS provides two perpendicular components of electric field (E-field), 
and the parallel component, 𝐴𝐴 𝐴𝐴𝑧𝑧 is obtained by assuming E𝐴𝐴 ⋅B = 0 and thus 𝐴𝐴 𝐴𝐴𝑧𝑧  = −((𝐴𝐴 𝐴𝐴𝑥𝑥 /𝐴𝐴 𝐴𝐴𝑧𝑧 )𝐴𝐴 𝐴𝐴𝑥𝑥  + (𝐴𝐴 𝐴𝐴𝑦𝑦 /𝐴𝐴 𝐴𝐴𝑧𝑧 )𝐴𝐴 𝐴𝐴𝑦𝑦 ). 

Figure 3.  Solar wind parameters from OMNIWEB: The figure demonstrate solar wind parameters observed from 
OMNI dataset; (a), (b), and (c) represent 𝐴𝐴 𝐴𝐴𝑥𝑥 , 𝐴𝐴 𝐴𝐴𝑦𝑦 , and 𝐴𝐴 𝐴𝐴𝑧𝑧 interplanetary magnetic field (IMF in nT) in GSE coordinates, 
respectively (d) The solar wind flow speed 𝐴𝐴 𝐴𝐴𝑆𝑆𝑆𝑆  (km/s) (e) Proton density 𝐴𝐴 𝐴𝐴𝑝𝑝 (𝐴𝐴 cm−3 ), (f) dynamic pressure 𝐴𝐴 𝐴𝐴𝐷𝐷𝐷𝐷𝐷𝐷 (nPa) and 
(g) Proton temperature (Kelvin). Two red vertical lines are start and end timings of the event, i.e., 14:20 UT to 14:30 UT.
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We use FGM data with 4 Hz resolution for B-field whereas the E-field data (full mode data ‘eff’; see Bon-
nell et  al.,  2009) are downsampled from 8 to 4  Hz. A spectral matrix is formed from the band-pass fil-
tered three-component magnetic field and three-component electric field data. We use the SPEDAS pro-
gramming (http://spedas.org/blog) for analyzing the wave polarization, ellipticity, and WNA for this event 
(Means, 1972; Samson & Olson, 1980).

To compute the power spectral density (PSD) of B-wave field by FFT, we use high time resolution (hereafter 
HTR) with window size of 32 s (128 samples) and high frequency resolution (hereafter HFR) with a win-
dow size of 128 s (512 samples). In both cases, we shift the FFT window by 4 s. We can identify different 
rising tone emissions in different timings in the HTR spectrum and identify subpackets in one emission 
for different frequencies in the HFR spectrum. Figure 4a represents both HTR (left panels) and HFR (right 

Figure 4.  (a)THEMIS A E D Dynamic power spectra of total wave magnetic field (𝐴𝐴 𝐴𝐴𝑤𝑤 ) observed on September 9, 
2010. left: High time resolution (HTR) -window size of 32 s (128 samples) and right: High frequency resolution (HFR): 
window size of 128 s (512 samples) with shifting window by 4 s (16 samples); The exact timings of the rising tones are 
determined by HTR, where HFR demonstrate duration of the subpackets. The upper (lower) white dashed lines are 
local proton (helium) gyrofrequencies. The black arrows at the bottom of the HFR spectrum at 14:22 UT and 14:28 UT 
indicate the period of interest; (b) same as (a) but for Wave normal angle spectra with the color bar shows in degree.

http://spedas.org/blog
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panels) dynamic spectra for the magnetic field and the corresponding 
WNA in Figure 4b. The legend for magnetic spectra shows the PSD in 
nT2∕Hz . These subpackets are identified in HFR panels as island like 
structures. The rising tone EMIC waves have smaller fine structures rath-
er than monotonically increasing frequency and amplitude. They are re-
petitive structures of short wavepackets forming a rising tone (Nakamura 
et al., 2015; Shoji & Omura, 2013). The upper and lower white dashed 
lines in Figure 4a represent the local proton and helium gyrofrequencies, 
respectively. In both Figures 4a and 4b, panels are arranged from top to 
bottom for THA, THE, and THD, respectively, that is, tracing from the 
southernmost (THA) to the northernmost (THD). The same sequence is 
followed in the subsequent Figures 5–7 and 10. We have identified each 
subpacket at different frequencies by increasing the frequency resolution, 
whereas the timing of the emissions had to be determined by looking at 
the HTR spectrum. The dynamic spectra of HTR in all the three space-
craft observations show the main rising tone at 𝐴𝐴 ∼ 14:23 UT and another 
one at 𝐴𝐴 ∼ 14:24 UT and a few more subsequently. This distinction is very 

clear for THD, though it is not so demarcated for the other two spacecraft. Being closer along the magnetic 
field line (refer to Table 1), THD and THE observe almost the same dynamic spectrum. The frequency ex-
tension for THD and THE is from 𝐴𝐴 ∼ 0.4–1.0 Hz, whereas for THA, the high-frequency emission (0.7–1 Hz) 
has a lower maximum intensity than the low-frequency emissions. HFR spectrum for THD distinctly show 
at least six subpackets stacking from low to high frequency at 𝐴𝐴 ∼ 14:23 UT, and among these subpackets, the 
low-frequency subpackets are present for the other two spacecraft, THA and THE. The black arrows at the 
bottom of the HFR spectrum at 14:22 UT and 14:28 UT indicate the period of interest. Figure 4b shows 
WNA spectra for both HTR and HFR, where most of the frequencies have WNA 𝐴𝐴 ≤ 30◦ .

Figure 5 presents the wave magnetic field components in field aligned coordinates (FACs) for THA, THE, 
and THD. In FACs, X-axis is along the Sun-Earth line, Z-axis is parallel to the Earth's magnetic field and 
Y-axis completes the orthogonality. We have used the FGM level 1 (L1) raw magnetic field data and pro-
cessed it with a band-pass filter from 0.35 to 1.2 Hz. It is observed that the waves are highly coherent (𝐴𝐴 ∼ 90% 
coherency), left hand polarized, and WNAs are 𝐴𝐴 ≤ 30◦ . These observations are consistent with the typical 
EMIC wave properties. We identify the wave packets (pointed by the black arrows), where FAC-X, FAC-Y, 
and FAC-Z components of the wave magnetic fields are shown in blue, green, and red colors, respectively. 

Figure 5.  The figure represents the rotated wave magnetic field components for three spacecraft. We have used 
fluxgate magnetometer level 1 (L1) raw magnetic field and processed the data with band pass filter from 0.35 to 1.2 Hz. 
Then the magnetic field is transformed to field aligned coordinate. Black arrows indicate subpackets or wavepackets.

Start time (st) and end time(et)

Spacecraft separations in km

A to D A to E E to D

𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠 (∥ 𝐵𝐵0) 2,907 2,642 266

𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒 2,880 2,591 289

𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠 (⟂ 𝐵𝐵0) −1,945 −1,473 −472

𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒 −1,900 −1,404 −496

𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠 (⟂ 𝐵𝐵0) 599 −1,344 1,941

𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒 637 −1,316 1,953

𝐴𝐴 𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠 (𝑃𝑃 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ⟂ 𝐵𝐵0) 2,035 1,994 1,997

𝐴𝐴 𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒 2,004 1,924 2,014

Table 1 
Spacecraft Separation in Kilometers in GSM Coordinate From Start Time 
(st) 14:20 UT to End Time (et) 14:30 UT
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Figure 6.  Instantaneous frequency and instantaneous amplitude were obtained from Hilbert Huang transformation 
for the observed Electromagnetic Ion Cyclotron event by THA, THE and THD on September 9, 2010. Frequency rising 
is shown with the frequency versus time plot where the color bar shows the square of the instantaneous amplitude  
(𝐴𝐴 𝐴𝐴2

𝑤𝑤 ).

Figure 7.  Parallel Poynting flux (S_Z) for THA,THE, and THD (top to bottom): left (middle) panel shows S_Z positive (negative) and the right most panel 
shows the Poynting angle 𝐴𝐴 𝐴𝐴𝑆𝑆 (angle between the Poynting vector and the background magnetic field).
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The wave components are shown from 14:22 UT to 14:28 UT. The perpendicular wave components are 
dominant over the parallel component, which is typical for EMIC waves with small WNA. The radial and 
parallel components are almost comparable for THE and THD. It suggests that THE and THD have larger 
parallel magnetic fields and higher WNAs. THE and THD observed more obliquely propagating waves than 
THA as they have slightly larger parallel magnetic field components. The propagation properties of these 
wave packets are discussed later in the paper.

The instantaneous frequency and amplitude are analyzed by using Hilbert Huang Transformation (HHT) 
for the three spacecraft. The HHT is an application to analyze nonlinear and non-stationary waveforms 
in various scientific domains (Huang, 2014; Huang & Wu, 2008; Huang et al., 1998). Primarily, the wave-
forms are decomposed into several intrinsic mode functions which are further analyzed by the Hilbert 
spectral analysis for instantaneous frequencies. Instantaneous frequencies are obtained by taking the time 
derivative of the phase of the analytic signals whereas the instantaneous amplitude are the amplitudes of 
the analytic function. The instantaneous frequency analysis of the rising tones is commonly used (Kurita 
et al., 2012; Omura et al., 2010; Santolík et al., 2003, 2004, 2014). Recently, Shoji et al. (2018) applied HHT 
for one of the EMIC wave events observed by the ARASE satellite and showed the rising tone sweep rate 
accurately matches with the nonlinear wave growth theory (Omura et al., 2010). We plot the instantaneous 
frequency as a function of time with the color bar showing the square of the instantaneous wave amplitude 
in Figure 6. The horizontal axis spans the time interval 180–400 s after starting of the event that is, 14:20 UT. 
It is observed that the rising of the frequency starts above 0.4 Hz for all the spacecraft in the same time win-
dow. THD is showing the highest slope as compared to THA and THE. Further, Figure 6 shows the primary 
amplitudes are nearly the same, and similar linear growth in all the spacecraft at low frequency. Thereafter, 
the nonlinear growth process started, and frequency rose rapidly. The present analysis is consistent with 
the dynamic spectrum from the FFT analysis. The maximum value of instantaneous wave amplitude was 
observed for THE at 200 s and for THD at 210 s after 14:20 UT. The maximum amplitude for THA, which 
is observed for 250–300 s after 14:20 UT, indicates the wave packets which are not associated with the main 
rising tone at 14:23 UT. The second rising tone emission is observed between 250 and 300 s after 14:20 UT. 
To support these results, we demonstrate the nonlinear transition time in the next section.

Figure 7 depicts Poynting vector analysis for the observed EMIC waves. The three components of the Poyn-
ting vector (𝐴𝐴 𝐴𝐴𝑥𝑥, 𝑆𝑆𝑦𝑦 , and 𝐴𝐴 𝐴𝐴𝑧𝑧 ) and the total Poynting vector (𝐴𝐴 𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡 ) are obtained by using the method followed by 
Loto’Aniu et al. (2005) and Santolík et al. (2010). In Figure 7, the parallel and anti-parallel components of 
the Poynting vector, that is, 𝐴𝐴 𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 , the component parallel to the background magnetic field (northward, we 
name it as a forward wave) and 𝐴𝐴 𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛𝑛𝑛 , the component anti-parallel to the background magnetic field (south-
ward, we name it as a backward wave) are plotted in left and middle panels, respectively. Also, for THA, 
THE, and THD, 𝐴𝐴 𝐴𝐴𝑆𝑆 (the angle between Poynting vector and magnetic field) is plotted in the rightmost panels. 
It is observed from the left and middle panels that both forward and backward EMIC waves are present. It 
suggests the bi-directional propagation of EMIC subpackets near the magnetic equator. 𝐴𝐴 𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 is plotted from 
a scale 0–2.0 μ� ∕�2∕�� and 𝐴𝐴 𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛𝑛𝑛 is plotted from −2.0 0 μ� ∕�2∕�� .

Looking at the panels for THA, it is noted from 𝐴𝐴 𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 that the subpackets in red at 0.4 Hz, 0.5 Hz, 0.6 Hz, and 
0.65 Hz are moving northward, having 𝐴𝐴 𝐴𝐴𝑆𝑆 ∼ 20◦ or below showing almost parallel propagation with lower 
WNA. Looking at the timing and the frequency extent of the main rising tone, the subpacket at 0.65 Hz may 
be related to the second rising tone. On the other hand, in 𝐴𝐴 𝐴𝐴𝐴𝐴𝑛𝑛𝑛𝑛𝑛𝑛 panel, the southward propagating subpack-
ets in black are highly anti-parallel to the background field having smaller WNA and 𝐴𝐴 𝐴𝐴𝑆𝑆 . The horizontal line 
at 0.66 Hz is the second harmonic of the spacecraft spin frequency, which is 0.33 Hz for THEMIS.

For THE, we observe the forward waves at 0.5 Hz having 𝐴𝐴 𝐴𝐴𝑆𝑆 < 20◦ but at 0.7 and 0.8 Hz 𝐴𝐴 𝐴𝐴𝑆𝑆 is 𝐴𝐴 ∼ 90◦ , whereas 
the WNAs are 𝐴𝐴 𝐴 30◦ . This can be explained as the superposition of a large number of forward and backward 
waves present there, where the parallel components almost cancel each other and 𝐴𝐴 𝐴𝐴𝑆𝑆 becomes oblique. 
For backward waves in THE, we can clearly observe the anti-parallel 𝐴𝐴 𝐴𝐴𝑆𝑆 around 0.5–0.6 Hz. We note that 
frequencies 0.6–0.8 Hz in THE are missing in the middle panel of Figure 6. The HFR spectrum for THE in 
Figure 4a shows less power between 0.6 and 0.8 Hz during 210–220 s after 14:20 UT. The HHT method used 
here assumes an analytical function to calculate the instantaneous frequency. This discontinuity of higher 
value of wave power is interpolated (here spline interpolation is used); as a result, a sudden peak between 
210 and 220 s is seen in Figure 6 for THE.
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Finally, in THD, which is the northernmost spacecraft in this event, at least six forward subpackets show 
𝐴𝐴 𝐴𝐴𝑆𝑆 ≃ 50◦ − 90◦ . In this case, the WNA at different frequencies is 𝐴𝐴 ∼ 40◦ − 60◦ including at 0.5 Hz where WNA 
𝐴𝐴 ≃ 90◦ . A smaller number of backward waves are present except at 14:25 UT to 14:27 UT, which is not the 

primarily triggered emission (at 14:23 UT). This suggests THD has more oblique waves propagating north-
ward, and maybe THD is slightly away from the source region.

The striking feature of the Poynting flux analysis is the near absence of backward waves (southward) above 
0.6  Hz, though we observe subpackets for 𝐴𝐴 𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 , that is, forward (northward) propagating waves. Also, 
0.6 Hz = 𝐴𝐴 𝐴𝐴𝑐𝑐𝑐𝑐 /2, which further suggests there is an absence of backward (southward) waves above half gy-
rofrequency. Discussion of this exciting feature is beyond the scope of this paper and will be investigated in 
future studies.

4.  Comparison of the Observations With Nonlinear Wave Growth Theory
A comparison of observations with nonlinear wave growth theory is made for a better understanding of 
the results. We consider the cold plasma dispersion relation (Stix, 1962) with three cold ion populations 
(𝐴𝐴 H+ , 𝐴𝐴 He+ and 𝐴𝐴 O+ ), electrons (𝐴𝐴 𝐴𝐴− ), and hot protons. THEMIS does not have an on-board mass spectrometer; 
therefore, we use the local cutoff frequencies of the L-mode EMIC waves in the generation region. We 
further assumed that the composition of densities are the same at both generation region and local obser-
vation region. This method is discussed in Omura et al. (2010). The composition of the plasma is as follows: 

𝐴𝐴 (𝑛𝑛𝐻𝐻 ∶ 𝑛𝑛𝐻𝐻𝐻𝐻 ∶ 𝑛𝑛𝑂𝑂) ⇒ (0.88 : 0.06: 0.06) and 0.1𝐴𝐴 % hot 𝐴𝐴 H+ of total proton density. The total electron density 𝐴𝐴 𝐴𝐴𝑒𝑒  = 6 
𝐴𝐴 cm−3 is nearly the same for all the spacecraft observations. The average DC magnetic field at the time of 

the event is 𝐴𝐴 ∼ 85 nT and corresponding proton gyrofrequency (𝐴𝐴 𝐴𝐴𝑐𝑐𝑐𝑐 ) = 1.3 Hz. Though the EMIC generation 
condition suggests the minimum magnetic field gradient or minimum B-pockets at the generation region, 
we observe the maximum value of the background magnetic field during 14:20 UT to 14:30 UT. This may be 
due to the magnetospheric compression during the event, which further increases the density.

We calculate the wavelength (𝐴𝐴 𝐴𝐴 = 2𝜋𝜋∕𝑘𝑘 , 𝐴𝐴 𝐴𝐴 is wave number) of observed EMIC waves by assuming parallel 
propagation. Figure 8a shows the variation of 𝐴𝐴 𝐴𝐴 as a function of wave frequency for electron densities (𝐴𝐴 𝐴𝐴𝑒𝑒 ) 4, 
6, and 8 𝐴𝐴 cm−3 in green, black, and red colors, respectively. This is very important to analyze the relationship 
between the subpacket extension and spacecraft separation. We show proton band where a gradual decrease 
of wavelength is observed with increasing frequency. For, 𝐴𝐴 𝐴𝐴𝑒𝑒  = 8, 6, and 4 𝐴𝐴 cm−3 , we note that the 𝐴𝐴 𝐴𝐴  = 2,000, 
2,500, and 3,000 km, respectively, at 𝐴𝐴 ∼ 0.5 Hz and 𝐴𝐴 𝐴𝐴  = 1,200, 1,350, and 1,650 km, respectively, at 0.6 Hz. 
Further, for the higher frequencies (𝐴𝐴 𝐴 0.6 Hz), the wavelengths of EMIC waves are 𝐴𝐴 ≤ 1000 km.

We tabulate the spacecraft separation in Table 1. The measured separation for THE to THD along 𝐴𝐴 𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺 , 
i.e., along the magnetic field line (𝐴𝐴 ∥ 𝐵𝐵0 ), varies from 266 to 289 km. This separation is much less than wave-
length, 𝐴𝐴 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 of the EMIC waves. 𝐴𝐴 𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺 varies from 472 to 496 km, whereas 𝐴𝐴 𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺 varies slightly from 1,941 
to 1,953 km. The last row in Table 1 shows the spacecraft separation in XY plane (perpendicular plane to 

𝐴𝐴 𝐴𝐴0 ). The separation between THE and THD in the XY plane is greater than that in the parallel direction. 
The WNA analysis shows that the wave packets for THE and THD are propagating with WNA 𝐴𝐴 ≤ 30◦ . This 
suggests the perpendicular component of the wave number (i.e., 𝐴𝐴 𝐴𝐴⟂ ) is smaller than the parallel component 

𝐴𝐴 (𝑘𝑘∥) , and one could expect similar wave power and coherency between THE and THD.

We have calculated the radial separation 𝐴𝐴 𝐴𝐴 R (𝐴𝐴 =
√

𝑋𝑋2 + 𝑌𝑌 2 +𝑍𝑍2 ) of the spacecraft for the duration of the 
event, that is, 14:20–14:30 UT. The radial separation between THD to THE varies from 2015 to 2,070 km, 
THA to THE varies from 3,310 km to 3,227 km, and THA to THD varies from 3,549 to 3,509 km. Further, 
the radial separation between THD and THE at the time of triggered rising tone emission, that is, at 14:23 
UT is 𝐴𝐴 ∼ 2,023 km, whereas between THA and THE is 𝐴𝐴 ∼ 3,300 km. Thus, it is an excellent multipoint analysis 
platform to understand the simultaneous observation of EMIC subpackets over thousands of kilometers. 
These observations show the evolution of EMIC subpackets within one wavelength as the 𝐴𝐴 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 varies from 

𝐴𝐴 ∼ 4,000 km–500 km (from low frequency to high frequency).

We theoretically estimate the wave energy by using the cold plasma approximation. Using charge neutrality 
condition, the group velocity of the EMIC waves from Eq. (22) of Omura and Zhao (2012),
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𝑉𝑉𝑔𝑔 =
2𝑐𝑐2𝑘𝑘
𝜔𝜔

[

∑

𝑠𝑠

𝜔𝜔2
𝑝𝑝𝑝𝑝 (2Ω𝑠𝑠 − 𝜔𝜔)

Ω𝑠𝑠(Ω𝑠𝑠 − 𝜔𝜔)2

]−1

.� (1)

where s = 𝐴𝐴 H+,He+ , and 𝐴𝐴 O+ , c is the speed of light, k is the wave number, 𝐴𝐴 𝐴𝐴 is the angular frequency of the 
wave, 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝 and 𝐴𝐴 Ω𝑠𝑠 are the plasma and gyro frequencies of the species ‘s’.

The wave group velocity, 𝐴𝐴 𝐴𝐴𝑔𝑔 (black solid curve), phase velocity, 𝐴𝐴 𝐴𝐴𝑝𝑝 (red solid curve), negative resonance veloc-
ity, 𝐴𝐴 − 𝑉𝑉𝑅𝑅 (blue solid curve) are plotted as a function of frequency in Figure 8b. A significant increase in group 
velocity is observed for 𝐴𝐴 H+ -band waves which maximizes at 𝐴𝐴 ∼ 0.6 Hz with 𝐴𝐴 𝐴𝐴𝑔𝑔 ∼ 356 km/s. The waves are 
evolving with phase velocity, 𝐴𝐴 𝐴𝐴𝑝𝑝 ∼ 500 km/s at the highest value of 𝐴𝐴 𝐴𝐴𝑔𝑔 . The gradient in 𝐴𝐴 𝐴𝐴𝑔𝑔 is low at 𝐴𝐴 ≥ 0.6 Hz, 
which further support the loss of wave energy above 0.6 Hz.

The phase velocity 𝐴𝐴 𝐴𝐴𝑝𝑝 also decreases with the increasing frequency. Assuming the first order cyclotron reso-
nance condition and parallel propagation, we have the resonance velocity,

𝑉𝑉𝑅𝑅 =
𝜔𝜔 − Ω𝑐𝑐𝑐𝑐

𝑘𝑘∥
,� (2)

where 𝐴𝐴 Ω𝑐𝑐𝑐𝑐 is the cyclotron frequency of protons. Figure 8b shows the plotting 𝐴𝐴 − 𝑉𝑉𝑅𝑅 for the counter-streaming 
protons. We find 𝐴𝐴 − 𝑉𝑉𝑅𝑅 > 𝑉𝑉𝑔𝑔 in the frequency range of the observed EMIC emissions. Figure 8c shows the 
plotting cyclotron resonance energy (𝐴𝐴 𝐴𝐴𝑅𝑅 Cyclotron) (blue) and Landau resonance energy (𝐴𝐴 𝐴𝐴𝑅𝑅 Landau) (red). 
The minimum resonant energy (𝐴𝐴 𝐴𝐴𝑅𝑅 ) is weakly decreasing function of frequency around 0.6 Hz as can be 
seen in Figure 8c. We find 𝐴𝐴 𝐴𝐴𝑝𝑝 ≫ 𝑉𝑉𝑔𝑔 , which indicates that in the frame of reference moving with the group 
velocity, the phase of the quasi-parallel wave moves rapidly, making it difficult to have effective nonlinear 

Figure 8.  (a) Wavelength (𝐴𝐴 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 ) is plotted versus frequency for proton band (𝐴𝐴 H+ -band) for electron density (𝐴𝐴 𝐴𝐴𝑒𝑒 ) 4, 6, 
and 8 𝐴𝐴 cm−3 (green, black, and red line, respectively); (b) Assuming the cold plasma dispersion (Stix, 1962) and using the 
observed densities and background magnetic field group velocity (𝐴𝐴 𝐴𝐴𝑔𝑔 ) (black), phase velocity (𝐴𝐴 𝐴𝐴𝑝𝑝 ) (red), and negative 
resonance velocity (𝐴𝐴 − 𝑉𝑉𝑅𝑅 ) (blue) are plotted; (c) Cyclotron resonance energy (blue) and Landau resonance energy (red) 
is plotted w.r.t. frequency for proton band assuming the isotropic proton distribution. Panel (b) and (c) are plotted with 

𝐴𝐴 𝐴𝐴𝑒𝑒  = 6 𝐴𝐴 cm−3 .
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trapping of energetic protons by the wave packet through Landau resonance. We have compared these the-
oretical energies with the observed proton energies later in this article.

We investigate the optimum and the threshold amplitudes of the observed rising subpackets. We adopt 
the theory developed by Omura et al. (2010), Shoji and Omura (2013) for this understanding. According to 
their theory, when a triggered wave (with frequency 𝐴𝐴 𝐴𝐴1 ), which is locally generated because of some tem-
perature anisotropy, exceeds the threshold amplitude, it arranges a gyro-phase around the proton hole in 
phase space. The counter streaming protons are trapped in this hole, and in the process of this nonlinear 
interaction between the triggered wave and the particles, a new triggered wave is released with a greater 
frequency (𝐴𝐴 𝐴𝐴2 , where 𝐴𝐴 𝐴𝐴2 > 𝑓𝑓1 ) and greater amplitude. This new wave can interact again with the incoming 
protons to make them phase-bunched, and again new triggered wave can generate with high frequency and 
greater amplitude. This is a chain of self-sustaining nonlinear processes, and the trains of rising subpackets 
are formed. After exceeding the threshold amplitudes, the subpackets reach an optimum value called the 
optimum amplitude of the wave growth. We plot the optimum amplitude (solid black curve) and the thresh-
old amplitude (dashed black curve) in Figure 9a.

We use particle velocities 𝐴𝐴 𝐴𝐴∥ = 420 km/s and 𝐴𝐴 𝐴𝐴⟂ = 540 km/s observed from the particle data of THEMIS 
Electrostatic Analyzer (ESA). We have assumed the proton hole is 50% filled (Shoji & Omura, 2013) and the 
magnetic field is parabolic in nature. Using these parameters, we find the highest growth in 𝐴𝐴 H+ -band. We 
normalize the wave amplitude (𝐴𝐴 𝐴𝐴𝑤𝑤 ) with the background magnetic field 𝐴𝐴 𝐴𝐴0 ∼ 85 nT. Though THE and THD 
observe slightly higher ambient magnetic fields 𝐴𝐴 ∼ 90 nT (not shown here), the results remain almost the 

Figure 9.  (a) Optimum wave amplitude (solid line) of the Electromagnetic Ion Cyclotron (EMIC) triggered emissions 
and theoretical threshold amplitude (dashed line) given by Eq. (54) of Omura et al. (2010) as functions of the frequency 
(shown only for 𝐴𝐴 𝐴𝐴+ -band). Instantaneous amplitudes as function of instantaneous frequency for THA (red dots), THD 
(green dots), and THE (blue dots) are over plotted. Observed amplitudes of the EMIC subpackets are well correlated 
with the theoretical amplitudes. (b) Nonlinear growth rate (𝐴𝐴 Γ𝑁𝑁𝑁𝑁 ) using optimum amplitude (solid line) and threshold 
amplitude (dashed line). 𝐴𝐴 𝐴𝐴𝐿𝐿 represents linear growth rate (dotted curve), (c) Convective growth rate (𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝑁𝑁𝑁𝑁  = 𝐴𝐴 Γ𝑁𝑁𝑁𝑁∕𝑉𝑉𝑔𝑔 ) 
rate using optimum amplitude (solid line) and threshold amplitude (dashed line), and (d) The nonlinear transition time 

𝐴𝐴 𝐴𝐴𝑁𝑁  = 𝐴𝐴 𝐴𝐴𝐴𝐴𝑡𝑡𝑡𝑡 as a function of the frequency. 𝐴𝐴 𝐴𝐴𝑁𝑁 is well correlated with the observed subpacket durations. Black arrows with 
red dot shows 𝐴𝐴 𝐴𝐴𝑁𝑁 values for frequencies 0.58 Hz, 0.6 Hz, 0.65 Hz, 0.7 Hz, and 0.8 Hz. (All the plots in this figure shown 
for 𝐴𝐴 𝐴𝐴𝑒𝑒  = 6 𝐴𝐴 cm−3 ).
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same. The normalized optimum amplitude maximizes to 𝐴𝐴 10−2 at 𝐴𝐴 ∼ 0.5 Hz. These values also match with the 
observation in event one of Nakamura et al. (2015).

Instantaneous amplitudes as a function of instantaneous frequency for THA (red dots), THD (green dots), 
and THE (blue dots) are over plotted in Figure 9a for the proton band EMIC wave. In this plot, each point 
represents observed instantaneous amplitude (by the HHT method) at a particular instantaneous frequency. 
We see greater amplitudes for THD and THE than THA at high-frequencies. This suggests there is convec-
tive wave growth from THA and THE to THD. For wave frequencies 𝐴𝐴 ≥ 0.58 Hz, observed amplitudes in three 
spacecraft are mostly above the threshold amplitude obtained by nonlinear wave growth theory. For wave 
frequencies 𝐴𝐴 𝐴 0.58 Hz, the observational points are also seen outside of the nonlinear threshold amplitude 
curve. This could be due to the higher linear growth rate than the nonlinear growth rate for these low 
frequencies (Figure 9b). For self-sustaining rising tone emissions (Shoji & Omura, 2013), there should be 
linear growth at the equator where the gradient of the magnetic field is minimum. Thereafter, the nonlinear 
process starts once the resonant currents generate. Thus, for the lower frequencies, nonlinear wave growth 
theory has limitations.

Further, we calculate the nonlinear wave growth rate (𝐴𝐴 Γ𝑁𝑁𝑁𝑁 ) applying the Eq.(54) of Omura et al.  (2010) 
by considering optimum and threshold amplitudes. In Figure  9b we plot normalized nonlinear growth 
rate 𝐴𝐴 Γ𝑁𝑁𝑁𝑁∕Ω𝑐𝑐𝑐𝑐 that lies between 𝐴𝐴 ∼ 10−2 − 100 . In addition, the linear growth rate (𝐴𝐴 𝐴𝐴𝐿𝐿 ) obtained using the 
dispersion solver KUPDAP (Sugiyama et al., 2015) with bi-Maxwellian distribution for protons is greater as 
compared with the nonlinear growth rate in the lower frequency range (Figure 9b, dotted curve). Hence, we 
conclude the process is well within the nonlinear regime, and the rapid growth of the subpackets is main-
tained by coherent nonlinear interaction with resonant protons.

Figure 10.  THEMIS A E D ion energy (𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝑒𝑒𝑒𝑒 ) spectra and pitch angle spectra: Top three panels show THA, THE, and THD ion spectra from low to high energy. 
Enhanced energy flux is seen at 𝐴𝐴 ∼ 5–20 keV and this is same for the all the spacecraft. The Pitch angle (𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴 .) spectra is shown in the bottom three panels, strong 
flux enhancement around 𝐴𝐴 90◦ for the all the spacecraft. The upper color bar (𝐴𝐴 105 − 106eV∕cm2.s.sr.eV ; for ion energy spectra) and lower color bar  
(𝐴𝐴 104 − 106eV∕cm2.s.sr.eV ; for Pitch angle spectra) shows the energy flux for the protons.
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Nonlinear Convective wave growth (C.𝐴𝐴 G𝑁𝑁𝑁𝑁  = 𝐴𝐴 Γ𝑁𝑁𝑁𝑁∕𝑉𝑉𝑔𝑔 ) is calculated to show how much these subpackets 
can grow for different frequencies of EMIC waves. We plot C.𝐴𝐴 G𝑁𝑁𝑁𝑁 as a function of frequency in Figure 9c 
with both optimum amplitude (solid line) and threshold amplitude (dashed line). Assuming wave ampli-
tudes growing from the threshold to optimum amplitude, we have the nonlinear convective growth rate 

𝐴𝐴 ∼ (10−4 − 10−2) km−1 for waves having frequencies (0.6–0.8) Hz. Thus, the EMIC waves may grow convec-
tively within (𝐴𝐴 102 − 104 ) km.

These calculations are compared with the distances of the spacecraft. From Table 1, we see the separation 
along the magnetic field line between THD to THE is of the order of a few hundred kilometers, whereas for 
THA to THD or THE is a few thousand kilometers. These separations match very well with the theoretical 
distances calculated from convective growth rates. For example, the subpacket around 0.8 Hz for THE has 
less power than THD, and these subpackets are propagating northward (see Figure 4 HFR and Figure 7 

𝐴𝐴 𝐴𝐴𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 ), suggesting convective wave growth from THE to THD within a few hundred km.

We have calculated nonlinear trapping frequency 𝐴𝐴 𝐴𝐴𝑡𝑡𝑡𝑡 =
√

𝑘𝑘𝑘𝑘⟂0Ω𝑤𝑤 with the theoretical wave number 𝐴𝐴 𝐴𝐴 , ob-
served average perpendicular proton velocity 𝐴𝐴 𝐴𝐴⟂0 and theoretical wave amplitude 𝐴𝐴 Ω𝑤𝑤 (here we used calcu-
lated optimum amplitudes). Further, we plot in Figure 9c the nonlinear transition time 𝐴𝐴 𝐴𝐴𝑁𝑁 = 𝜏𝜏𝜏𝜏𝑟𝑟 , where 

𝐴𝐴 𝐴𝐴𝑟𝑟 = 2𝜋𝜋∕𝜔𝜔𝑡𝑡𝑡𝑡 is nonlinear trapping period. The transition time is the time taken by the subpackets for the 
nonlinear interaction in the proton hole. The parameter 𝐴𝐴 𝐴𝐴 is the ratio of nonlinear transition time to trap-
ping period and is important to investigate the time scale of the nonlinear process. The previous studies 
(Nakamura et al., 2015; Shoji & Omura, 2013) showed the dependence of optimum and threshold ampli-
tudes on 𝐴𝐴 𝐴𝐴 and their results matched well with the nonlinear wave growth mechanism for 𝐴𝐴 𝐴𝐴  = 0.5. We also 
assume 𝐴𝐴 𝐴𝐴 = 0.5 in our calculations. The transition time is directly proportional to the observed period of 
the subpackets or the duration of the subpackets. In Figure 9d, transition times are marked by arrows with 
red dots corresponding to a set of frequencies. The transition times 𝐴𝐴 𝐴𝐴𝑁𝑁  = 11.5 s, 9.1 s, 6.5 s, 5.6 s, and 5.4 s 
correspond to the frequencies 0.58 Hz, 0.6 Hz, 0.65 Hz, 0.7 Hz, and 0.8 Hz, respectively. The interaction 
time between the waves with the energetic particles varies from 𝐴𝐴 ∼ (5–12) s. These values also match with the 
observed durations of the rising tone subpackets.

This interpretation is further supported by the particle (here only proton) measurements from THEMIS-
ESA data. We plot the ion energy spectra and the pitch angle spectra in Figure 10 for the observed particle 
parameters. The top three panels show THA, THE, and THD ion spectra from low to high energies. The 
color bar shows the energy flux for the protons. The enhanced energy flux at 𝐴𝐴 ∼ 5–20 keV is observed for 
all the spacecraft. These energies are matched very well with the calculated cyclotron resonance energy (

𝐴𝐴 𝐴𝐴𝑅𝑅 Cyclotron) in Figure 8c (blue). This explains that the counter-streaming protons have the required res-
onance energy in the nonlinear process of self-sustaining rising tones. We also observe the low energy flux 
enhancement 𝐴𝐴 ∼ 30 eV for nearly the whole time window where the maximum can be observed between 
14:23 UT to 14:24 UT, which is the event timing. However, the required cyclotron resonance energy is much 
greater than this low energy enhancement. To resolve this, we calculate the Landau resonance energy (𝐴𝐴 𝐴𝐴𝑅𝑅 
Landau) in Figure 8c (red), but the Landau resonance energy also does not meet with the observations. 
This can be overcome by adopting the concept of wave-wave interaction. The interaction of the forward 
and backward traveling wavepackets plays a crucial role in parallel heating which is found in the EMIC 
instability driven by an ion temperature anisotropy (Omura et al., 1988). We will explore this possibility in 
future investigations.

The pitch angle spectra are shown in the bottom three panels of Figure 10. We observe strong flux enhance-
ment around 𝐴𝐴 90◦ , i.e., more energy flux is present perpendicular to the background magnetic field for all 
the spacecraft throughout the event time interval. These protons are trapped adiabatically in this equatorial 
zone and favor the nonlinear interaction being phase-bunched in the electromagnetic proton holes in phase 
space (Omura et al., 2010; Shoji & Omura, 2017). This suggests the three spacecraft are close to the equa-
torial plane and THA is the closest to the equator. We can say: (a) being the northernmost spacecraft, (b) 
distinct subpackets at high frequencies, and (c) steeper frequency sweep rate, THD observed clear forward 
(northward) subpackets because of high convective growth and rapid nonlinear evolution.
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5.  Discussion and Summary
The technique used in our analysis to identify rising tone emissions and subpacket structures is summa-
rized here. Firstly, it is important to have a visual inspection of both HTR and HFR (refer to Figure 4) 
spectrum. This way distinction can be made between two separate rising tones and subpackets embedded 
in a rising tone. The simultaneous observations of rising tone EMIC waves at 14:23 UT by THA, THE, THD 
are determined from the HTR spectrum whereas subpackets are identified in HFR. They are also identified 
in the waveforms of the magnetic components for all spacecraft (Figure 5). Further, the instantaneous fre-
quency and amplitudes of the observed rising tone emission and validate it with the nonlinear wave growth 
theory. Poynting flux analysis provides both forward and backward propagating subpackets. This confirms 
the spacecraft were inside the source regions of EMIC waves.

As each subpacket is formed in the process of interaction between the triggering waves and the counter 
streaming protons, multiple source regions are moving upstream toward higher latitudes with higher mag-
netic field gradients with increasing frequency. Shoji and Omura (2013) found both in theory and simula-
tion, the source region is not static but moves upstream and the movement of the source region is much 
smaller (𝐴𝐴 ∼ 150 km/s.) than the resonance velocity (see their Figures 8 and 9). We provide the first observa-
tional evidence of the movement of the source region by analyzing multipoint observations. Each rising 
tone consists of many subpackets, which are generated by separate sources where nonlinear interaction 
between the counter streaming protons and triggering wave takes place. In our observations, the subpackets 
are formed due to the nonlinear wave growth associated with different sources along the field line.

We provide the timeline of the subpackets. The HTR spectrum shows the rising tone starts from 14:23 UT. 
First THA has observed backward waves from 14:23 to 14:24 UT, and then forward waves from 14:24 to 14:25 
UT with higher frequency. For THE, forward waves are observed from 14:23 to 14:23:30 UT and then back-
ward waves from 14:23:30 UT to 14:24 UT. There is another forward wave with a higher frequency present 
in THE spacecraft from 14:24 to 14:25 UT. In the case of THD, there is another forward wave with a higher 
frequency present before 14:25 UT and thereafter backward waves which may be associated with second 
rising tone. Thus, we propose there are scattered source regions where the sign of parallel component of 
Poynting vector (𝐴𝐴 𝐴𝐴𝑧𝑧 ) changes. In our case, THA is closest to the equator having a shorter frequency extent, 
then THE has both forward and backward waves, lastly THD being the northernmost spacecraft, we observe 
all subpackets are forward waves. Thus, it is proposed that to identify the nonlinear evolution of the rising 
tone subpackets and the extension of the amplification regions, the wavelength of the EMIC waves along 
with nonlinear wave growth have to be determined besides Poynting flux orientation.

The findings of our analysis are summarized below:

1.	 �THEMIS spacecraft THA, THE, and THD observations of EMIC subpackets and rising tone emissions in 
the same time window are reported

2.	 �HHT analysis shows the rapid frequency variation with changing wave amplitude
3.	 �The spacecraft separations are of the order of one wavelength (𝐴𝐴 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 ). The subpackets are changing 

dynamically within one 𝐴𝐴 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 which suggests rapid nonlinear evolution of the EMIC subpackets
4.	 �THE and THD being close to each other (separation in parallel direction 𝐴𝐴 𝐴 300 km) the subpackets with 

𝐴𝐴 𝐴𝐴𝑔𝑔 ∼ 350 km/s are simultaneously observed in both spacecraft
5.	 �Observations are well supported by the nonlinear growth theory, and the subpackets have greater tran-

sition time (duration of the nonlinear interaction or duration of the subpackets) (𝐴𝐴 𝐴𝐴𝑁𝑁 ∼ 12 s) in the low 
frequency but decrease gradually (𝐴𝐴 𝐴𝐴𝑁𝑁 ∼ 5 s) for the high-frequency regime

6.	 �Observed wave amplitudes and corresponding instantaneous frequencies are within the theoretical op-
timum and threshold amplitudes for frequencies 𝐴𝐴 𝐴 0.58 Hz. The linear growth dominates at lower fre-
quencies and provides the seed of nonlinear growth. Smaller amplitudes for THA and THE at the higher 
frequencies than THD confirm the convective wave growth at THD

7.	 �Nonlinear convective growth shows the waves can grow within a few 100 km to a few 1,000 km
8.	 �There exist scattered source regions for the rapid nonlinear process. These source regions extend larger 

than the wavelength of the EMIC waves and one could expect a 3D extent of the source region
9.	 �Observed ion energies and pitch angle spectra of the ion fluxes are consistent with the energy associated 

with the Landau and cyclotron resonance conditions
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In this paper, we assumed parallel propagation in the theoretical calculations though the observation shows 
oblique wave propagation in some cases. This study can be improved by considering the oblique propaga-
tion of EMIC waves.

Data Availability Statement
We have used THEMIS FGM and ESA data available at “https://cdaweb.gsfc.nasa.gov/pub/data/themis/
the/” and OMNI database at “https://cdaweb.gsfc.nasa.gov/pub/data/omni/”.
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